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PREFACE 


This book is based on courses of lectures given to undergraduates 
in the Universities of Edinburgh and St. Andrews, and is in- 
tended to provide an easy introduction to the methods of the 
theory of functions of a complex variable. The reader is assumed 
to have a knowledge of the elements of the theory of functions 
of a real variable, such as is contained, for example, in Hardy’s 
Course of Pure Mathematics ; an acquaintance with the easier 
parts of Bromwich’s Infinite Series would prove advantageous, 
but is not essential. 

The first six chay)ters contain an exposition, based on Cauchy’s 
Theorem, of the properties of one- valued differentiable functions 
of a complex variable. In the rest of the book the problem of 
conformal representation, the elements of the theory of integral 
functions and the behaviour of some of the special functions of 
analysis are discussed by the methods developed in the earlier 
part. The book concludes with the classical proof of Picard’s 
Theorem. 

No attempt has been made to give the book an encyclo- 
paedic character. My object has been to interest the reader 
and to encourage him to study further some of the more 
advanced i)arts of the subject ; suggestions for further reading 
have been made at the end of each chapter. 

I am especially inde^jted to Mr. VV. L. Ferrar, who read the 
manuscript of the whole ])ook in its original and revised forms, 
and suggested many improvements. My grateful thanks are 
also due to Professor E. T. Whittaker, F.R.S., for his kindly 
criticism during the early stages of the preparation of this work 
and for his constant encouragement. 

Finally, I have to thank Dr. H. S. Ruse and Professor J. M. 
Whittaker for their careful reading of the proof sheets and many 
valuable suggestions. 

E. T. C. 

GREENWICH, 

July 1936 
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CHAPTER I 

COMPLEX NUMBERS 

1.1. The introduction of complex numbers into algebra 

In arithmetic, we understand by a real number a magnitude 
which can be expressed as a decimal fraction. If the decimal 
terminates or recurs, the real number is said to be rational, since 
it is then the ratio of two whole numbers. But if the decimal 
does not terminate or recur, the number is not the ratio of two 
whole numbers and is said to be irrational. We shall assume 
that the reader is acquainted with Dedekind’s method of found- 
ing the theory of rational and irrational numbers on a sound 
logical basis.f 

Elementary algebra is concerned with the application of the 
operations of arithmetic to symbols representing real numbers. 
The result of any sequence of such operations is always a real 
number. 

A difficulty, however, soon arises in the theory of equa- 
tions. If a, 6, and c are real numbers, the quadratic equation 
ax^+2bx-{-c = 0 has two distinct roots if > ca and two equal 
roots when b^ = ca. But if b^ < ca, there is no real number x 
which satisfies the equation, since the square of every real 
number is positive. It is customary to introduce a new symbol 

— 1), whose square is defined to be —1, and then to show 
that the equation is formally satisfied by taking 

ax == — 6±-^(ac— 1), 

when b^ < ca. 

When this new symbol has been added to the algebra of real 
numbers, every quadratic equation is formally satisfied by two 
expressions of the form a+j3-^(— 1), where a and jS are real 
numbers. Such expressions are called complex numbers. 

If we suppose that the symbol obeys all the laws of 

algebra, save that its square is — 1, we can develop a consistent 
algebra of complex numbers which includes the algebra of real 
numbers as a particular case and which also possesses a charac- 
ter of completeness which is lacking in the simpler theory. This 

t See, for example, Chapter I of Hardy’s Pure Mathematica (1946). 

8531451 B 



2 COMPLEX NUMBERS 

completeness is well illustrated by the theorem which states 
that every equation of degree n has precisely n roots — a result 
which is true in the algebra of complex numbers but is false in 
the algebra of real numbers. 

The present book is concerned essentially with the application 
of the methods of the differential and integral calculus to com- 
plex numbers. 

1.2. An algebra of ordered pairs of real numbers 

Before we proceed to elaborate the algebra of complex num- 
bers, it is very desirable that we should provide a definition of 
such numbers which depends only on real numbers, instead 
of the formal introduction of the symbol ^(—l) of elementary 
algebra. Such a definition is suggested by the following geo- 
metrical considerations. 

In the analytical geometry of the Euclidean plane, the equa- 
tionsf x' = aXy y' = ay define a transformation of any con- 
figuration of points into a new configuration which is obtained 
by a very simple geometrical construction. When a is positive, 
the transformation magnifies all distances from the origin in the 
ratio a : 1, whilst when a is negative, there is a magnification in 
the ratio — a : 1 together with a rotation about the origin 
through two right angles. 

If we write the equations of transformation in the form 
(x\y*) = (x,y)a, we see that a real number is the symbol of 
a certain geometrical transformation. 

These transformations are, however, merely particular cases 
of the more general transformation x* = ax—by^ y' = 6a;-f ay, 
depending on two real parameters a and 6. This transformation 
magnifies all distances from the origin in the ratio • 1 

and rotates all rays from the origin through an angle tan~i(6/a). 
The two equations defining the transformation may be com- 
bined by writing^ 

3 -, 

t The axes of coordinates are supposed to be at right angles. 

} The notation is that of the algebra of matrices. The reader is warned 

against confusing the matrix ^ with the determinant | ^ 

matrix has no numerical value, but is merely an array of numbers. 
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here the multipliers for x* occur in the first column of the two- 
rowed symbol, those for y' in the second. We shall now con- 
struct an algebra of these two-rowed symbols and shall show 
that this provides the desired definition of a complex number. 

In the first place, we say that two symbols are equal if the 
corresponding transformations are the same; thus 


/ a, 

^+1 

1 


\-b. 

a) 

[-b'. 

a'] 


holds if and only if a = a' and b == b\ Secondly, we define 
the sum of the two symbols by the equation 

/ a, ® ^ \ 

\~ 6 , a')~~\-b-b\ a+a'f 

From the definition of addition it follows that 


/ a', 6'\ / a-a', b~b'\ _ ( a, 6\ 

\-6', a')^\-b+b\ a-a'/ \-6, a/’ 

accordingly we define subtraction by 

/ a, 6\ / a', b^\( a~-a\ 6-6'\ 

\— 6, a) \~6', a'/ \— 6+6', a— a')* 

The definition of the product of two symbols is not quite so 
obvious, but it is suggested by analogy with the simpler case 
in which the transformation (x\y') = (x,y)ab is the result of 
applyingsuccessivelythe two transformations (a;',!/') = (a;",y'')6 
and (a;", y") = (x, y) a. Accordingly, we define the product of the 
symbols ! a, b\ ( a’, b’\ 

[-b, a)’ \- 6 ', aj 

to be the symbol of the transformation obtained by applying 
successively the transformations 

= (*',!<•) = I 

It follows thatf 

/ a, b\l a', b'\ _ / aa'—bb', ab'-\-a'b\ 

\— ft, a/\— ft', a') ~ \—ab'—a'b, aa'—bb' } 


t It should bo obsorvod that tlio rule for multiplication is the same as that 
for multiplying two di'toriniiianls ; elements of a row of the first symbol are 
multiplied by the corresponding elements of a column in the second symbol. 
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The symbol 

is called the zero symbol, for it plays the part of zero in this 
algebra, since the difference of two equal symbols or the product 
of any symbol and the zero symbol is always the zero symbol. 
Similarly we call /j ^ 

[o, 1 

which corresponds to the identical transformation 

= (X,!/), 

the unit symbol, since every symbol is unaltered by multiplica- 
tion by the unit symbol. 

Finally, given any non-zero symbol 

a, b\ 

-b, ay 

we can deduce from the law of multiplication a unique symbol, 
namely /a/(o2-|-6*), -6/(oH6*)\ 

whose product with the given symbol is the unit symbol. The 
second symbol is said to be the reciprocal of the first. We now 
define division by a non-zero symbol to be multiplication by 
its reciprocal. 

Having defined the operations of addition and multiplication, 
together with the inverse operations of subtraction and division, 
we must next consider whether these operations obey the com- 
mutative, associative, and distributive laws of algebra. The 
reader will easily verify that this is the case by showing that, 
a A, B, C denote any three of these two-rowed symbols, then 

A-^B = B-j-A, 

AB = BA, 

{A-]-B)-{-C = A-\-{B-\-C), 

{AB)C = A(BC), 

A{B-\-C) = AB+AC. 

Moreover, if is identical with the zero sjrmbol, so also is at 
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least one of A and B. It follows, therefore, that operations in 
this algebra of two -rowed symbols are carried out in precisely 
the same manner as in ordinary algebra. 


In particular, the algebra of symbols of the form 



identical with that of the real numbers a. Even though the 
two-rowed symbols of this type are logically distinct from the 
real numbers, no useful purpose is served by keeping a special 
notation for them.f With this convention, we may write 


where i = 

We easily see, by means of the rule for multiplication, that 





- 1 ; 


in other words, i has all the properties formally assigned to 
1) in elementary algebra. 

We now define a complex number to be a two-rowed symbol 


of the form 



or a-f i6, which obeys the laws of combina- 


tion prescribed above. It follows that we can perform all the 
operations of algebra with complex numbers in exactly the same 
way as with real numbers, provided that we treat the symbol i as 
a number and replace its square by —\ whenever it occurs. 


1.3. The modulus and argument of a complex number 
The geometrical transformation 

(x'.y) = (x,y)(_»; 3 

associated with the complex number a-\-ib magnifies all dis- 
tances from the origin in the ratio rotates 

all rays from the origin through a certain angle a. The magni- 

t It will be recalled that a similar point arises in connexion with Dedekind*s 
theory of the real numbers, where the real rational number x (defined by a 
Dedekind section of the rational numbers) is logically distinct from the corre- 
sponding rational number. 
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fioation factor +^j(a^+li^) is called the modulus of the complex 

number a+tfc and is denoted by |o4-»6|- 

The niimber a which is determined by the two equations 

o = |o+i61cosa, 6 == |o+i6|sina, 

is called the argumenf\ of a+t6, and is written arg(o+ii>). If 
the modulus of a complex number a+i6 is not zero, its argu- 
ment has an infinite number of values; for if at is a value of 
arg(o-|-i6), so also is a-f 2nir, n being any integer. The principal 
value of arg(o-fi6) is defined to be that which satisfies the 
inequality ^ arg(o+i6) < tt. 

If, however, \a+ib\ is zero, then a and b are both zero, and 
the equations to determine a are satisfied identically; the argu- 
ment of the complex number 0 is thus indeterminate. 

Let us now suppose that the complex number A+iB is the 
product of a+i6 and a^-\-ib\ Since the geometrical transforma- 
tion corresponding to .4+iJS is the result of applying succes- 
sively the transformations corresponding to a+i5 and 
it follows at once that 

and also that a value of is the sum of the principal 

values of the arguments of a+i6 and a'+i6'. 

1.31. The real and imaginary parts of a complex number 

It is convenient to denote a complex number x-^iy by a single 
letter, z say. If z = x+iy, where x and y are real, we call x and 
y the real and imaginary parts of and frequently write 

X = RI 2 ;, y = Imz. 

It is easily seen that 

— l^l < RI 2 ; < \z\y% —\z\ < Imz < \z\. 

From the definition of the equality of two of the symbols of 
§ 1.2, it follows that two complex numbers z and z' are equal 
if and only if RI 2 = Blz\ Imz = Imz\ Again, from the rule 
for addition, we see that 

R1(2;+2') = RI 2 + B.l«', Im(z-f-z') == Im^ -f Im«'. 

t Alternatively, the amplitude or phase of a-^ib. 
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1.32. Conjugate complex numbers 

If 2 = x+iyy where x and y are real, the number x—iy is said 
to be conjvgate to z and is denoted by z. Obviously, the number 
conjugate to z is z itself. Moreover, the numbers conjugate to 
Zi+Zg and z^Zg are evidently and z^Zg respectively. 

The proofs of many theorems regarding complex numbers can 
often be greatly simplified by the use of conjugate complex 
numbers, if we remember the easily -proved formulae 

|z|2 = zz, 2Rlz = z-fz, 2ilmz = z— z. 

First of all, if z^ and Zg are any two complex numbers, we have 

= 2i 2;2 z^ == ZiZi ZgZg = |Zi|2|Zg|2, 

and so (z^Zgl = 

the positive square root being taken since the modulus of a com- 
plex number is never negative. Therefore the modulus of the 
product of two complex numbers (and hence, by induction, of any 
number of complex numbers) is equal to the product of their 
moduli, 

Again, we have 

— ZjZi-J-ZiZg-j-ZiZg-f-ZgZg 

= |Zi|2 + 2Rl(ZiZg)-f |Zg|2 

< l2Ji|2 + 2|ZiZ2|+|Z2|2 

andsoj 1251+2^21 < IhI+M- 

Hence the modulus of the sum of two complex numbers (and so, 
by induction, of any number of complex numbers) cannot exceed 
the sum of their moduli. 

On the other hand, we also have 

1Z,-Z2|2= lzJ2-2Rl(ZiZ2)+|Z2l2 

^ |Zil2~21ZiZ2|+|Z2|2 

= (l^l|-|^2l)^ 

t An alternative proof was given in § 1.3. 

X It should be observed that the sign of equality occurs only when is 
real and positive; this is the case if and only if Zj and z^ have the same 
argument. 
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ao that 1*1—22! > i(|2i|— 1221)1. 

an important inequality of which frequent use will be made. 

Example, Show that arg2 + orgz = 2n7r, where n is an integer or 
zero. 

1 . 4 . The geometrical representation of complex numbers 

The usual method of representing real numbers geometrically 
is by means of points on a line, the real number a: corresponding 
to the point of abscissa x, according to some given scale, referred 
to a fixed origin on the line. In a similar way, we shall represent 
a complex number z by a point in a plane whose rectangular 
Cartesian coordinates are (Rlz, Imz); the complex number z is 
then called the affix of the point which represents it. The 
straight line whose equation is Im^ = 0 is called the real axis, 
since the affix of each point on it is a real number; similarly we 
call the line RI 2 == 0 the imagiruiry axis. 

This geometrical picture, which is often called the Argand 
diagram, enables us to describe properties of complex numbers 
by means of geometrical language, as all the operations of the 
algebra of complex numbers have simple geometrical interpreta- 
tions in this scheme. 

Example 1 • If P, Q, JK are the points of affix z, z', 2+2' respectively, 
show that OPRQ is a parallelogram. 

Example 2. Prove that the polar coordinates of the point of affix, 2 
are (|2|,arg2), referred to the origin as pole and the real axis as initial 
line. Deduce a geometrical construction for the point of affix 22'. 

Example 3. Prove that * |a— 6|*+ |a+6|* = 2|a|®-j-2|6|^ Interpret 
this result geometrically. 

1 . 41 . The point at infinity 

In the Euclidean geometry of the plane, ‘points at infinity’ 
do not occur; two straight lines intersect in a point except in 
the case when the lines are parallel. It is, however, usual to 
postulate, at a later stage, that there exists an infinite number 
of points at infinity, each being defined as the point of inter- 
section of a pencil of parallel lines. 

Now, if we take a pencil of curves through the point of affix 
c in the Argand plane, the transformation 2 ' = I /2 turns them 
into a pencil of curves through the point of affix 1/c, provided 
that c is not zero. To avoid the difficulty of this exceptional 
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case, we now postulate that there is a single point at infinity in 
the Argand plane; this point at infinity is defined to be the point 
corresponding to the origin in the transformation z* ~ Ijz, 

The nature of the Argand plane at the point at infinity is 
made much clearer by the use of Riemann’s spherical repre- 
sentation of complex numbers, which depends on stereographic 
projection. 

In order to map a spherical surface stereographically on a 
plane, we take a point on the sphere as vertex of projection and 
its equatorial plane as plane of projection. Then to any point 
of the sphere save the vertex of projection, there corresponds 
a unique point of the plane; conversely, to each point of the 
plane, there corresponds a unique point of the sphere. 

If we project the points on the sphere = 1 stereo- 

graphically on the plane ^ = 0, taking the point (0,0,1) as 
vertex of projection, we find that the point (a;, y, 0) of the plane 
corresponds to (^, 77, S) on the sphere if 


or, writing z for a:+iy. 


Conversely, (f , tj, on the sphere corresponds to the point of 
affix z in the plane if 


. , 2 z 

( + I7j = -- , 

zz+l 


zz — 1 
zz -}- 1 


These equations provide a continuous one-to-one correspon- 
dence between the complex numbers and points on a spherical 
surface. 

Now if corresponds to the point of affix z, — 0 

corresponds to z\ where 

1 + C i-ir) z' 

since + l — But obviously argz = argz' and 
|z| . |z'l = 1, so that z and z' are inverse points with respect to 
the unit circle with centre at the origin. Thus points of the 
Argand plane which are inverse with respect to the circle |2| = 1 
correspond to points of the Riemann sphere which are sym- 
metrical with respect to the plane 5 = 0. 
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In particular, when 2 = 0, 2 ' is, by definition, the point at 
infinity, and so the point (0, 0, 1) of the Riemann sphere corre- 
sponds to the point at infinity of the Argand plane. We have 
thus set up a one-to-one correspondence between the points of 
the Argand plane, completed by the addition of the point at 
infinity, and the points of the whole Riemann sphere. Any geo- 
metrical property involving the point at infinity in the Argand 
plane can thus be easily visualized by means of this spherical 
representation of complex numbers. 


REFERENCESt 

G, H. Habdy, Pure MathematicsX (Cambridge, 1946), Chap. III. 

B. A. W. Russell, Introduction to Mathematical Philosophy (London, 
1919), Chap. VII. 

MISCELLANEOUS EXAMPLES 

I. Show that the equation of a straight line in the Argand plane is 

bz+hz = e, 


where h and c are constants, c being real. Deduce the condition for the 
collinearity of three points. 

Prove also that z' is the reflection of z in this line if bz+hz' = c. 


2. Find the area of the triangle whose vertices are the points of affix 

^If ^ 2 , z^. 

3. Show that the triangles whose vertices are Zj, Zg, Zg and z{, zj, zj' 

are similar if 1 * i 

\Zi Zi 1 

I z, zj[ 1=0. 

. 1 


4. Prove that the equation of a circle in the Argand plane is 
azz+6z4-6z-f-c = 0, 


where a (# 0), b emd c are constants, a and c being real. 

Show that§ 2 and z' are inverse points with respect to this circle if 

a2'z+6z4-62'+c = 0. 


t At the end of each chapter, references will be given to suggest further 
reading. 

t It is important to notice that, although Hardy’s definition of a complex 
number is quite different from that adopted here, both depend on constructing 
an algebra with certain symbols involving two real numbers arranged in a 
certain manner. As the laws of combination are the same for both sets of 
symbols, the two constructions lead to the same algebra of complex numbers. 

§ This implies that inversion with respect to the degenerate circle 
= 0 is reflection in the line bZ-i-Bz-j-c = 0, 
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5. Show that the equations 

25 — o I V z — a 

where A and a are variable parameters, represent two orthogonal families 
of coaxal circles. 

6. Prove that the homographic transformation 

where a, p, y, 8 are complex constants, turns circles in the z-plane into 
circles in the Z-plane, straight lines being regarded as degenerate circles. 

7. Prove that a homographic transformation is a one-to-one trans- 
formation of the complete z-plane into the complete Z-plane, which 
leaves the angle between any two intersecting curves imaltered. Show 
also that the cross-ratio of the affixes of four points 

(^1 ^ 4 ) 

(2l“2a)(25a~24) 

is invariant under a homographic transformation. 

8. Show that every homographic transformation may be generated 
by an even number of inversions with respect to circles or straight lines. 

9. Show that there are two points which are invariant with respect 
to a homographic transformation. Hence show that, if these invariant 
points are distinct, the transformation is expressible in the form 

Z— z, , z— z, 

where A; is a constant, and that, if the invariant points are coincident, 
the transformation X 1 

JZ — Zj z — 

where 6 is a constant. 

10. Determine the regions of the z-plane specified by 

S|<i' =*• 

where a is a constant of modulus less than unity. 

11. Find the regions of the z-plane for which 

< 1 . = 1> or > 1, 


where the real part of a is positive, 

12. Show that the equation (az-f dz)* = 2(6z+5z)+c, where c is real, 
represents the most general parabola in the complex plane. 

13. Two points, whose affixes are Zj and Zg, move index>endently round 
an ellipse with a focus at the origin. Show that the region in which the 
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point of affix zjzg lies is bounded by a curve whose polar equation is 
(l+r*)(l~-€»)~2r(l-€»cos^) = 0, 

where c is the eccentricity of the ellipse. Sketch this curve and indicate 
the region in which zjz^ must lie. What is the corresponding result for 
a parabola? [Oxford: Junior Scholarship, 1929.] 

14. Prove that, in stereographic projection, straight lines in the plane 
correspond to small circles on the sphere which pass through the vertex 
of projection. 

Show also that the great circles through the ends of a fixed diameter 
of a sphere project into a family of coaxal circles with real common 
points, €tnd that the small circles whose planes are perpendicular to this 
diameter project into the orthogonal system of coaxal circles. 

16. If dor be the element of length of a curve on the sphere 
^*+^*+i* = 1 and da the element of length of its stereographic pro- 
jection on the plane f = 0, prove that 


Hence show that stereographic projection maps a sphere conformally t 
on a plane. 

16. Show that the points Zj, 22 are the stereographic projections of 
the ends of a diameter of the Riemann sphere if z^z^ = — 1. 

If the Riemann sphere be rotated through an angle 0 about this 
diameter, prove that the corresponding transformation of the Argand 
plane is given by 

= (cos^+isin^) - — 

Z ””22 2””22 

17. Prove that the necessary and sufficient condition that a trans- 
formation of the Argand plane correspond to a rotation of the Riemann 
sphere about a diameter is that it be of the form 

, az—c 
z — ^ . 

c24-a 


18. A rotation of the Riemann sphere about a diameter through the 
point of spherical polar coordinates (l,^o»^o) moves the point (1,^,^) 
to (l,tf',^'). Prove thatt 


_ cotgaC 08 ecacottge«*-*.-t^>+i 
“ cot ^ 0 cosec a+i cot ’ 

Determine the relation between the angle of rotation and the para- 
meter (X. 


t A method of mapping is said to be conformal if it preserves the angle of 
intersection of every pair of intersecting curves. See Chapter VI. 

t is here used as a convenient abbreviation for cos 0 -f i sin See § 3.51. 



CHAPTER II 

THE CONVERGENCE OF INFINITE SERIES 


2.1. Sets of points in the Argand plane 

As we saw in the last chapter, we can describe properties of 
complex numbers in geometrical language by using the Argand 
diagram or the Riemann sphere. In the present chapter, we 
consider from this geometrical standpoint some of the properties 
of sets of complex numbers. 

By a neighbourhood of a point in the Argand plane we mean 
the set of all points z such that \z—Zq\ < ^ ; we call e the radius 
of this neighbourhood. Under the transformation 2' = 1/z, the 
neighbourhood of the origin of radius e becomes the set of all 
points z for which \z\ > l/e. Accordingly, we define a neigh- 
bourhood of the point at infinity to be the part of the 2-plane 
outside a circle |2| = ii. It should be observed that the portion 
of the Riemann sphere which corresponds to this neighbourhood 
of the point at infinity is the interior of the small circle cut off 
by the plane $ == (jB~1)/(J?^1). 

A point 2o is said to be a limiting point of a set of points S in 
the Argand plane if every neighbourhood of Zq contains a point 
of 8 distinct from Zq, For example, the points ± 1 +^ are 
limiting points of the set of points of affix 

whilst the point at infinity is a limiting point of the set of points 
of affix ( 71 = 1 , 2 , 3 ,...). 

This definition implies that every neighbourhood of a limiting 
point 2o of a set of points 8 contains an infinite number of points 
of 8 . For the neighbourhood \z-—Zq\ < e contains a point z^ of 
8 distinct from ZqI next, the neighbourhood \z—Zq\ < l^i— 2 q| 
contains a point 23 of 8 distinct from 2o, and so on indefinitely. 

2.11. Closed and open sets of points 

The limiting points of a set are not necessarily points of 
the set. For example, the limiting points ±l+i of the set 
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of points of affix 

(-1)" + ;^ (»= 1.2,3,...) 

are certainly not members of the set. If, however, every limiting 
point of the set belongs to the set, we say that the set is closed. 

Limiting points are divided into two classes, interior 'points 
and boundar'y points. A limiting point Zq of a set S is said to be 
an interior point if there exists a neighbourhood of which 
consists entirely of points of /S.f A limiting point which is not 
an interior point is called a boundary point. Thus, if S consists 
of all points for which |2l < 1, points on the circle 1^1 = 1 are 
boundary points, whilst each point of the set is an interior point. 

A set which consists entirely of interior points is said to be 
open. It should be observed that sets exist which are neither 
open nor closed; a simple set of this type consists of the point 
2=1 and all points for which | 2 | < 1. 

Example* Show that, if a set S' consists of all the limiting points 
of a given sot S^ then a limiting point of S' necessarily belongs to S'. 

2.12. Jordan curves 

The equation z = x(t)-\‘iy(t)y 

where x{t) and 'y{t) are real continuous functions of the real 
variable t, defined in the range t^^t ^ T, determines a set of 
points in the Argand plane which we call a continuous arc. 
A point is said to be a multiple point of the arc if the equation 
2 i = x(t)-\-iy(t) is satisfied by more than one value of t in the 
given range. 

A continuous arc without multiple point is called a Jordan 
arc. A simple example of a Jordan arc is the polygonal arc 
which consists of a finite chain of straight segments. 

A continuous arc which has but one multiple point, a double 
point corresponding to the terminal values t^, T of t, is called 
a simple closed Jordan curve. For example, the arc 
z = coBt-^isint, 

where 0 < ^ < 27r, is a simple closed Jordan curve, the double 
pointj being 2 = 1 , corresponding to ^ = 0 and t = 27 t. 

t This, of course, implies that Zq belongs to S, 

{ It should, however, be observed that it is not a double point in the sense 
understood in the thoory of higher plane curves. 
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2.13. Bounded sets 

A set of points is said to be bounded if there exists a positive 
number K with the property that the inequality |2| < is 
satisfied by the affix z of each point of the set. If there exists 
no such number K, the set is said to be unbounded. 

2.14. The definition of a domain 

A set of points in the Argand plane is said to be connex if 
every pair of its points can be joined by a polygonal arc 
which consists only of points of the set. An open connex set 
of points is called a domain. If we add to a domain 
its limiting points, the resulting set is called a closed 
region. 

Two domains which have no point in common are said 
to be separated. Obviously every polygonal arc which joins 
a point of a domain to a point of another domain 
separated from the first must contain boundary points of the 
sets. 

2.15. The Jordan curve theorem 

It is easily shown that the circle \z\ — \ divides the Argand 
plane into two separated domains, namely the sets defined 
by the inequalities |2| < 1 and |2;| > 1, which have the circle 
as common boundary. This result is a particular case of the 
Jordan curve theorem,! which states that a simple closed Jordan 
curve divides the plane into two domains which have the curve 
as common boundary. One of these domains is bounded and is 
called the interior domain; the other is unbounded and is called 
the exterior domain. 

The two domains into which the plane is divided by a simple 
closed Jordan curve C are distinguished by a simple analytical 
property. If a is a point of the exterior domain, arg(2— a) 
returns to its original value when z goes once round C. On the 
other hand, if 6 is a point of the interior domain, arg(2;~'6) 
increases by ± 27 r. If the increase is + 27 r, we say that z de- 
scribes C in the positive or counter-clockwise sense. 

Although the results we have just stated seem quite obvious, 

t Jordan’s original proof will be found in his Coura fTAnalyae, 3 (Paris, 
1887), 587. He assumed the truth of the theorem for a polygon. 



16 THE CONVERGENCE OF INFINITE SERIES 

their proof is extremely complicated and far too difficult to give 
here.f For the most part, we shall only use simple closed Jordan 
curves composed of straight lines and circular arcs, and we shall 
rely upon geometrical intuition, which does not, in fact, lead us 
astray. Actually the proofs of the theorem in these elementary 
cases are generally quite straightforward. 

2.2. Nests of intervals and rectangles 

The set of all real numbers x such that a < x < 6 is called 
an interval. If we represent the real numbers by points on a 
straight line in the usual manner, this interval is represented 
by a segment of the line of length 6— a, the end-points being 
included in the segment. It is convenient to use the same word, 
interval, for such a set of real numbers and for the corresponding 
segment on a line. 

A sequence^ of intervals /jj/g,..., is said to form a nesi^ 
if each interval consists only of points of 1^ and if the 
length of tends to zero as w oo. We shall now show that 
there is one and only one point which belongs to all the intervals 
of a nest. 

For suppose that the interval consists of all points x 
such that a^ ^ X ^ bn- Then, by the definition of a nest, 
a^ < < 6i for all values of n, and so the numbers a^ form 

a non-decreasing bounded sequence. Hence, as ri oo, a^ tends 
to a finite limit f. Moreover, since On < 0„^p for every positive 
integer p, we see, by making p->oo, that o„ < I. Similarly we 
can show that b^ tends to a limit and that bn > r, for every 
finite value of n. 

But since bn—a^ tends to zero by hypothesis, a^ and b^ must 
tend to the same limit We have thus shown that there exists 
a number ^ such that the inequality o„ < ^ < 6, holds for every 


t See P. Dienes, The Taylor Series (Oxford, 1931), 177-97 ; G. N. Watson, 
Complex Integration and Cauchy's Theorem (Cambridge, 1914), 3-16; M. H. A. 
Newman, Topology of Plane Sets (Cambridge, 1939). 

} By a sequence we mean, throughout this book, a set of infinitely many 
objects which can be put into one-to-one correspondence with the set of 
positive integers. 

§ This term is suggested in R. C. Young’s translation of Knopp, Theory 
and Application of Infinite Series (London, 1928). 
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finite value of n. In other words, the point of coordinate ^ lies 
in every interval of the nest.f 

A similar theorem is true of complex numbers; we state it in 
a geometrical form. A sequence of closed rectangles > 

whose sides are parallel to the real and imaginary axes, 
is called a nest if each rectangle B^^^ consists only of points of 
B^ and if also the lengths of the sides of B^ tend to zero as 
n 00. Then, as we shall now show, there is one and only one 
point which lies in all the rectangles of the nest. 

Let us suppose that the rectangle B^ consists of all points of 
affix z such that 

< Rlz < < Imz < 6;. 

Then, by definition, we have 

«n < «n+l < K+X < K> < < <+l < K+1 < 

where and both tend to zero as n -> oo. 

These conditions, however, imply that the intervals 

= 1,2,3,...) 

form a nest. Hence there is exactly one point | on the real axis 
such that the inequality ci^n ^ i ^ holds for all values of n. 
Similarly there is precisel}^ one point ir] on the imaginary axis 
such that cLn ^ V ^ b:^ for all positive integers n. It follows 
that the point of affix i+irj is the one and only point which 
lies in all the rectangles of the nest. 

Example. Aj is a triangle, which is divided into four congruent 

triangles by joining the mid-points of its sides. A 2 B 2 C 2 i^ one of these 
smaller triangles, chosen according to some definite rule. is 

obtained from in the same manner, and so on indefinitely. 

Prove that there is one and only one point which lies within or on all 
the triangles of this sequence. 

2.21. The Bolzano -Weierstrass theorem 

The fundamental property of bounded sets of points is con- 
tained in the theorem of Bolzano and Weierstrass, which runs 

t It is necessary for the truth of the theorem that the end-points of an 
interval should belong to the interval. For example, if Jf^ denotes the set of 
points such that 0 < x < Ijn, there is no point which belongs to all the sets 
JJi 

8531401 O 
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as follows. If a set S is bounded and contains infinitely many 
points, then it possesses at least one limiting point,^ 

By hypothesis, there exists a closed square Rq, with vertices 
iiK±iiK, to which every point of the set 8 belongs. The 
imaginary axis divides this square into two equal rectangles. 
One of these, regarded as a closed set, must contain an infinite 
number of points of jS; if both do, we take the right-hand one. 
Again, the real axis divides the selected rectangle into two con- 
gruent squares. One of these squares, regarded as a closed set, 
contains an infinite number of points of /S; if both do, we take 
the upper square. 

In this way we obtain a closed square R^, of side K, which 
is contained in R^ and which contains an infinite number of 
points of 8, We now treat R^ in the same way. We divide Ri 
into two congruent rectangles by a line parallel to the imaginary 
axis. One of these rectangles, regarded as a closed set, contains 
an infinite number of points of 8; if both do, we take the right- 
hand one. The selected rectangle is then divided into two equal 
squares by a line parallel to the real axis. Again, one of these 
squares, regarded as a closed set, contains an infinite number 
of points of ;S; if both do, we take the upper one. We thus 
obtain a closed square i? 2 , of side KI2, which is contained in 
Ri and which contains an infinite number of points of 8. The 
square JRg is then treated in the same manner, and so on in- 
definitely. The process never terminates since we never reach 
a square which contains only a finite number of points of 8, 

Now the squares JSq, Ri,.,., Rn^... form a nest, since R^+x 
consists only of points of R^ and the length of each side of 
is KI2^, which tends to zero as w c». Accordingly there 
exists one and only one point ^ which lies in all the squares of 
the nest; we now show that ^ is a limiting point of 8. For if 
€ is any assigned positive number, we can choose an integer N 
such that the diagonal of the square is less than c; then the 
neighbourhood of ^ of radius € contains the square and hence 
contains an infinite number of points of 8. This proves the 
theorem. 

t Two proofs of this theorem for the case when all the points lie on a straight 
line will be found in Hardy, Pwre Mathematics (1946), 32, 138. The proof given 
here in the two-dimensional case is similar to Hardy's second proof. 
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2.3. The convergence of complex sequences 

A sequence of complex numbers z^, 2^,... is said to be 

convergent if the corresponding set of points in the Argand 
plane has one and only one limiting point, whose affix z is finite; 
when this is the case, the number 2 is called the limit of the 
sequence. We denote this symbolically by writing ‘2^ 2 as 

n -> cx)’, or lim z^ == z, 

n->Qo 

The definition implies that z is the limit of the sequence if 
and only if every neighbourhood of the point of affix z contains 
all but a finite number of points of affix z^^. In other words, 
z is the limit of the sequence z^, if, given any positive 

number €, we can find an integer N such that the inequality 
^ holds for all integers n ^ N. It follows that a con- 
vergent sequence is necessarily bounded. 

A sequence which is not convergent is said to be divergent. 
A divergent sequence either has more than one limiting point, 
in which case it is said to oscillate, or else has a single limiting 
point at infinity. 

If the points of the sequence z^, 2:^^,..., having a single 

limiting point at infinity, lie on a branch of a curve which has 
the line argz — a as asymptote, it is sometimes convenient to 
denote this fact by writingf z^-> co,e^^. Thus n-\-iln-> +00, 
and l-{-ni-{-l/n -> 1 -f ooi. This convention does not violate the 
postulate that tliere is but one point at infinity in the Argand 
plane; it is merely a simple way of specifying the manner in 
which the limiting point at infinity is approached. 

2.31. Cauchy ’s principle of convergence 

It can be easily shown that a sequence of complex numbers 
Zi, Z2y..., Zf^,... is convergent if and only if the two sequences 
of real numbers x^, X2,.,., and y^, where 

= Kl 2 :,j, y^^ = Ima:^^, arc convergent, and so theorems con- 
cerning the convergence of complex sequences can be deduced 
from the corresponding theorems for real sequences. It is, how- 
ever, usually much more convenient to make use of Cauchy’s 
principle of convergence, which runs as follows. The necessary 
and sufficient condition for the convergence of a complex sequence 
2i, 22,..., z^,... is that, given any positive number e, there should 
t e“' is used hero to denote cos a ^ 
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exist an integer N, depending on €, such that the inequality 
^ holds for every positive integer p. 

The condition is necessary; for if -> 2, there exists an integer 
N, depending on the given number c, such that the inequality 
holds when n^ N. Hence, if p is any positive 
integer, we have 


|2jV+7,-2Ar| < |2jV+p-z|+l%-2| < 

The condition is also sufficient. For if it is satisfied, the given 
sequence is bounded, since all save a finite number of its points 
lie in the neighbourhood of Zjy of radius c; hence, by the Bolzano- 
Weierstrass theorem, the sequence possesses at least one limiting 
point. Now if the sequence is not convergent, it must possess 
at least two finite limiting points, 2' and z", say. Accordingly, 
there exist integers q and r, depending on the given number €, 
such that < e. 

With these values of N, g, r, we have 


< |2'-ZjV+al+ l2jv+a— 2ivl+ |2iV+f-2ivl + Iz'-Zat+tI 

< 46. 


This is, however, impossible, since 2' and z'" were supposed to 
be distinct limiting points of the sequence, whilst c is quite 
arbitrary. Hence the sequence does not possess more than one 
limiting point; this completes the proof of the sufficiency of the 
condition. 


Example 1 . Determine the limiting points of the sequence of com- 
plex numbers 


where a is (i) real and rational, 

(ii) real and irrational. 

Example 2. If z, z% prove that ZJ^-\-Zn-> z+z\ z^z'^ zz\ 
and also that, if z' is not zero, zjz^ z/z'. 


2.32. The maximum and minimum limits of a sequence 
of real numbers 

We shall now show that a sequence of real numbers 
x^y— possesses a greatest and a least limiting point. In the cases 
when x^-^x^ +00, —00, the sequence has but one 
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limiting point and there is nothing to be proved. Accordingly, 
we may restrict our attention to oscillating sequences. 

Let us suppose, in the first place, that the sequence is bounded 
above, that is, there exists a real number K such that the 
inequality a K holds for all values of n. We now divide the 
real numbers into two classes L and R in the following manner. 
The number x belongs to R if there are only a finite number of 
members of the sequence greater than x, and belongs to L in 
the contrary case. Evidently the class R exists, since every 
number greater than K belongs to it. 

Now if every real number belonged to the R class, all save 
a finite number of members of the sequence would be less than 
—a;, no matter how large x was; but this would imply that 
—00, which we are supposing is not the case. Hence the 
L class also exists. 

Moreover, this classification of the real numbers satisfies the 
conditions for a Dedekind section, namely, 

(i) every number belongs to L or i?; 

(ii) each class exists; 

(iii) any member of L is less than any member of R, 

Hence, by Dedekind’s theorem,t there exists a real number ^ 
such that all numbers less than it belong to L and all numbers 
greater than it to R, 

Now if € is any positive number, belongs to R] there 

are, therefore, only a finite number of members of the sequence 
greater than ^^+^ 6 , and so is certainly not a limiting point. 
Hence the sequence does not possess a limiting point greater 
than 

On the other hand, € belongs to L\ there are, therefore, 
an infinite number of members of the sequence between e 
and f +e, and so ^ is a limiting point of the sequence. 

We have thus shown that a sequence of real numbers, 
bounded above, possesses a greatest limiting point We call 
f the maximum limit of the sequence, and write 

f = iima;^. 

If, however, the sequence is unbounded above, it is usual to 

= + 00 . 

t See Hardy, Pure Matfmnatics (1946), 30. 
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The minimum limit of the sequence, which is denoted by 
lim is defined by the equation 

lima;^ = — iim(— 

If lima;^ has a finite value f', is the least limiting point of 
the sequence; but if lima:^ = — oo, the sequence is unbounded 
below. 

Finally, it is evident that the equation 
lima:,j == lima:^ 

holds only in the cases when x^^ -^x,x^-> +oo or x^ —oo. 

2.4. Infinite series 
The symbol 

which involves the addition of an infinite number of complex 
numbers, has, in itself, no meaning. In order to assign a mean- 
ing to the sum of such an infinite series, we consider the asso- 
ciated sequence of partial sums > where 

If this sequence tends to a finite limit s, we say that the infinite 
series is convergent and that its sum is 5; in this case, we write 

00 

2 «» = «• 

n»=0 

But if the sequence of partial sums does not tend to a finite 
limit, we say that the infinite series is divergent. 

The necessary and sufficient condition for the convergence of 
an infinite series is provided by Cauchy’s principle of con- 
vergence. There are, however, numerous sufficient conditions 
which may be deduced from this general principle. 

An alternative procedure is to make the theory of the con- 
vergence of complex series depend on the corresponding theory 
for real series, with which we shall assume the reader is ac- 
quainted.f For the sequence of partial sums 5 q, 5^,... 

t See, for example. Hardy, Pure Mathematica (1946); Bromwich, Theory of 
Infinite Series (1926) ; Knopp, Theory and Application of Infinite Series ( 1 928) ; 
Ferrar, A Textbook of Convergence (1938). 
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of a complex series is convergent if and only if Rls„ and Im«„ 
tend to finite limits, that is, if and only if the two real series 

fRla„, flma^ 

0 0 

are convergent. 


2.41. Absolutely convergent series 

00 

An infinite series ^ complex terms is said to be abso- 
0 

00 

lutely convergent if the series ^ l^nl convergent. We now 

0 

show that absolute convergence implies convergence, but not con- 
versely, 

00 

Let us suppose that the series 2 is absolutely convergent, 

0 

and let us write 

+ + = l^ol + l^ll + + •••+ l^nl* 

Then, given any positive number c, we can find an integer N, 
depending on e, such that the inequality 

holds for every positive integer p. Now 

l®iV+l+®iV+2+-”+®V+ijl 
^ l®iV+ll + l®iV+2l + --- + I^AT+pl 


— ^N+p~^N- 

But, since or^y+p—c^iv is positive, this gives 

l%4-p““^ivl ^ Wn+P~~^n\ ^ 

Hence, by Cauchy’s principle of convergence, the absolutely 

00 

convergent series 2 is convergent. 

0 

To complete the proof of the theorem, we need only observe 
that the series • 2 -*3 in 

i+i+i+-+s+- 


is convergent, but not absolutely convergent. 

The most important property of an absolutely convergent 
scries is that its sum is not altered by changing the order of its 
terms in any manner, a property which is not possessed by non- 
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absolutely convergent series. This follows from the correspond- 
ing well-known theorem concerning real series.f 

2.42. Sufficient conditions for absolute convergence 

We shall now prove that the aeries 2 complex terms is 
absolutdy convergent if lim < 1, but is divergent if 

fim > 1. This test, which is due to Cauchy, is of great 

importance in the theory of power series. 

For if lim == l---2c, where 0 < c < then the in- 
equality < 1— c is true for all save a finite number of 

values of n. There exists, therefore, an integer M such that 
|a^| < (1— c)”^ when n^ M. 

If, now, (7^ denotes the nth partial sum of the series 2 |a^|, 
we have, when n ^ M, 

< (l-cr+l + (l-c)^+2 + ... + (l-c)^+^ 

(1 — C)^+1— (1— C)"+1>+1 (1— c)^+i 

^ < - . 

Since this last expression tends to zero as n -> oo, we may assign 
an arbitrary positive number € and then choose an integer 
N (> M) such that the inequality < e is true for 

all positive integers p. Hence, by Cauchy’s principle of con- 
vergence, the series 2 l^nl is convergent. 

On the other hand, if lim = l+2d, where d > 0, the 
inequality > 1+d is true for an infinite number^ of 

values of n. This, however, implies that Kl > (l+d)^ for an 
infinite number of values of n, and so does not tend to zero 
as n 00 . Hence the series 2 i® divergent. 

Another test, which is somewhat easier to apply, is d’Alem- 
bert’s ratio-test, which states that the aeries 2 complex 
terms is absolutely convergent ifhm l^n+i/^nl < but is divergent 
if 1^ |»n+i/^nl > The proof of this is left to the reader. It 
should, however, be observed that d’Alembert’s ratio-test is 
definitely less powerful than Cauchy’s nth root test. For, since§ 

Sm K+iK\ > iim l«nl^” ^ ^ 

t See Bromwich, loc. cit. 71, or Knopp, loc. cit. 138-9. 

t But not necessarily for all sufficiently large values of n. 

§ For a proof of this inequality, see Bromwich, loc. cit. 421-2; Knopp, loc. 
cit. 277-8. 
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a series 2 Hiay be absolutely convergent in virtue of the fact 

that lim < 1, even though lim > 1; the series 

l+a+62+a3+6H..., 

where 0 < |al < |6| < 1, is a case in point. A similar remark 
applies to the ratio-test for divergence. 

If, however, tends to unity, d’Alembert’s ratio-test 

fails. We may then have recourse to Raabe’s test, which states 
that the series 2 cibsolutely convergent if 



For if the value of this maximum limit is — I— 2c, where c is 
positive, the inequality 



holds for all save a finite number of values of n, and so is cer- 
tainly true when n'^ N, say. If we write this inequality in 
the form 

c|«ml (»»-l)l«ml-wK+il {m = N,N+l,...,n) 
and add, we find that, when n N, 

c{l«jvH-Kv+il+-+Kl} < (-^^-l)|oArl-«l«n+il < (N-l)\at/\. 
But since (A— l)|a^| does not depend on n, the series 2 l^nl 
of positive terms has bounded partial sums and so is convergent. 
Hence 2 absolutely convergent. 

2.43. Tests for non-absolute convergence 

In this section wc shall need the following lemma. 

If A^^v^ tends to a finite limit as n tends to infinity, then, if 
one of the series 

00 00 

-^0^0“^" 2 ^n-l)^ny. 2 ^n+l) 

1 0 

is convergent, so also is the other. 

The result follows at once from the identity 

N N-1 

^0^0+ 2 2 — ^n+l) = ^N^N- 

1 0 
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Dedekind's Test. The series ^ is convergerU if 

(i) the series 2 «n bounded partial sumSy 

(ii) the series 2 (^n-^^n+i) absolutely convergenty and 

(iii) tends to zero as n ->00. 

If we write = a^-\-a^+...-\-a^y then, by condition (i), there 
is a constant K such that \A^\ < K for all n. Hence 

\^n^n\ ^ -^ 1 ^ 71 1 > 

and so, by (iii), A^ tends to zero as n cx), 

< K\v^-Vn^xV, 

and so, by (ii) and the comparison test for series of positive 
terms, the series 2 ^w(^n'“^n+i) absolutely convergent. 

00 

Hence, by the lemma, the series ^0*^0 + 2 
convergent, which was to be proved. 

du Bois-Reymond's Test. The series J i^ convergent if 

(i) the series ^ is convergent y arid 

(ii) the series 2 (^w"“^n+i) ahsolviely convergent. 

Let us write a ^ i ^ . 

= «n+l + «n+2+-- 

Since J i® convergent, the series defining is convergent 
and Ay^^ tends to zero as w -> 00. Moreover, since 

we have 


< M + \Vo-Vi\+\Vi-V^\ + ...+ \v„.l-vJ 

00 

< |Vol+ 1 IVr-^r+ll 

0 

so that v^ is bounded, say \v^\ < k. Hence \A^v^\ < k\A^\y 
and so A^^v^ tends to zero as n -> 00. 

It follows from the lemma that the series 


Oo»0+ J = "o^o- (^«-^n-lK 

is convergent if 2 .d^(t;^— v^+i) is convergent. The latter series 
is, in fact, absolutely convergent. For since A^ tends to zero, 
there is a finite constant K such that \A^\ < K for all n\ 
hence \AJv^—v^^^)\ < if |Vn~^w+il> convergence of 

2 follows by (ii) and the comparison test. 
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2.5. Double sequences 

A set of complex numbers ^ where m and n take all positive 
integral values is called a double sequence. It is said to converge 
to the value s if, given any positive number €, we can find an 
integer N, depending on c, such that the inequality ^ 

holds whenever m and n exceed N, The finite number s is then 
called the limit of the double sequence and is denoted by 
lim A double sequence which does not converge is said 

m,n->co 

to be divergent. 

The fundamental theorem in the theory of double sequences 
is Stolz’s principle of convergence, which may be stated as fol- 
lows. The necessary and sufficient condition for the convergence of 
the double sequence 5^ ^ is that, given any positive number e, there 
should exist an integer M depending on e, such that the ineq%vality 
^ holds whenever p '> m > M and g > w > M. 
The condition is obviously necessary. To show that it is also 
sufficient, we observe that it implies that the simple sequence 
^2,2 Vnv converges to a finite limit s, say. Accordingly, 
there exists an integer such that nl < when 

n > N^, But, by hypothesis, there also exists an integer AJj 
such that < \e when p > n> N^y q> n> 

Hence, if N is the greater of and N^, we have < € 

when p > Ny q > Ny and so s^ q converges to the limit s. 

It follows immediately from the definition that if Sj^ .^ be a 
convergent double sequence for which both the repeated limits 

lim / lim , lim ( lim 

m->oo\n->oo / n->oo\w— ►!» / 

exist, each repeated limit is equal to the limit of the doiible sequence. 

For if s is the limit of the double sequence the inequality 
kin,n~^l < ^ holds when m and n exceed a certain integer M. 
But since lim 5 ,„^^ exists, this gives 

n->oo 

|lim«„,„— s| < e 
|n — ►00 I 

when m > M. This, however, implies that 
lim (lim«^„\ = s. 

w-^oo\n->Qo / 

A similar argument shows that the other repeated limit is also 
equal to s. 
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The existence and equality of the repeated limits of a double 
sequence do not imply that the sequence is convergent. For 
instance, if 

“ (m+nf 

both repeated limits are equal; but since 

^»,n “ 4> ^2n,n “ 

the double sequence is not convergent. Again, the example 

«m,n = + 

shows that a double sequence may be convergent even though 
neither repeated limit exists. 


2.51. Double series 

By a double series, we understand an array of complex num- 

H“ "h 4" ®i,2 "t~ • • • 


bers of the form 


“ 1 “ ® 2,0 " f * ® 2,1 ® 2,2 

+ 


there being ^an infinite number of rows, each containing an 
infinite number of terms. Associated with such an array is the 
double sequence of partial sums 




= 1 i' 

m^O n==0 




where p and q are positive integers. The double series is said 
to be convergent if the double sequence Sp ^ converges to a finite 
limit 8, We then call s the sum of the series and write 


00 

^ ~ ^ ^m,n* 

m,n“0 


A double series which is not convergent is said to be divergent. 
If the repeated limit 



exists, its value is called the sum by rows of the double series. 
Similarly, if . oo , od v 

lim|lim5„J == 2( 2 
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exists, it is called the sum by columns. It follows from § 2.5 that 
if a double series is convergent and is surnrnable by rows and by 
columns^ all three sums are equal, (Pringsheim’s theorem.) 

Example. Prove that the siim of a convergent double series of 
positive terms can be obtained by summing by rowg or by columns. 

2.52. Absolutely convergent double series 

A double series ^ ®m,n complex terms is said to be abso- 
lutely convergent if 2 l^w.nl is convergent. An absolutely con- 
vergent double series is convergent. 

For if we denote by ^ the sum of the moduli of the terms 
which occur in then, by Stolz’s principle of convergence, 
if we are given a positive number e, we can find an integer N 
such that the inequality 0 < < c holds when 

p > m > Ny q > n > N, But since 

^P»Q 

this gives 5,n,nl < € when p > m > N and q > n > N; 

hence the double series converges. 

We shall now show that an absolutely convergent series may 
be summed by rows or by columns. For since 

i l«r..l < i lOr^l. 
s=o r,«=0 

00 

no matter how large n may be, the series converges abso- 

»=o * 

lutely; let us denote its sum by A,.. Then 

m m 00 CO CO 

I \Ar\ <21 K.I <22 

r=0 r=0 «=0 r=0 «=0 

no matter how large m may be. But this last expression is 
finite, since a convergent double series of positive terms can be 
summed by rows. Hence ^ is absolutely convergent, and so 
the sum by rows of 2 exists; similarly the sum by columns 
also exists. The required result now follows by Pringsheim’s 
theorem (§ 2.51). 

Example 1 • The double series 2 is absolutely convergent with 
sum S, Show that, if 

then S es n-> CO. 
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00 00 

Example 2. Show that, if absolutely con- 

1 1 

vergent series with sums A, B respectively, then 
00 

2 (®l^n + a2^n-l + — + + 

1 

is absolutely convergent and has sum AB, (Cauchy.) 
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MISCELLANEOUS EXAMPLES 

1. Show that the series 2 converges absolutely when |s| < 1 and 
also when | 2 | = 1 and Rip, > 1, but that it diverges when \z\ > 1. 

Prove also that if | 2 | =r= 1, z I, the series converges, but not 
absolutely, when 0 < R1 p < 1 ; and that it diverges when R1 p < 0. 

Finally show that, when 2=1, the series converges only if Rip > 1, 
when it is absolutely convergent. 

2. Prove that, if aJ^ is never zero and 

®n+l _ T 1 I 

a^ * '^n'^nv* 

where is bounded, p > 1 , and p is a complex constant, then a„ — > I 

0) as n — > 00 . 

Hence show that the series converges if and only if Rip, <^^1, 

and that it is then absolutely convergent. 

3. Prove that the binomial series 

l+vz+v(v-l)J + Kv-l)(i'-2)J, + ... 

converges absolutely when ]z| < 1 and diverges when \z\ > 1. Show 
also that, on | 2 | = 1, the series is absolutely convergent if Rlv > 0, 
convergent if — 1 < Rip < 0 and z ^ — I, and divergent if Rlv < — 1. 
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4. Show that the hypergeometric series 


1 


+ 2 

n=l 


MnlP)n n 
(y)n-n! ' 


where (a)^ = a(a+l)(cx+2)...(a+n— 1), converges absolutely when 
|z| < 1 and also when |2| = 1 and Rl(y— a— j8) > 0, but that it diverges 
when |z| > 1. Discuss also the convergence of the series on |z| = 1 
when Rl(y— a— j8) < 0. 

5. Prove that, if 2 «n is convergent and R1 z > R1 /x, then 2 

is also convergent. Show by an example that the latter series is not 
necessarily convergent when R1 z = R1 /x. 

6. Show that, if 

2(2-l)(z-2)...(z-n-f 1) 

/(z,n) = 


and z is not zero or a positive integer, the series 2 
2 a„( — are either both convergent or both divergent. 

7. Prove that, if , 

F(z n) = 

' ’ ’ 2(*+l)(z+2)...(«+n) 

and z is not zero or a negative integer, the series 2 
2 ^*^0 either both convergent or both divergent. 

8. Show that, if -> .4 as n oo, then 

(^i+-42+...+.4„)/n — > A, 

More generally, prove that, if A, then 

(A^ + + —> AB, 

00 00 

9. The series 2 ®n» Z convergent with sums A and B re- 

1 1 

spectively. Show that, if 

C<n — Oj 6,j-l-®a^n— i"i” •••“!“ ®n—i ^2 

and = Ci+C2+...+c„, 

then lim(Ci + C2+... + C'„)/n AB, 

n-^<x) 


Deduce that, if 2 % is convergent, its sum is .4J5. (Abel’s theorem.) 

1 

10. Show that it is sufficient for the convergence of the scries 2 <^n of 
Ex. 9, that one of the series 2«n» Z absolutely convergent.f 

(Merten’s theorem.) 

•f Compare the result of § 2.52, Ex. 2. 



CHAPTER III 

FUNCTIONS OP A COMPLEX VARIABLE 

3.1. The definition of a function 

When we say that w? is a function of the complex variable z, 
defined in a domain £> of the Argand plane, we mean that we 
can calculate the value of to at each point « of 2> by a given 
rule or set of rules. For example, the greatest integer less than 
|z| is a function of the complex variable z in this general sense. 

This definition is, however, far too wide for our present pur- 
poses. For it implies that, if z = x+ii/, then to is of the form 
ti(x,i/)-l-tv(x,^), where u and v are real functions of the real 
variables x and y of the most general possible type. In the 
present chapter we consider how this definition may be modified 
so that the methods of the differential calculus of functions of 
a single real variable may also be applicable, as far as possible, 
to functions of a complex variable. 

3.2. Continuous functions 

A function /(z), defined in a bounded closed region D of the 
Argand plane, is said to tend to a limit Z as z tends to a point 
Zq of D along any path in Z>, if, given any positive number e, no 
matter how small, we can find a number 8, depending on € and 
Zq, such that the inequality 

\m-i\ < ^ 

holds for all points z of D, other than Zq, which belong to the 
region \z—Zq\ < 8. When this is the case, we write 

lim/(z) = I, 

This definition says nothing whatever about the value of/(z) 
at Zq, and, in general, I need not be equal to /(Z q). But if /(Z q) = Z, 
we say that the function is continuous at Zq. In other words, 
the function f(z), defined in the bounded closed region D, is said 
to be continuous at a point Zq of 2>, if, given any positive number 
€, we can find a number 8, depending on e and Zq, such that the 
inequality \Az)-f(z,)\ < e 

holds at all points z of D in the neighbourhood [z— Z q| < 8 of Zq. 



FUNCTIONS OF A COMPLEX VARIABLE 33 

If a function is continuous at every point of a bounded closed 
region 2?, it is said to be continuous in Z). 

It should be observed that a function of the complex variable 
z = xAriyy continuous in a region D, is necessarily a continuous 
function of x when y is constant and also a continuous function 
of y when x is constant. But continuity with respect to x and y 
separately does not imply continuity with respect to z. An 
instance of this is provided by the function 

f{z) = xyl(x^-\-y^) (z # 0), 

= 0 (z = 0), 

which is a continuous function of x and y separately. But since 
f(z) = m/{l-{-in^) on the line y = mXyf(z) is certainly not a con- 
tinuous function of z at the origin. 

Example 1 • Show that the function defined by the equations 

is discontinuous at the origin. 

Example 2. Show that the function defined by the equations 
f{z) - x^/(x^ + y^)i (z ^ 0), f(0) = 0 

is continuous at the origin. 

Example 3. The functions f(z) and ff(z) are continuous at z^. Show 
that /(z)-i-g(z) and /(z)g(z) are also continuous there. Prove also that 
is continuous at Zq if g(zQ) is not zero. 

3.21. Uniform continuity 

We have seen that, if f{z) is continuous in the bounded closed 
region D, then, given any positive number c and any point z 
of D, we can find a positive number 8(e, z), depending on e and 
z, such that the inequality 

\f{z')-m < . 

holds whenever z' is a point of D in the neighbourhood 
\z*—z\ < 8(€,z) of the point z. In point of fact, there are an 
infinite number of such numbers S(e, z); for if the property holds 
with 8(6, z) = S', say, it also holds when S(€, z) < S'. Let us now 
denote by A(6, z) the largestf of the numbers S(e, z ) ; it is a positive 
function of the complex variable z defined at each point of D, 

t The existence of the largest of the numbers 8(c, z) is readily proved by 
means of a Dedekind section of the real numbers. 

8531451 D 
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There are two possibilities regarding the behaviour of A(€, z) 
in the region D. Either there exists a positive number r){€), 
depending only on €, such that the inequality A(€,z) ^ v(^) 
holds at every point of Z), or else there exist points of D at 
which A(€, z) takes values as small as we please. 

If the second alternative is true, we can find a sequence of 
points z^y 22 V, 2nv of D, for which A(e, 2 ^) < {^)^. Since D is 
bounded, this sequence possesses at least one limiting point J, 
by the Bolzano- Weierstrass theorem; moreover, since D is 
closed, ^ is a point of D. 

But since /(z) is continuous at f, there exists a positive number 
8 such that the inequality 

\m-m\ < h 

holds whenever 2 is a point of D in the region I 2 — ^ j < 28. Now 
let 2 be any point of D for which 12—^1 < 8. Then, for all points 
2 ' of D such that I 2 '— 2 I < 8, we have I 2 '— 51 < 28, and so 

\f(z')-f(z)\ < |/(2')~/(01 + l/(0~/(^)l < 

From this it follows that A(€, 2 ) ^ 8, whenever 2 is a point of 
D in the neighbourhood |2— 51 < 8 of the limiting point 5- But 
this is impossible, since there are points of the sequence 2 ^, 22 ,... 
in every neighbourhood of 5- The second alternative is thus 
untenable. 

We have thus shown that, iff(z) is continuous in the bounded 
closed region 2), then given any positive number €, we can find 
a positive number depending only on €, such that the inequality 

|/( 2 ')-~/( 2 )| < c holds for every pair of points 2 , 2 ' of D for which 
|2-2'| < 7]{e), In other words, we can choose the number 8(€, 2 ) 
so that it has the same value at each point of D, This property 
is usually stated in the following form: a function which is con- 
tinuous in a bounded closed region is uniformly continuous 
there.f 

3.22. Bounded functions 

A function /( 2 ), defined in a domain D, is said to be bounded 
in D if there exists a positive constant K such that the inequality 
1 /( 2 ^) 1 < K holds at each point 2 of D. 

t For the equivalent theorem concerning functions of a real variable, see 
Hardy, Pure Mathematica (1921), 189-90 (Theorem II). 
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If f(z) is continuous in a bounded closed region D, it is bounded 
in D. For if not, we could find a sequence of points 
of D such that |/(z„)| ^ 2^, and this sequence would possess at 
least one limiting point ^ belonging to D. This is, however, 
impossible since f{z) tends to a finite limit as z Hence the 
result. It should be observed that this result is not necessarily 
true if the region is not closed; for example, 1/(1 —z) is con- 
tinuous when |z| < 1, but is not bounded there. 

3.23. The symbols 0 and o 

The notation ‘/(z) = 0(1) as z -> a’ means that /(z) is bounded 
in a neighbourhood of the point a; more precisely, there exist 
positive numbers A and 8, independent of z, such that \f{z) | < A 
when |z— < 8. Similarly ‘/(z) = 0(1) as z->oo’ means that 
/(z) is bounded in a certain neighbourhood of the point at infinity. 

If f{z)l<f>{z) = 0(1) as z -> a, we shall sometimes write 
f{z) = 0(\<f>{z)\). 

When, however, f{z)l^{z) tends to zero as z cx, it is usual to 
write /(z) = o(l^(z)|). Thus z^ = o(|zl) as z -> 0, but z = o(\z\^) 
as z -> 00 . 

3.3. Differentiability 

We shall now consider whether the definition of the derivative 
of a function of a single real variable is applicable in the theory 
of functions of a complex variable. If f(z) is a one-valued func- 
tion, defined in a domain D of the Argand plane, we say that 
/(z) is differentiable at a point Zq of D if the increment-ratio 

Z—Zq 

tends to a finite limit as z tends to Zq in any manner, provided 
that z always remains a point of Z>. 

More precisely, we require that there should exist a number 
I with the following property: given any positive number €, no 
matter how small, there must exist a positive number 8, de- 
pending on € and possibly on Zq, such that the inequality 

z— Zo 

holds whenever z is a point of D in the neighbourhood |z— Z qI < 8 
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of the point Zg. When this is the case, we call I the derivative 

of /(z) at Zq, and denote it hy/'(Zg). 

In order that a function should be differentiable at a certain 
point, it must be continuous there; for otherwise the increment 
ratio would certainly not tend to a finite limit. On the other 
hand, continuity does not imply differentiability. A simple 
instance of this is provided by the continuous function \z\^, 
which is differentiable at the origin, but nowhere else. For when 
z ^Zg and Zg 96 0, we have 

WHfJ’ „ 

Z—Zq 

= 2+2o(cos2a— isin2a), 

where a = arg(2 — Zq), and this expression does not tend to a 
unique limit as z -> Zq manner; but when Zq is zero, the 

increment ratio is z, which tends to zero with z. 

Example. Show that \z\ and argz are not differentiable anywhere. 

3 . 31 . The definition of an analytic function 

If a function is one-valued and differentiable at every point 
of a domain D of the Argand plane, save possibly for a finite 
number of exceptional points, we say that it is analytic in the 
domain D, The exceptional points are called the singular pointy 
or singularities of the function. 

If, however, no point of Z) is a singularity of the analytic 
function, we then say that it is regular in D. 

When we are dealing with functions which are analytic or 
regular in a domain, we shall often find it more convenient to 
use the ordinary notation 

df(z) 

dz 

for the derivative of/(z), instead of/'(z). 

Example 1 • Show that, if f(z) and g(z) are analytic functions, regular 
in a domain D, then/(z)+gr( 2 ) and/( 2 )gr(z) are also regular in Z), and 
that their derivatives may be calculated by the ordinary rules of the 
calculus. 

Prove also that f(z)lg(z) is regular in D, provided that g{z) does not 
vanish there. 
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Example 2. Prove that, if tt; is a regular function of which is 
itself a regular function of z, then w is a regular function of 2 : and 

dw _ df 

fife dz * 

3.32. Polynomials and rational functions 

One of the simplest analytic functions is where n is a 
positive integer. This function is regular in every bounded 
domain, and has derivative for when z ^ z^, 

2 — Zq 

as 2 Zq. Similarly, we can show that 2 ~^, where n is a positive 
integer, is analytic in every bounded domain and has but one 
singularity, the origin; its derivative is —nz-^^~^. 

By using the result of § 3.31, Ex. 1, we find that the function 
where n is a positive integer and the 
coefficients a^, are constants, is also an analytic function, regular 
in every bounded domain. Such a function is called a poly- 
nomial in 2 of degree n. It will be shown in §6*21 that this 
polynomial is expressible uniquely in the formf 

where the numbers z^, Zg,..., 2 „ are certain constants, depending 
only on the coefficients a^.. Since the polynomial vanishes when 
2 = Zj., we call Zi, Zg,.--, zeros of the polynomial. 

The quotient of two polynomials is called a rational function. 
Such a function is also an analytic function, its only singularities 
being the zeros of the denominator. 

3.33. Power series 

An infinite series, proceeding in ascending integral powers of 
z, of the form 

where the coefficients a^, Ug,... are all constant, is called 
a power series, % By Cauchy’s nth root test (§ 2.42), this series 

t Soo also Hardy, Pure Mathematica (1946), 85, 492. 

j The conclusions of this section will also be true of power series of the 

00 

form — a)”, the obvious changes being made. 
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converges absolutely when lim < 1 and diverges when 

lim > 1. Hence, if 

the series is absolutely convergent when | 2 | < JS and divergent 
when \z\ > Jt. The number It is called the radius of convergence 
of the power series; the circle |25l = is its circle of convergence. 

There are three cases to be considered, viz. (i) iZ = 0, (ii) R 
finite, (iii) B infinite. The first case is quite trivial, since the 
series is then convergent only when z = 0. In the third case 
the series converges for every finite value of z. 

We shall now show that, if a power series has a non-zero radius 
of convergence^ its sum is an analytic function regular within its 
circle of convergence. 

00 

Let f(z) be the sum of the power series ^cb^z^ which has 

0 

a non-zero radius of convergence R. Obviously /(g) is one-valued 
when | 2 :| < iZ; we have to show that it is continuous and dif- 
ferentiable at every point of the domain \z\ < iZ^, where iZ^ is 
any finite positive number definitely less than R. 

Now choose a number iZg such thatf 0 < iZ^ < iZg < iZ. 
If l^l < iZi and 1^1 R-^y we have R/^y and so 

/(z+A)-/(z) = 2 a„(z+A)™— 2 a„z»‘ 

0 0 

+(z+;i)z"-2+z'‘"^}. 

From this, it follows that 

But this series of positive terms is convergent, since| 

Hence |/(z+/i)-/(z)l< ri|Al, 

where A is independent of z and h, and therefore /(z) is con- 
tinuous when |z| < R^. 

t If 12 ia infinite, it is conventional to interpret the inequality as meaning 
that i2j| is finite and greater than i2|. 

t We use here the well-known result that lim = 1. 
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Now the increment ratio {/(z+A)— /(z)}/^ tends formally to 

00 

nanZ”'~^ as A -> 0. Accordingly, we consider the expression 

/(z+A)"— z» 


, /(z+A)-/(z) ^ ^ 


A 


• »z““^|, 


where z and A satisfy the same conditions as before. By the 
use of the binomial theorem, we see that 
(z+A)«— z" 


and so 


-71Z»-1 = A 2 „<>z"-’’A'’-2, 
2 


< i^ii„c'izi»-iAr=* 

2 

0 

< M«-l)|Ar| „_,c; lz|»— ^lAl* 

= in(«-l)|Al{|zH-JA|}»-2 

Hence |/1 < i|A| = j5|A|, 

say, where B is finite and independent of z and A, since the 
series ^ jg convergent. But this implies that 

1 tends to zero witli A. We have thus shown that 


(2+A)^— 2 ^ 


h 


-nz 


n-l 


/'(z) = |; na„z^-^, 

provided that |z| ^ Ri, where Ri is any number less than the 
radius of convergence of the given power series. This completes 
the proof of the theorem. 

Now, since lim = lim 

the series ^na^z^-^ has the same radius of convergence R as 
the series whose sum is /(z). Hence, if we apply the 

theorem to the derived series, we see that/'(z) is itself an analytic 
function, regular when \z\ < R, and that its derivative is 
2 n(n— and so on. Thus the derivative of f(z) of any 
order p is regular when |z| < i?, and is given by the formula 

dP 00 

^ ^n{n-\){n—2)...{n-p-\-\)a^ z”-*’. 
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In other words, a power series can he differentiated term by term 

as often as we please at any point within its circle of convergence. 

The results of this section can be proved more quickly by 
using the properties of uniformly convergent series. See § 6.2 
and § 5.21. 

Example. Show that, if |on/<^n+il -► -R as n -> oo, then R is the radius 
of convergence of the power series (This result often provides 

a simple method of calculating the radius of convergence of a power 
series.) 

3.4. The Cauchy-Riemann equations 

We have just seen that the sum of a power series with a non- 
zero radius of convergence is an analytic function, regular within 
its circle of convergence. The converse theorem, that an analytic 
function, regular in a neighbourhood of a point Zq, can be ex- 
pressed as a power series of the form 

f «»(z— 2o)” 

0 

with non-zero radius of convergence, is also true, and will be 
proved in § 4.6. Thus the whole of the theory of analytic func- 
tions can be made to depend on power series. 

For some purposes it is, however, more convenient to make 
use of an alternative method of defining analytic functions 
which depends on the theory of continuous functions of two 
real variables. We shall suppose that the reader is acquainted 
with the elements of this theory. 

Let us suppose that, when z = x-\-iy, the function f(z) is 
expressed in the form u{x,y)-^iv{x,y), where u and v are real 
functions of the two real variables x and y. Now if f{z) is dif- 
ferentiable at a given point z , the increment ratio {f[z-\-h) —f (z ) } / A 
tends to the limit f\z) as A -> 0. If we take h to be real, this 
implies that the expression 

u{x+h,y)—u{x,y) , .v(x+h,y)—v(x,y) 

+» 

tends to ff(z) as A 0. Hence the two partial derivatives 
must exist at the point (x, y), and the derivative is then given by 

f'{z) = u^(x,y)+iv^{x,y). 
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Similarly we find, by taking A to be purely imaginary, that 
Uy, Vy must exist at (x,y) and that 

/'(«) = Vy{x,y)—iuy{x,y). 

The two expressions for /'(a) so obtained must, however, be 
identical. Equating real and imaginary parts, we find that 

^2/ 

These two relations are called the Cauchy- Riemann differential 
eqvutions. We have thus shown that /or = u-\-iv 
to be differentiable at z = x-{-iy, it is necessary that the four partial 
derivatives u^, v^, Uy, Vy should exist and satisfy the Cauchy- 
Riemann differential equations. 

That the conditions of this theorem are not sufficient is shown 
by considering the functionf defined by the equations 

/(,) = 0 ), m = 0. 

This function is continuous at the origin, and the four partial 
derivatives exist there and have values J 

1, Vy=l, 

satisfying the Cauchy-Riemann equations; yet, as the reader 
will easily verify, the derivative /'(O) does not exist. 

3.41. Sufficient conditions for a function to be regular 

We shall now show that the continuous one-valued function 
f(z) == u-\-iv is an analytic function of z = x-\-iy^ regular in a 
domain D, if the four partial derivatives Uj., v^, Uy, Vy exist, are 
continuous, and satisfy the Cauchy-Riemann equations at each 
point of D, 

Let z = x-\-iy and z' = x*-\-iy' be two points of D, Then, 
since u^, Uy exist and are continuous, we have, by the mean- 
value theorem for functions of two variables, 

Mx',y')—u[x,y) = {u^(x,y)+e}{x'—x) + {Uy{x,y)+ri}{y'—y), 

t This example is due to Pollard, Proc. London Math, Soc, (2) 28 (1928), 
159-60. 

X It should be remembered that uJ^O, 0) is, by definition, equal to 
lim {u{x,0)~u{0,0)}lx — lim {x/x) = 1. 

sc— K) sc-*-© 

Similarly for the other derivatives. 
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where € and rj tend to zero as z' z. Similarly, 
v{x',y')—v{x,y) = {vJ,x,y)-\-€'}(x’-x) + {Vy(x,y)-]rn'W—y)> 

where c' and also tend to zero. Hence, by the Cauchy- 
Biemann equations, we obtain 


where 

and so 
Now 


/(z')— /(2) = {uJ,x,y)-\-iv^{x,y)}(z'—z)-\-ui, 
(o = (e+ie')(x'—x)+('^+irj'){y'—y). 


z —z 


z —z 


CO 

z* ~z 


<(i.i+i.’i)S;^+(i,i+ivi)^' 


< kl+KI+hl+h'l- 

Hence -> 

z — z 

as z* Thus /(z) is differentiable at each point of 2); this 
completes the proof of the theorem. 

Example. The function j{z) is regular in a domain i>, whore its 
derivative is identically zero. Show that /(z) is constant in 2). 


3.5. The exponential function 

We now introduce the exponential, logarithmic, and trigono- 
metric functions of a complex variable by means of power series. 
We shall assume that the reader is well acquainted with the 
properties of the corresponding functions of a real variable, and 
shall show how these properties can be extended into the com- 
plex domain. 

The exponential function expz is defined by the power series 

^ z^ 

expz=l+2;n- 

n=l 

By using the ratio-test (§ 3.33, Ex.), we find that the radius of 
convergence of this power series is infinite. Hence expz is an 
analytic function which has no singularities in any bounded 
domain in the 2 -plane. 

When a; is a real number, expo; is identical with the function 
e* of elementary algebra. We shall often find it convenient to 
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write e? for exp 2, when z is complex, since exp 2 obeys the 
multiplication law 

exp 2 exp 2' = exp(z-\-z'), 

which is of the same form as the law of indices in algebra. 

To prove this, we observe that, if we differentiate term by 
term, we find that the derivative of exp 2 is exp 2. Hence, if 
a be any finite constant, the derivative of the function 

f(z) = exp 2 exp(a— 2) 

is identically zero, and so/(z) is a constant whose value, exp a, 
is found by putting 2 = 0 . We have thus shown that 
exp2exp(a— 2) = exp a, 
or, writing 2' for a—z, that 

exp2exp2' = exp(2+2'). 

This result is usually called the addition theorem of the exponential 
function. 1 [ 

An important consequence of the addition theorem is that 
exp 2 never vanishes. For if exp 2 vanished when 2 = 2^, the 
equation exp2,exp{-2,) = 1 

would give an infinite value for exp(— 2i), which is impossible. 


3.51. The trigonometrical functions 

It follows from the geometrical definition of the trigono- 
metrical functions of an angle of circular measure x that J 


sinx 






(^ 1 )!’ ( 2 ^’ 

for all values of the real variable x. We now define the trigono- 
metrical functions of a complex variable z by the equations 




^ 2 n 


Sin 2 


2 


<2j27t+l 


COS 2 = 


oo 

2 (-i)’ 


( 2 n)\' 


(271 -f-T)!’ 

= 0 VI/ 

Since the radius of convergence of each of these power series is 
infinite, sin 2 and cos 2 are analytic functions of 2, regular in 
every bounded domain of the Argand plane. Moreover, we see 


t The addition theorem can also bo proved by using Cauchy’s theorem on 
the product of two absolutely convergent series (§ 2.62, Ex. 2). 

t See, for example, Hobson, Plane Trigonometry (Cambridge, 1911), 131-4. 
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at once by term-by-term differentiation that the derivatives 

of sin 2 and cos 2 are cos 2 and —sin 2. 

The other trigonometrical functions are then defined by the 
equations 

. sin 2 ^ cos 2 1 1 

tan2 = , cot2 = — , sec2 = , cosec2 = — . 

cos 2 sin 2 cos 2 sm2 

Obviously sin 2, cosec 2, tan 2 and cot 2 are odd functions of 2, 
cos 2 and sec 2 even functions. 

If we use the result of § 3 . 31 , Ex. 2 , we find that tan 2 and 
sec 2 are analytic functions, regular in any domain in which cos 2 
never vanishes, their derivatives being sec^2 and sec 2 tan 2 re- 
spectively. Similarly cot 2 and cosec 2 are regular in any domain 
in which sin 2 never vanishes and have derivatives — cosec22 and 
— cosec 2 cot 2 respectively. 

If we denote exp(i2) by in accordance with the convention 
of § 3 . 5 , the equations defining the sine and cosine become 

sin 2 = (e*’*— cos 2 = (e^-|-e'"^’*)/ 2 . 

From these formulae and the addition theorem for exp 2, it 
easily follows that the fundamental identity 

sin^^j-f cos 22 = 1 
and the addition theorems 

sin(2-f2') = sin 2 cos 2' + cos 2 sin 2', 
cos( 2+2') = cos 2 cos 2' — sin 2 sin 2', 

still hold when 2 is complex. As all the elementary identities of 
trigonometry are algebraical deductions from the fundamental 
identity and the addition theorems, these identities still hold 
for the trigonometrical functions of a complex variable. 
Example. Prove that, z ~ where x and y are real, 

e* = e*(cos2/-f isini/). 

3.52. The hyperbolic functions 

When 2 is real, the hyperbolic functions are defined by the 
equations 

sinh2 = e*"*), cosh 2 = Ke^+c”*), tanh2 = sinh 2/cosh 2, 

cosech2 == l/sinh2, sech2 = 1 /cosh 2, coth2 = l/tanh2. 
We now define the hyperbolic functions for all real or complex 
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values of z by these equations, the symbol e® being now inter- 
preted as meaning the function exp 2. 

The hyperbolic functions of the complex variable z are all 
analytic functions, and their derivatives have the same form as 
in the theory of the hyperbolic functions of a real variable. It 
should be observed that sinh2 and cosh 2 are regular in every 
bounded domain. On the other hand, tanh2 and sech2 have 
singularities at the points where cosh 2 vanishes, and coth2 and 
cosech2 at the points where sinh2 vanishes. 

The equations 

sini2 = isinh2, cosi2 = cosh 2, 
sinhi2 = isin2, coshi2 = cos 2, 
which the reader will easily prove, are of great importance as 
they enable us to deduce the properties of the hyperbolic func- 
tions from the corresponding properties of the trigonometrical 
functions. 


3«53. The zeros of sin2 and cos2 
If 2 = x-{-iy, where x and y are real, we have 
sin 2 = sin a: cosh y -f i cos x sinh y , 
and so sin 2 vanishes if and only if 

sin a: coshy = 0, cos a; sinh y = 0. 

But since cosh y ^ 1 when y is real, the first equation implies 
that sin a; is zero, and so a: = rnr, where n is an integer or zero. 
The second equation then becomes sinh y = 0, and this has but 
one root, y = 0, since sinhy increases steadily with y. We have 
thus proved that sin 2 vanishes if and only if 2 = wtt, where 
n is a positive, zero, or negative integer. Moreover, by using 
the addition theorem for sin 2, we see that 


sin 2 
2 — niT 


/ 2)n sin(2— WTT -) 

2 — TlTT 


= (_i)«2(-ir 

r =“0 


(2 — nTrf'^ 

W+i)\ 


which tends to (— 1)^ as 2 -> nir. 

It follows that the only singularities of cot 2 and cosec 2 are 
at the points 2 = mr. The behaviour of these functions near 
a singularity is exhibited by the equations 

(2— nTr) cosec 2 -> (— 1)", (2— wtt) cot 2 -> 1 

as 2 n 7 T\ the proof of this is left to the reader. 
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Similarly we can show that cos 2 vanishes if and only if 
z = J)77.^ where n is an integer or zero. It follows that the 

only singularities of tan z and sec z are at the points z = (n+\)7T, 
and that 

{2— (n+J)7r}tanz~> —1, {«— (n+ J)7r}sec2;'-> (— 1)^+^ 

as z -> 

Example 1 . Show that the only singularities of cosech z and coth z 
are at the points z = nTri, where n is a positive, zero or negative integer, 
and that, as 2 nTrt, 

(z— riTri) cosech 2 {—!)“, (2— n7n)cothz — > 1. 

Example 2. Prove that the only singularities of sech2 and tanhz 
are at the points z = (w-f- J)7n, where n is a positive, zero or negative 
integer, and that, as z -> (n+i)7rt, 

{z — (n + i)^} scch 2 ^ — 1 )“+^, {2 — (n + tanh 2 -> 1 . 

3.54. The periodicity of expz 

The real or complex number y is said to be a period of the 
function f(z) if the equation f(z+y) = f{z) holds for all values 
of z. We shall now show that expz is a periodic function, its 
periods being ^nni, where n is an integer. 

For, if y = cx+ip be a period of expz, we have, by the 
addition theorem, 

expz = exp(z+)/) = exp z exp 7, 

so that expy = 1. But this equation, when written in the form 
e“(cosj 3 +tsinj 3 ) = 1, implies that 

e®cosj 3 = 1, e“sinj8 = 0. 

If we square and add, we find that = 1, and so a == 0. The 
number j8 is thus given by the equations 

cosjS = 1, sinj 5 = 0. 

Hence j8 = 2mr, where n is an integer. This proves the theorem. 

3.55. The logarithmic function 

When X is real and positive, the equation e^ ~ x has one real 
solution, which is called the logarithm of x and is denoted by 
logx. When, however, z is complex, the corresponding equation 
exp w = z has an infinite number of solutions, as we shall now 
show; each solution of this equation is called a logarithm of z. 
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To find the solutions of this equation we write w = u+iVy 
where u and v are real, so that 

e“(cosi;+isinv) = z. 

From this it follows that v is one of the values of Sirgz, whilst 

= \z\ and so w = log \z\. Every solution of the equation is 

thus of the form ^ u i i ^ 

w — log|2;|+targ2;. 

Since arg^; has an infinite nurnbej* of values, there are an infinite 
number of logarithms of the complex number Zy each pair dif- 
fering by a multiple of 27 ri. 

We shall write 

Log2; = log|2;l-f^argz, 

so that Log 2; is a function with an infinite number of values 
corresponding to each value of z. Each determination of Log 2, 
obtained by making a special choice of the many -valued func- 
tion arg2, is called a branch of the logarithm. The most im- 
portant branch is the principal value of the logarithm of 2, which 
is obtained by giving to arg2 its principal value. We shall 
denote this principal value by log 2, since it is identical with the 
ordinary logarithm when 2 is real and positive. 

Now the function log|2l is continuous except at the origin; 
but as 2 -> 0, log I2I —00. Again the principal value of arg2 
is continuous except at points on the negative half of the real 
axis; for, if a; < 0, 2/ > 0, we have 

limarg(a;+iy) = tt \imaxg(x—iy) = —it 

y-~>Q y-^0 

Hence, if 2 7^ 0 and z' -^z along any path which does not cross 
the negative half of the real axis, then log 2' -> log 2. But if the 
path from 2' to 2 crosses the negative half of the real axis once, 
log 2' -> log 2± 2771 , where the sign is + or — according as the 
path crosses from above to below or from below to above. Thus 
we can pass from the principal value to any other branch of 
Log 2 by making a sufficient number of circuits about the origin. 
For this reason, the origin is called the branch point of Log 2. 

To avoid this difficulty, we now make a cut along the real 
axis from —00 to 0, across which it is impossible to pass. Then, 
if D is any bounded domain in this cut plane, so that no 
point of the cut belongs to D, log 2 is one-valued and 
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continuous in D, If z and 2' are any two points of D and if 
w and w* denote log2 and log 2' respectively, then w' as 
2' 2 along any path in Z>. Hence 

w*—w _ j /expzi;' — expti; 

2'— 2 expi^' — -exptf; / w'—w 

-> 1/expty = 1/2 

as 2' 2. Thus log 2 is an analytic function, regular in Z>, which 

has the function I/2 for derivative. 

Example 1 . Prove that a value of the logarithm of 22' is log 2 + log 2', 
but that this is not necessarily the principal value. 

Example 2. Show that log(l— 2*) is a regular anal3rtic function pro- 
vided that the 2-plane is cut along the real axis from — 00 to —I and 
from +1 to +00. Discuss how the function behaves when circuits’ are 
made about the points 1 and — 1 . 


3 . 56 . The power series for log(l+2) 

We have just seen that log(l-f-2) is an analytic function which 
is regular in the 2-plane, supposed cut along the real axis from 
—00 to — 1 , and which has derivative 1 /( 1 +2). In the region 
I2I < 1 this derivative can be expanded as a convergent power 

1— z+z*— z»+.... 


But, by § 3 . 33 , the sum of this power series is the derivative of 
the function 


5»2 m3 mTI+I 


wheneVer the latter series converges. 

Now the radius of convergence of the power series defining 
f{z) is unity. Hence 

F{z) =/(z)-log{l+z) 


is an analytic function which is regular and has zero derivative 
when \z\ < 1 . It follows that F(z) is a constant, whose value 
is found to be zero by putting 2=0. We have thus shown 
that log(l-f2) can be represented by a power series 

m2 m3 ^ n+1 


convergent when |z| < 1. 
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3.57. The function 2 “ 

It follows from the definition of Log 2 that, when p is any 
integer, the function exp(pLog2) is a one-valued function of 2, 
being equal to 2^, even though Log 2 is many- valued. If q is 
any other integer, the function 

w ~ exp|^Log2j 

is, therefore, a solution of the equation = 2^, so that we 
might denote any branch of it by 2^/^. We shall, however, 
reserve this notation for the principal value of w, namely 

^vlq — exp^-log2|. 

The other solutions of the equation are then of the form 


where k — l, 2 , 3 ,.,.,g— 1. Obviously each of these solutions can 
be obtained from by making circuits about the branch-point 
0 of log 2. 

We now define 2«, for any real or complex value of a, by the 
equation = exp(alogs). 

With this definition the law of indices still holds; for 


~ exp(oc\ogz)exp{p\ogz) = exp{(a-fj8)log2} — 2“+^. 

We saw in § 3.55 that log 2 is discontinuous on the negative 
half of the real axis, and that it suddenly decreases by 27 ri as 
we cross this line from above to below. Hence, if a: < 0 and 
J/>0,then 

(x—iy)^ 

as y-> 0 ; thus z°^ is also discontinuous when 2 is real and 
negative, except in the case when a is an integer. It is, however, 
one-valued and continuous in every bounded domain D of the 
2-plane, supposed cut along the real axis from —-00 to 0. More- 
over, if we write the equation defining 2“ in the form 2“ == 
where ^ = log 2, we see, by § 3 . 31 , Ex. 2, that 2“ is regular in 
D, its derivative being given by 


dz^ 

dz 


de^^ d^ 
dC dz 
£ 


= ae“^— = 
2 


ocZ 


a-l 


8331451 
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Example 1 • Show that it is not necessarily the case that 
^1^2 = (2:1 22)“- 

Example 2. Determine the branches and branch-points of the func- 
tion (1— 
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MISCELLANEOUS EXAMPLES 


1. If 


x^y{y-ix) 
/(*) = - 




m = 0 . 


prove that the increment ratio {f{z)—f{0)}lz tends to zero as 2 -> 0 along 
any radius vector, but not as 2 —> 0 in any manner. 


2. If 2 = re^, f{z) = u-j-iv, where r, 0, u, v are real and f(z) is a regular 
analytic function, show that the Cauchy-Riemann differential equa- 
tions are ^ _ 1 ^ 

dr r dO* dr 


1 ^ 

r dd * 


3. Verify that the real and imaginary parts of log 2 satisfy the Cauchy- 
Riemann equations when z is not zero. 

4. Prove that the function 


f(z) = 1 + 2 

n = l 

is regular when | 2 | < 1 and that its derivative is a/(z)/(l+z). Hence 
show that the derivative of ( 14 - 2 )““/( 2 ) is zero, and deduce that 


/(2) = (l-f2)«. 

6. If n is any positive or negative integer or zero, and if 0 < e < ^tt, 
prove that |e*/z”| tends to infinity as 2 tends to infinity in the angle 
— i7r+€ < arg 2 < in—e, but that leVz**! tends to zero as 2 tends to 
infinity in the angle < argz < fTr—e. 

6. Prove that, if n is a positive integer and \z\ < Jn, 

nlog(l + ^) = *+/„(*) 




where 
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Deduce that 




as n 00, when z lies in any bounded domain of the 2;-planc. 

7 . Show that the general solution of the equation z — tan w is 

1 \-\-iz 

^ = ^.Log , . 

2 ^ l — iz 

Prove that each branch of this many-valued function is an analytic 
function, regular in the 2-plane, supposed cut along the imaginary axis 
from —coi to —i and from i to oo^, and that the derivative of each 
such branch is l/(l+22). 

Show also that, when \z\ < 1 , the principal branch is 

2 ^ , 2 ^ 

“’=’*-3 + 6 — •• 


8 . Prove that the conjugates of the complex numbers sin 2 and cos 2 
are sin z and cos z respectively. Hence show that 

[sin2|2 = |(cosh 2 i/— cos 2 rc), |cos2l2 = |(cosh22/4-cos 2 a;). 

9 . Prove that 

sinh|Im2| < < cosh(Im2). 

Deduce that |sin2| and |cos2| tend to infinity as z tends to infinity in 
either of the angles c < arg2 < tt— e, tt+c < arg2 < 277 — 6 , where 
0 < 6 < Jtt. 

10 . If f(z) = u + iv is an analytic function, regular in a domain D 
where f'(z) does not vanish, prove that the curves u — constant, 
V = constant form two orthogonal families. 

Verify that this is the case when (i) f{z) — (ii) f{z) — sin 2. 



CHAPTER IV 


CAUCHY’S THEOREM 

4.1. Rectifiable arcs 

Before discussing Cauchy’s theorem on the integration of 
analytic functions of a complex variable, it is desiritble to con- 
sider briefly how the length of a Jordan arc, whose equation is 
z = x{t)+iy{t)^ where may be deflned. Let Zq, 

points of this arc which correspond to the values 
of fho parameter t, where 

<0 < < ^2 < ... < 

The polygonal arc which is obtained by drawing straight lines 
from Zq to Zi, from z^ to Zg, and so on, is of length 

2 = i |Zr-2r-l!- 

r*l 

If 2 tends to a unique limit Z as w -> 00 and the greatest of the 
numbers foiids to zero, we say that the arc is rectifiable 

and that its length is Z. 

It can be shown that the necessary and sufficient condition 
for a Jordan arc to be rectifiable is that the sums ^ should be 
bounded for all possible modes of subdivision of the range of 
values of the parameter.! In the present book, we shall, in 
general, be concerned only with rectifiable arcs of a more special 
type, namely Jordan arcs with continuously turning tangent. 
Such curves we shall call regular arcs. A regular arc is charac- 
terized by the fact that the derivatives x(t) and y[t) exist and 
are continuous over the whole range of values of Z. 

We shall now prove that a regular arc is rectifiable by showing 
that the sum 2 does, in fact, tend to the limit 

T 

U 

The first step in the proof is to show that ^ be made to 

t Proofs of this are given, for example, by P. Dienes, The Taylor Series 
(Oxford, 1931), 199-201; E. W. Hobson, Functions of a Beal Variable (Cam- 
bridge, 1921), 1, 318-20; E. G. Phillips, Course of Analysis (Cambridge, 1930), 
208-10. 
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differ by as little as we please from the sum 

r*=l 

by making the greatest of the numbers sufficiently small. 

We start with the inequality 

\{\Z\-\Z'\}\^\Z-Z'\ 
of § 1.32, which obviously implies that 

\{\Z\-\Z’\}\ ^ \m(Z-Z')\ + \Im(Z-Z')\. 

Hence we have 

fr = l{ IZr— Zr-l|-l;»(<r)+i^>(<r)l(<f-<r-l)} I 

where x^, denotes x(tj.), and so on. 

Now, by the mean-value theorem of the differential calculus, 

Xr Xj .^1 = x(Tj){tj^ ^r-l)> Vr Vr-l ~ 2/('^r)(^r 

where and r' lie between and and so 

But, by hypothesis, the functions x{t) and y{t) are continuous 
and hence also uniformly continuous. We can therefore assign 
arbitrarily a positive number c, as small as we please, and then 
choose another positive number 8, depending only on e, such 

\x(t)-x(n\ < e, m)-m\ < ^ 

whenever \t—t'\ < 8. If the greatest of the numbers tr—tr-i is 
less than 8, we find that 

<C 

and hence that 

1 2 - I < i 4 < 2€ i = 2e(T-<o). 

r=l r=l 

Finally, by the definition of the integral of a continuous func- 
tion, the sum tends to the limit 

T T 

I \x{t)+iy{t)\ dt = j {x^+y^yi^ dt, 

t, t, 

as n tends to infinity and the greatest of the numbers ^r-i 
tends to zero. Since, however, | 2 ~ 2i I made as small 

as we please by making 8 sufficiently small, 2 inust also tend 
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to the same limit. We have thus shown that a regular arc is 
rectifiable and that its length is 

T 

/ dt. 

u 

4.11. Contours 

If A B and BC are two rectifiable arcs of lengths I and V 
respectively, which have only the point B in common, the arc 
AC is evidently also rectifiable, its length being Z+Z'. From 
this it follows that a Jordan arc which consists of a finite number 
of regular arcs is rectifiable, its length being the sum of the 
lengths of the regular arcs forming it. Such an arc we call 
a contour. 

By a closed contour we mean a simple closed Jordan curve 
which consists of a finite number of regular arcs. Obviously 
a closed contour is rectifiable. 

4.12. Riemann's definition of integration 

The fundamental operation of the calculus known as integra- 
tion arises in two distinct ways. The determination of the 
indefinite integral may be regarded as the operation inverse to 
that of differentiation. But in the applications of the calculus 
to geometry or physics, it is the definite integral, defined as the 
limit of a sum, which is of importance. In the theory of func- 
tions of a complex variable we start with the definition of an 
integral as the limit of a sum, and, later on, deduce the con- 
nexion between the operations of differentiation and integration. 

Although this definition of the definite integral had its origin 
in the work of the Greek mathematicians, it only attained a 
precise arithmetical form, satisfying modern standards of rigour, 
in the nineteenth century at the hands of Riemann.l We shall 
now explain Riemann’s definition of an integral, not, indeed, in 
its original form, but in one more suited for our present pmposes. 

Let us consider a function f(z) of the complex variable z, 
which is not necessarily analytic but which has a definite finite 
value at each point of a rectifiable arc L. Let the equation of 
this arc be = x(t)+iy{t), where Zq < Z < T. We subdivide this 

t In his inaugural address of 1854 on trigonometric series. This is reprinted 
in his collected works (German edition (1876), 213-61). 
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arc into n smaller arcs by the points Zq, z^ (= Z), 

which correspond to the values 

^0 < < h ••• < ^n-l < ^ 

of the parameter t, and then form the sum 

2 = i /(?r){2r-2r-l). 

r=l 

where is a point of L between z^_^ and z^. 

If this sum 2 tends to a unique limit J as ri tends to infinity 
and the greatest of the numbers t^—tr-x tends to zero, we say 
that/{z) is integrable\ from Zq to Z along the arc L, and we write 

«/ = J f{z) dz. 

L 

The direction of integration is from Zq to Z, since the point of 
affix x(t)-\-iy(t) describes the arc L in this sense when t increases. 
Thus the numbers Z, Zq play in this theory much the same parts 
as the upper and lower limits in the definite integral of a func- 
tion of a real variable. Nevertheless, wc do not write 

z 

= J /(2) 

for, as we shall soon see, the value of J depends, in general, not 
only on the initial and final points of the arc L but also on its 
actual form. 

The complex integral of a function j{z) along a rectifiable arc 
L, defined in this way, exists under quite general conditions, 
a sufficient, but not necessary, condition being that f(z) should 
be continuous on L. There is no need whatever to assume that 
the derivatives x{t) and y(t) exist. We shall not, however, prove 
this general result, J but shall only consider in detail the case 
when i is a contour. 

Example 1 . If is any rectifiable arc joining the points and Z, 
prove that 

j dz = Z—Zq, j zdz — i(Z^—zS)» 

L L 

t In particular, if L is a segment of the real axis, this definition reduces to 
the ordinary definition of the integral of a bounded function of a real variable. 

For a proof of this, see, for example, Watson, Complex Integration and 
Caiichy'a Theorem (Cambridge, 1914), 17-25. 
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Both integrals exist since the integrand is, in each case, continuous 
on L. 

In the first case, we have 

i Mr)(Zr-Zr^i) = 2 
r=-l 

from which the result stated follows at once. 

In the second, we have to find the limit of 

2 U*r-«r-l)- 
r-1 

This is necessarily the same as the limits of 
n n 

^ ^ Zf{Zf. 2 = 2 ^r— l(^r 1)» 

* r-1 * r=l 

and so is also the same as the limit of + 22)' 

r-1 

Hence j zdz — i(Z^—z^). 

L 

It should be observed that in both these examples the value of the 
integral is independent of the path from z^ to Z, 

Example 2 . If/(2) is integrable along the two rectifiable arcs AB 
and BC which have only the point B in common, prove that f(z) is 
integrable along the arc AC and that 

J /(z) dz = j f(z) dz + j f{z) dz. 

AC AB BC 

Example 3 . If f{z) is integrable along JD, and if L' is the same arc 
described in the opposite sense, show that 

J/(z)dz= - jf{z)dz. 

V L 

Example 4. If f{z) and g{z) are integrable along L, and a and 6 are 
constants, prove that 

J {«/(«) +^2:)} dz == a j /(z) dz +6 J g(z) dz. 

L L L 

4.13. Integration along a regular arc 

Let us suppose that f(z) is continuous on the regular arc L 
whose equation is z = x{t)-\-iy{t)y where Iq ^ t ^ T. We prove 
that f(z) is integrable along L and that 

T 

J /(z) dz = j F(t){z{t)+iy(t)} dt, 
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where F{t) denotes the value of f{z) at the point of L of para- 
meter t. 

In the notation of § 4.12 we have to consider the sum 
2 = i/(U(2r-Zr-l). 

r-l 

where is a point of the arc between and z^.. If is the 
parameter of obviously lies between and Writing 
F(t) = where ^ and ^ are real, we find that 

2 = 2 ^(Tr)(a'r— a:,-i)+t 2 ^('rr)(a:r— “^r-l) + 

r-1 r-1 

+» 2 M-rrXyr—yr-l)- 2 'PMiyr-yr-l)- 

r=l r=l 

We consider these four sums separately. 

By the mean-value theorem of the differential calculus the 
first term is 

2i = 2 = 2 (<r-<r-l). 

r=l r=l 

where lies between and t,.. The first step is to show that 
can be made to differ by as little as we please from 

r=l 

by making the greatest of the numbers sufficiently small. 

Now, by hypothesis, the functions and x(t) are continuous. 
As continuous functions are necessarily bounded, there exists 
a positive number K such that the inequalities |^(0I ^ F, 
\m\ ^ K, hold when Iq ^ t ^ T. Moreover, the functions are 
also uniformly continuous; we can, therefore, assign arbitrarily 
a positive number c, as small as we please, and then choose a 
positive number 8, depending only on e, such that 

when < 8. Hence, if the greatest of the numbers 

is less than 8, we have 

< + < 2Ke, 
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By the definition of the integral of a continuous function of 
a real variable, ^2 tends to the limit 

T 

J (l>{t)x(t) dt 

as n tends to infinity and the greatest of the numbers 
tends to zero. Since, however, | — ^2 I made as small 

as we please by taking S small enough, iRRst also tend to 
the same limit. Similarly the other terms of ^ tend to 
limits. 

Combining these results we find that 2 f^Rds to the 
limit 

T T T 

{<f>x—if/y) dt +i j di = | F(t){x(t)+iy{t)} dt, 

U u 

and so f(z) is integrable along the regular arc L, 

This result is not merely of theoretical importance as an 
existence theorem. It is also of practical use in that it reduces 
the problem of evaluating a complex integral to the integration 
of two real continuous functions of a real variable. 

More generally, it can be shown without difficulty that, if 
f{z) is continuous on a contour (7, it is integrable along C, the 
value of its integral being the sum of the integrals of f{z) along 
the regular arcs of which C is composed. 

Example 1. Find the value of the integral of ll{z—a) round the 
circle C, whose equation is \z—a\ = R, 

The parametric equation of (7 is z = a-f-Rcos^ + ^^sin<, where t 
varies from 0 to 2it as z describes C once in the positive sense. Hence 

2w 

I — I ^ 7-r"rB“- :,{ — Rsint + iR cos t) dt 

J z—a J Rcost iRsmt 

C 0 

2ir 

i dt 2rri» 

0 

Example 2. Show that the integral of 1/z along a semicircular arc 
from — 1 to 4-1 has the value — tti or iri according as the arc lies above 
or below the real axis. 



J 
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4.14. The absolute value of a complex Integral 

V ^ continuous on a contour C of length I, where it satisfies 
the inequality \f(z) \ ^ M, then 

/ /(z) dz 
6 

In proving this theorem we evidently only need to consider the 
case when C is a regular arc. 

Now if is any complex continuous function of the real 
variable ty we have 

Ir«l I r=l 

and so, on proceeding to the limit, 

T T 

j<f>(t)dt <J \(f>{t)\dt, 

to 

In the notation of § 4.13 yf(z) = F(t) on C, and so |-F{0I ^ 
Hence 

J f(z) dz == j F(t)(x+iy) dt 
c a 

< j mm^+fyi^dt 

to 

T 

<M j [x^+y^yi-^ dt = Ml. 

to 

4.2. Cauchy’s theorem 

Let f(z) be an analytic function, regular in a domain D 
bounded by a simple closed curve. Let Zq and z^ be two points 
of D, joined by a rectifiable arc L lying in D. Then the integral 
of /(z) along L certainly exists since /(z) is continuous on L. 
The fundamental property on which the theory of analytic 
functions depends is that the value of this integral is a function 
of Zq and Zj alone and is quite independent of the particular 
arc L which joins the two given points. 

An equivalent form of this result is Cauchy^s theorem, which 
states that, if (7 is a simple closed rectifiable arc lying in D, then 
the integral of /(z) round C is zero. For any two points of C 
divide it into two rectifiable arcs L and L^, say. If denotes 
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the arc described in the opposite sense, the integrals of f(z) 
along L and Lg ^re equal. Hence we have^, by § 4.12, Exx. 2, 3, 

I /(z) dz = J /(z) dz + I /(z) dz = j f(z) dz — j f(z) dz = 0. 

C L i, L L, 

In the sequel we shall always suppose that a simple closed 
rectifiable curve is described in the positive or counter-clockwise 
sense, unless the contrary is explicitly stated. 

It is very difficult to prove Cauchy’s theorem in its most 
general form. In the next section we make the additional 
assumption that the derivative f\z) is continuous within and 
on C and follow the lines of Cauchy’s second proof.f We then 
show that this additional assumption is not necessary when the 
contour is a polygon, and, finally, we indicate briefly how the 
extension to the general case may be carried out. 

4.21, The elementary proof of Cauchy’s theorem 

We now prove the simplest and original form of Cauchy’s 
theorem, that if f{z) is an analytic function whose derivative f (z) 
exists and is continuous at each 'point within and on the closed 
contour C, then 

c 

Let D be the closed region which consists of all points within 
and on C. If we write z = x-\-iy, f{z) = u+iv, where x, y, Uy v 
are real, we have, by § 4.13, 

J f(z) dz = j (u dx —V dy)-\-i J {v dx +u dy), 
c c c 

where, by ^ (Pdx +Qdy)y we mean the sum of the integrals of 

the form J (Px+Qy) dt over all the regular arcs composing (7. 

We now transform each of these curvilinear integrals by 
means of Green’s theorem, J which states that if P(Xyy), Qix^y), 

t Comptes Rendua, 23 (1846), 251-5. This proof is often called Riemann’s 
proof ; ho gave it in his inaugural dissertation at Gottingen in 1851 {Oea, Werke 
(1876), 3-46). 

Cauchy’s first proof depended on the calculus of variations. It occurs in his 
*M4moire sur les int^grales definies, prises entro limites imaginaires * (Paris, 
1825), which has been reprinted in Bulletin dea acu math, 7 (1874), 265-304, 
8 (1875), 43-55, 148-59. 

t See Gibson, Advanced Calcidua (London, 1931), 335-6, or Phillips, Course 
of Analysis (Cambridge, 1930), 290-1. 
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dQjdx, dPjdy are continuous functions of both variables in Z), 

/ +«« = // 

c B 

By hypothesis f\z) exists and is continuous in D. Since, how- 
f'(z) = u^+iv^ = Vy—iUy, 

we are, in fact, assuming that u and v and their partial deri- 
vatives v^, Uy, Vy are continuous functions of both variables x 
and y in 2>. The conditions of Green’s theorem are thus 
satisfied. 

Hence we see that 

J/W<fe= - J| (g-g)-W!, 

G D 

= 0 , 

by the Cauchy -Riemann differential equations. This completes 
the proof of Cauchy’s theorem. 


4,22. The general form of Cauchy’s theorem 

Although the simple form of Cauchy’s theorem which we have 
just proved suffices for many of the applications we have in 
view, it is desirable to consider whether the assumptions we 
have made are necessary for the truth of the theorem. The first 
step in this direction was taken by Goursat,t who showed that 
it is unnecessary to assume the continuity of f(z)y and that 
Cauchy’s theorem is true if it is only assumed that f\z) exists 
at each point within or on the simple closed rectifiable curve C. 
Actually the continuity of the derivative f\z) and, indeed, its 
differentiability are consequences of Cauchy’s theorem. 

More generally still, it can be shown that if f(z) is an analytic 
function, continuous within and on the simple closed rectifiable 
curve C, and if f\z) exists at each point within C, then 

J f(z) dz = 0. 
c 

We shall now indicate briefly the lines of the proof of this 
general form of Cauchy’s theorem. 

t Trans. American Math. Soc. 1 (1900), 14-16. Goursat’s proof will also be 
found in his Cours d' Analyse, 2 (1918), 74-8. 
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The first step is to show that, if f{z) is an analytic function 
whose derivative f(z) exists at each point within and on a tri- 
angular contour C, the integral of f{z) round C vanishes. Let 
us write 

J f(z) dz = A, 

c 

so that fe > 0 . The proof consists in showing that we are led 
to a contradiction if we assume that A > 0 . 

Let us suppose, then, that A > 0 . If we join the middle points 
of the sides of C by straight lines, the domain within C is divided 
into four congruent triangles whose boundaries are y 2 > y 3 » y 4 > 
say. Then 

since, on the right-hand side, we are integrating twice in oppo- 
site directions over each side of a triangle which is not part 
of a side of (7, and the corresponding integrals cancel. Hence 
we have 4 

* < 2 f /(^) 

..X J 

so that the inequality 

J f{^) dz > iA 
n 

must hold for at least one value of r; if it holds for more than 
one value of r, we take the least. In this way we obtain a tri- 
angular contour, Cj, say, of half the linear dimensions of (7, 
with the property that 

J f[z) dz > JA. 

We now treat in the same manner, and so on indefinitely. 
Proceeding thus, we obtain a sequence of triangles (7, 

(7^,..., each of which is contained in and has half the linear 
dimensions of its predecessor, with the property that 

J f(z) dz ^ A/4^. 

On 

By the example of § 2.2 there is precisely one point, a say, 
which lies within or on every triangle of this sequence. More- 



r /(z) dz = 2 J /( 2 ) <^2. 
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over, by hypothesis, f{z) is regular at a. Hence, given any 
positive number c, we can find a neighbourhood of a, whose 
radius depends on c, in which the inequality 

l/(2j)~/(a)'-(2-a)/'(a)| < e|z-a| 
holds. This neighbourhood of a contains all the triangles of the 
sequence for which n > N, where N is an integer depending on 
€. It follows that, if is the perimeter of the triangle the 
inequality ^ 

is satisfied by the affix z of every point on provided that 
n > N. 

We know, however, thatf 

j dz == 0, j zdz = 0, 

C'n Cn 

from which it follows that 

J f(z) dz = j {/(z)— /(o()-(z-a)/'(oi)} dz. 

Cn Cn 

Hence, when n > N, wg have, by § 4.14, 

jf{z)dz = j {f(z)-f(c.)-(z-a)r(a)}dz 

Cn (i 

<dl = CZ2/4-, 

where Z is the perimeter of C. 

We have thus shown that, when n > N, 

0 < A ^ 4^ J f{z) dz < eP. 

Cn 

This is, however, impossible, since € is arbitrary; the assumption 
that h is positive is thus untenable. But since h ^ 0, we must, 
therefore, have h = 0. This completes the proof J of Cauchy’s 
theorem for a triangle within and on which the integrand is 
regular. 

The next step is to extend this result to the case of a polygonal 
contour. We shall make use of the fact that the interior of 
any closed polygon can be divided up into a finite number of 

t See §4.12, Ex. 1. 

j The proof is due to E. H. Moore, Trans* American Math. Soc, 1 (1900), 
499-506. 
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triangles. For, if the polygon is not convex, it can be divided 
up into convex polygons by producing the sides sufficiently, and 
any convex polygon can be divided into triangles by joining any 
interior point to the vertices. 

Let us suppose that/( 2 ;) is an analytic function regular within 
and on a closed polygon C, If C is now divided up into n tri- 
angles whose boundaries are C\, Cj,..., (7^, we obtain 


J /(z) dz 

c 


= / /(z)dz, 

CV 


since, on the right-hand side, we are integrating twice in oppo- 
site directions over each side of a triangle C^. which is not also 
part of a side of (7, and the corresponding integrals cancel. But 
we have shown that the integral of f(z) round each triangular 
contour Cj. vanishes, and so 

J f{z) dz = 0. 

c 

We have now reached the really difficult stage in the proof 
of Cauchy’s theorem in the general form enunciated at the 
beginning of this section. We are given that f(z) is regular 
within the simple closed rectifiable curve C and continuous 
within and on C. These conditions imply that J/( 2 ) dz exists; 

we have to show that it is zero. 

It can be proved that, when any positive number e is assigned, 
a closed polygon P can be constructed, each point of which lies 
within C and at a distance less than e from C. The derivative 
f{z) exists at every point within or on P, so that the integral 
of f(z) round P vanishes. The general form of Cauchy’s theorem 
would, then, be completely proved if we could show that 


lim f f(z) dz= f f(z) dz. 

€— >-0 A A 


The validity of this passage to the limit is immediately sug- 
gested by geometrical intuition. Nevertheless, it is one of the 
most difficult things to prove in the whole of the theory of 
functions of a complex variable. A proof has been given by 
Pollard which depends on ‘some rather delicate theorems of 
de la Vallee Poussin, the development of which requires great 
care and unusual nicety of thought’. We shall, therefore, con- 
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tent ourselves by relying on geometrical intuition for the validity 
of this passage to the limit, and refer the reader to the original 
memoirst for the proof. 

4.3. The deformation of contours 

The evaluation of the integral of an analytic function round 
a closed contour, within which the function is not necessarily 
regular, can often be simplified by noticing that the value of the 
contour integral of an analytic function is unaltered by deformation 
of the contour^ provided that the contour crosses no singularity of 
the integrand during deformation. 



Fig. 1 


For simplicity, we shall only consider a particular case of this 
result, though the method of proof is quite general. We shall 
show that if and are two closed contours, lying com- 
pletely inside then 

\S(z)dz = \S{z)dz, 

Cx c, 

provided that f{z) is continuous in the closed annulus and regular 
in the open annulus bounded by and C^, 

Let us take two points of affixes a and b on and two points 
of affixes c and d on C^, If we join a to c and 6 to d by two 
polygonal arcs which have no point in common and which do 
not cross or we form two closed contours and as 
shown in the figure. Now f{z) is continuous in the closed 
region and regular in the domain bounded by and so its 

t Pollard, Proc, London Math, Soc, (2) 21 (1923), 466-82 ; 28 (1928), 146-60. 
See also Watson, Complex Integration and Cauchy^a Theorem (Cambridge, 1914), 
37-40. 
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integral round is zero; similarly for L 2 * Hence 

J f(z) dz + J f(z) dz = 0. 

fi Lt 

But and each contain the polygonal arc clc described 
twice in opposite senses, so that the two integrals along the arc 
ac cancel; similarly for the polygonal arc bd. Hence this last 
equation takes the form 

J /(z) dz — j f{z) dz = 0, 

Cl Ct 

when we take into consideration the conventional sense of 
description of the contour C^- 


4.31. Cauchy’s integral formula 

We now show that if f{z) is an analytic function, regular within 
a closed contour C and continiuyus within and on C, and if a is 
any point within C, then 


f{a) = f dz. 
27n J z — a 
c 


Since f{z) is regular at a, we have 


/(z) =f{a)+{z—a)f'(a)+(z-a)7j, 

where is a function of z and a which tends to zero as z -> a. 
Hence, given any positive number e, we can find a neighbour- 
hood \z—a\ < 8 in which the inequality |> 7 l < « holds. 

Now draw a circle y with centre a and radius r, where r is 
less than 8 and is also so small that y lies entirely within C. 
Then, since f{z)l(z—a) is regular in the annulus bounded by y 
and C, we have, by the theorem of § 4.3, 

J z— a J z— a 

c Y 

= J + jvdz 

Y Y Y 

= 27ri/(a)+ J rj dz. 

Y 
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From this we deduce that 

I J “ I f ^ 277r€, 

'c I ly I 

since \ri\ <C. € on y. The expression on the right-hand side of 
this inequality tends to zero with r. The expression on the left- 
hand side is, however, quite independent of r and so must be 
identically zero. 

This completes the proof of Cauchy’s integral formula 


/(a) -= 


_1 f M 

27Ti j z—a 


dz, 


which expresses the value of an analytic function at a point 
within a closed contour in terms of its values on the contour. 
Example. Let Ci and Cg be two closed contours, Cj lying com- 
pletely within Cl, and let a be a point between Cj and Cg. Show that 


*' 27 rt J z—a 27 ^^ J 


z—a 


(h Ct 

provided that f{z) is continuous in the closed annulus and regular in the 
open annulus bounded by Cj and Cg. 

4.32. The derivatives of an analytic function 

If it were known that the process of differentiating Cauchy’s 
formula for f(a) under the sign of integration is valid, we could 
deduce at once that 

■ ‘ m 




(z-af 


dz. 


We now show that this formula is true under the conditions of 
§4.31. 

Let us suppose that the shortest distance from a to the con- 
tour C is 28, so that the inequality \z—a\ ^ 28 is satisfied by 
the affix z of every point on C. If 1A| < 8, the point a-fA also 
lies within C at a distance not less than 8 from C. 

By Cauchy’s integral formula, we have 


h 




1 


C 

f 


f{z) 


-h z—a 


dz, 


dz 

T 


27riJ (z—a—h)(z—a) 
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na+h)-f{a) 1 f f{z) h f f 

h 2Tri J {z—aY 2iri J (2— a— 

• c c 

Hence 


M dz. 

-h)(z-af 


c 

provided that f - ^^ 2 : • 

J (z—a—h){z—aY 
'c • 

is bounded as h tends to zero. 

Now/( 2 ) is continuous on (7, so that an inequality \f{z)\ < M 
is satisfied there. Hence 


m 

{z—a—h){z—aY ^ 48® 


when z is on C, and so 


J (z-o- 


-h}(z—aY 


■zdz\< 


where I is the length of (7. This completes the proof of Cauchy’s 
integral formula for /'(a). 

The result we have just proved has the very remarkable con- 
sequence that f{z) is itself regular within C, To prove this, we 
have to show that the derivative /"(«) of the function /'(z) exists 
at each point a within (7. 

Formal differentiation under the sign of integration gives 




(z-af 


Accordingly we consider 


1 f /(z) . 

TriJ (z-af 
a 

2irt J ''^*^\(z-o-A)* (z-af (z-afj h 
c 

hf C J/ \ ^(z — o) 2^ J 

27rt J * (z—a—hf(z—af 
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But it is easily seen by using the same type of argument as 
before that this last expression tends to zero with h. Hence 

/'(a) = 

h 


exists and is given by 

na) 




2 ! 


f m 


27ri J (z— a)® 


dz. 


In a similar manner we can show that f''{z) is regular within 
(7, its derivative /"'(z) being given by the formula 

m 




(z—a)* 


dz, 


when a is any point within C. And so on indefinitely. Hence 
if f{z) 18 an analytic function regular within a closed contour C 
and continuous within and on C, it possesses derivatives of all 
orders which are regular within C, the nth derivative being given by 

m 


/(«)(a) 


iL f 
27ri J 


(z— a)"+^ 


dz. 


Example. The function f{z) is regular within a closed contour C, 
Show that, if 2 = x-\-iy, the functions log |/(z)|, aTg/{z), Blf{z), Im f(z) 
all satisfy Laplace’s equation 

Q2y 

Prove also that + |p) 


4.33. Cauchy’s inequalities 

Let f(z) be an analytic function regular within a circle C of 
centre a and radius R, Then if the inequality |/(z)| ^ M holds 
everywhere on C, ^ i 


We have proved that 
/(n)(a) = 


f /(g) 


n\ 


27ri J (z— 


' dz. 


c 

On C, |/(z)/(z— a)^+^| < MjR^-^^, and the length of C is 2ttR. 
The result stated follows immediately by § 4.14. 

Example. Prove that the modulus of an analytic function cannot 
have a true maximum at a point a if it is regular in a neighbourhood of a. 
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4.34. Liouville^s theorem on integral functions 

An analytic function which' is regular in every Unite region 
of the 2-plane is called an integral Junction, 

If f(z) is an integral function which satisfies the inequality 
1/(2) I < M for all values of 2, M being a constant^ then f(z) is 
a constant. 

This theoremf follows at once from Cauchy's inequality con- 
cerning the derivative of an analytic function. For, if a is 
any point of the 2-plane, f{z) is regular when |2— a| ^ R, no 
matter how large R may be, and satisfies there the inequality 
\m\ ^ M. Hence we have 

!/'(«) I < 

Making R tend to infinity, we find that f(a) is zero. Since, 
however, a is arbitrary, we have thus shown that the derivative 
of f(z) vanishes everywhere. Hence f(z) is a constant. 

4.4. The converse of Cauchy’s theorem 

Let f{z) be a one-valued functiouy continuotis within a closed 
contour C. In order that the integral of f(z) along any conUmr 
within C may depend only on the affixes of the end-points of that 
contour, it is both necessary and sufficient that f(z) be an analytic 
function, regular within C. 

The condition is evidently sufficient. For the difference be- 
tween the integrals of f(z) along two different contours, which 
lie within G and have the same end-points, is equal to the 
integral of f{z) round a closed contour within C, and so vanishes. 

To show that the condition is also necessary, we consider the 
integral of f(z) along a path within C from a fixed point a to 
a variable point 2. Since, by hypothesis, the value of this 
integral is independent of the path, it is a one-valued function 
of z; let us denote it by 

F{z) = \f(z)dz. 

a 

We shall show that F{z) is an analytic function, regular with- 
in C. 

•f It was given by Liouville in lectures in 1847, but seems to be really due 
to Cauchy. 
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Let b be any point within C. If the shortest distance of b 
from C is 28, every point z for which jz—bj < 8 certainly lies 
within C. Hence, if |A| < 8, 

b+h 

F(b+h)—F(b) = J f(z) dz, 

b 

where the path of integration is now taken to be a straight line. 
From this it follows that 

_f(b) = 1 J {/(2)_/(6)} dz. 

h 

Now, by hypothesis, f{z) is continuous at 6. We can, there- 
fore, assign arbitrarily a positive number €, and then choose 
a positive number rj, depending on e, such that 

\m-m\ < € 


when \z—b\ < rj. Hence we have, by § 4.14, 

h 

provided that \h\ < rj, and so F'{b) exists and is equal to f(b). 

Since, however, b was any point within C, we have thus 
shown that F(z) is regular inside C and that its derivative is 
f(z). This, however, implies, by § 4.32, that f(z) is itself regular 
within C. This completes the proof of the necessity of the 
condition. 

The theorem we have just proved is due to Morera.t It is 
really a converse of Cauchy’s theorem, and is more usually 
stated in the following form. 

If f{z) is continuous and one-valued within a closed contour C 


and if 



for every closed contour F within C, then f(z) is an analytic func- 
tion, regular within C. 

It should be observed that we have proved incidentally that 
if f{z) is regular within a closed contour C, the integral 


J /(z) dz. 


•)• Rendiconti del -K. lat. Lombardo^ 19 (1886), 304-7. 
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taken along any contour within C, is an analytic function, regular 
within C, and has derivative f{z). This is the fundamental 
theorem of the calculus of analytic functions; it asserts that the 
operations of integration and differentiation are inverse opera- 
tions. 

Example. Let/(z), g{z) be analytic functions, regular within a closed 
contour C. Show that 

% % 

J /(*)»'(*) dz = /(*)?(*) -S{a)g(a) - J f'(z)g{z) dz, 

a a 

when integration is along any contour within C. 


4.5. Taylor’s theorem 

We saw in § 3.33 that the sum of a power series with non- 
zero radius of convergence is an analytic function, regular within 
the circle of convergence. We now prove the converse theorem, 

that if f(z) is an analytic function regular in a neighbourhood of 

00 

z ^ a, it is expansible as a power series of the form 2 

0 

whose radius of convergence is not zero. 

By hypothesis, there exists a positive number R with the 
property that/(25) is regular when \z—a\ < R, Let R^ be any 
positive number less than JS, and let R^ = so that 

0 < jR^ < i ?2 < Then f(z) is certainly regular within and 
on the circle C whose equation is \z—a\ = JBg. 

Now let a-\-h be any point of the region \z—a\ < R^, Then, 
as a+A is within the circle C, we find, by using Cauchy’s integral 
formula (§ 4.31), that 

c 


2m 

+ 1 ^,. 

' (z—a)^’^^^(z—a)^+^{z—a—h)i 

If we now use Cauchy’s formula for the derivatives of an 

analytic function, we obtain 


f(a+h)=f(a)+ 
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= 


27ri J 

c 


_M 

(z—a)^+\z—a—Aj 


dz. 


But \f{z)\ is continuous on the circle C and so is bounded 
there. Hence there exists a positive number M such that 
\f(z)\ ^ M on C. Moreover, when \z—a\ = iJg, 


Using the result of § 4.14, we find that 


\An\< 


M\h\ mY 

— -^1 \^ 2 / 


Since, however, |A| it follows from this inequality 

that tends to zero as n tends to infinity and therefore that 


Sia+h) =/(o)+ 

n-1 

It is, however, possible to prove rather more than the mere 
convergence of this power series. Since |A| < i?i, we have 


\An\< 


MRi 

jB. 


IRi (^Y 


the expression on the right-hand side of the inequality being 
independent of A. Hence, given any positive number e, we can 
choose an integer N, depending on € but quite independent of 
h, such that < e when n> N, We express this property 
by saying that the power series converges uniformly! with 
respect to h when \h\ ^ 

We have now proved that if f{z) is an analytic function, regular 
in the neighbourhood \z—a\ a R of the point z = a, it can be 
expressed in that neighbourhood as a convergent power series of 

n^l 


This expansion is uniformly convergent when \z—a\ ^ R^, pro- 
vided that i?i < jB. This result is known as Taylor's theorem 
concerning analytic functions of a complex variable. 


t For an account of the theory of uniform convergence, see Chapter V. 
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Example 1. Prove that, when \z\ < 1, the principal value of (1+*)“ 
is equal to ^ 

14- V a(«-^)-(a-w+l) ^ 

~ ^ nl 

n—l 

Example 2. Show that, when \z\ < 1, 

z* z® 

log(l+z) = z--+--.... 

4.51. Zeros 

It f(z) is an analytic function which vanishes when z = a and 
is regular in a neighbourhood \z—a\ < i? of a, we say that a is 
a zero of f{z). By Taylor’s theorem we can expand f{z) as a 
power series of the form 

/(z) = f o„(z-o)» 
n*l 

which converges in the given neighbourhood of a and has no 
constant term. If is the first non-zero coefficient in this 
expansion, we say that a is a zero of order m. 

Let us suppose, then, that f{z) has a zero of order m at a. 
We can therefore write 

/(z) = (z— a)”* 2 o„+„(z— o)« == (z-a)’"^(z), 

n— 0 

where <f){z) is regular when \z—a\ < R and does not vanish 
when z = a. We now show that there exists a neighbourhood 
of the point a which contains no other zero of/(z). 

For if ^(a) = 2c, it follows fi:om the continuity of <f>(z) that 
there exists a region \z--a\ < S in which 

This implies that 

when [z— a| < 8, and so <f>{z) certainly does not vanish there. 
Since /(z) = (z— a)”‘^(z), we have thus shown that the only 
point at which /(z) vanishes in the region |z— a) < 8 is the given 
zero z = a. 

From this it follows that iff{z) is an analytic function regular 
in a domain 2>, and if z^, Z 2 ,..., z^y„. is a sequence of zeros of f(z) 
having as limiting point an interior point a of D, then f{z) vanishes 
identically in D, 
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For since /(z) is a continuous function having zeros as near 
a as we please, /(a) must be zero. Moreover, as f(z) is regular 
in the domain Z), of which a is an interior point, we can expand 
f{z) as a power series 

/(») == i o„(iS-a)», 
n*i 

converging in a certain neighbourhood of a. Either f(z) is 
identically zero, or else there is a first coefficient, say, in this 
power series which is not zero. But if the latter is the case, we 
have just seen that there is a neighbourhood of a which contains 
no zero other than a, and this is contrary to the hypothesis that 
a is a limiting point of the sequence of zeros z^, 22» * > ^n»* - • 
Hence f(z) is identically zero. 


4.52. Laurent^s theorem 

Let us consider an analytic function f(z) which is regular in 
the annulus R < \z—a\ < R but not regular everywhere in 
|z*— a| < R. Although such a function cannot be expanded as 
a power series in 2— a, it can be expressed, as we now show, 
as the sum of two series of the form 


f(z) = f a„(2-a)«+ 2 
0 1 


each series being convergent in the annulus. 

Let i?i, R{ be any two positive numbers such that 
R<E^<R[<R and let R^ = l(R+B^), JB' = 

Then f{z) is certainly regular in the closed annulus bounded by 
the circles C, C" whose equations are \z—a\ = J?2, \z—<i\ = R2 
respectively. 

Now let a-\-h be any point of the annulus R^ < \z—(i\ ^ R\* 
Then, as a-\-h lies between the circles C and C", we have, by 
the example of § 4 . 31 , 


/(a+A) = f — 

' 27n ] z—a—h 27 n J z—a—h 

C' c 

Just as in the proof of Taylor’s theorem, we easily show that 


r /(^) 


1 


oo 
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/(*) 


where 0^ = J-. f 7—^ 

” 2iTtj (z— 


dz. 


a)»+i 

This series converges uniformly when |A| ^ Hx. We cannot, 
however, write P”^a)/n\ for o„, since /(z) is not regular every- 
where within C\ 


Similarly we have 

1 f J!)_* 

27n J z—a—h 


(z-a) 


(z— (z— o)“ 


2ni 

r-1 






h^{z 


— a)^ 
—a—h) 


dz 


where 

^ J dz 


O 

and 

-B„ == ^ . f V v-v 


2n% J h^(z—a—h) 


But if M denotes the greatest value, necessarily finite, of l/(z)l 
on (7, we have 

' \h\^RX\h\] ^ R^-RARi) ‘ 

Thus tends to zero as n tends to infinity, uniformly with 
respect to h when |A| ^ i?^, and so 



Kz) 

z—a—h 


n-1 


the series being uniformly convergent when |A| ^ R^. We have 
thus proved that 

/(o+h) = |o„h»-l-f 6„A-», 

0 1 

provided that R^^h ^ R^. 

Changing the notation slightly, this result, which is known 
as Laurent's theorem, can be expressed in the following form. 
If f{z) is an analytic function, regular in the open annulus 


t It was published by Laurent in Comptea Rendua, 17 (1843), 348-9. 
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R < can be expressed there as a convergent 

of the form ^ 

f(z) = 2 o„(z-a)". 




This expansion is uniformly convergent in the closed annulus 
R^ < \z—a\ < R[, provided that R < R^< R\^< R, The co- 
efficients a^ are now given by the single formula 

a = 1 f_M_ 

"" 27riJ (z— a)^+i 


dz. 


where F denotes C when n < 0 and C" when w ^ 0. Since, how- 
ever, the integrand is regular in the annulus R < \z—a\ < R\ 
we may take F to be any circle \z—a\ = r, where R <r < R\ 
no matter what value n has. 

The real importance of Laurent’s theorem rests in the fact 
that it is an existence theorem. It shows that an analytic func- 
tion can be expanded, under certain circumstances, as a series 
of a given type, but it does not necessarily provide the simplest 
method of calculating the coefficients. 

Finally, it should be observed that Laurent’s theorem will 
not provide an expansion of the logarithm of z as a series of 
positive and negative powers of z. For Logz is a many- valued 
function, whose principal value, logz, is discontinuous along the 
negative half of the real axis and so is not regular in any annulus 
with centre at the origin. 

Example 1 . Show that 

cosh(a + i) = ao+ 2“n(*" + ^). 


where 




Ztt 


27r 

J* COS nB cosh( 2 cos B) dB, 


0 

the series being uniformly convergent in any closed annulus with centre 
at the origin. 

We have to expand the function coshw where w = Now 

coshw is an integral function of w, whereas w is an analytic function 
of z whose only singular point is the origin. Hence cosh(z+z“^) is an 
analytic function of z regular in the annulus jK < |2| < Rt no matter 
how small the positive number R may be or how large R' may be. 

We can, therefore, apply Laurent’s theorem to obtain 

00 

C08h(z-h2”^) =i= 2 anZ\ 
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dz. 


the contour T being any circle \z\ — r. If we take r = 1, then z = e®* 
on r, where 0 varies from 0 to 27r. Hence we have 


“■-i/ 


cosh(e®*-j- dd 


2ff 2n 

cosh(2 cos ^)cos nddS j 


cosh( 2 cos ^)sin nS dO, 


0 0 
If we put 6 = 277—^, we find that the last integral vanishes, and so 

2‘ir 


“■-sj 


cos nS cosh( 2 cos 6) dO, 


But evidently therefore 


cosh(z+2*-i) = ao+ 

1 

The uniform convergence of this series in eveyy annulus with centre at 
the origin is an immediate consequence of Laurent’s theorem. 

Example 2. Find the Taylor or Laurent scries which represent the 
function l/{(z*4- 1 )( 2 + 2 )}, (i) when \z\ < 1, (ii) when 1 < | 2 | < 2, 
(iii) when \z\ > 2. 


4.53. Isolated singularities of an analytic function 

Let/(2:) be an analytic function with a singular point at 2 = a. 
If there exists a neighbourhood of the point a which contains 
no other singularity of f{z), the point a is called an isolated 
singularity of the function. 

If this is the case, there exists an annulus r < \z—a\ < 12 in 
which f(z) is regular and can be represented by the Laurent 
series 

f(z) = J a„(2— a)»+ 2 b„(z—a)-\ 

0 1 

Since, however, we can make r as small as we please, this 
Laurent expansion actually holds when 0 < \z—a\ < R, The 
infinite series 00 

b^iz-a)-”^ 

is called the principal part of f(z) at the singular point z = a. 
There are three cases to be considered. First of all, it may 
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happcR that all the coefficients 6^ are zero. We then call z = a 
a removable singularity of /(z), since we can make f(z) regular 
when \z-—a\ < iZ by suitably defining its value at a. For if we 

write F(z) =f{z) when 0 < \z—a\ < R and F{a) = the 

00 

function F{z) has the Taylor expansion 2 so is 

0 

regular when \z—a\ < R, Singularities of this type are of little 
importance. 

Secondly, the principal part of f{z) at the isolated singularity 
may be a terminating series of powers of \l{z—a). The singu- 
larity is then called a pole. If is the last non-zero coefficient 
in the principal part, the pole is said to be of order m. Poles 
of orders 1, 2, 3,... are usually called simple, double, triple,... 
poles. The coefficient is called the residue of f{z) at the pole a. 

If f(z) has a pole of order m at z = a, the Laurent series takes 
the form ' 

f(z) = {z-a)~”'{b^+b^_i{z-a)+b^_z{^-a)^+...+ 

+61(2— |; o„(2— 0)™+"} 

= (2-a)-"*<^(2), 

where ^(z) is regular when \z—a\ < R, and being equal to 
b^y is not zero. We can therefore findf a neighbourhood 
\z—a\ < 8 of the pole in which 

\m\ > 

Hence, if f{z) has a pole at a, \f(z)\ tends to infinity as z tends 
to a in any manner. 

Moreover, if f(z) has a pole of order m at a, l//(z) is regular 
and has a zero of order m there. For 

i/m = {z-ar^zh 

where <f>(z) is regular and does not vanish when \z—a\ < 8. 
Similarly we can show that the converse is also true, that if 
F(z) has a zero of order m at a, 1/F(z) has a pole of order m there. 

Finally, if the principal part of /(z) at the isolated singularity 
a is not a terminating series but has an infinite number of non- 
zero coefficients, a is called an isolated essential singularity. In 
this case, a is evidently also a singularity of 1//(2j). 

I See f 4.61. 
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Example 1. The function f{z) has a simple pole at 2 = a. Show that 
the residue at this pole is lim{(z--a)/(z)}. 

Example 2. The analytic function /(z) is of the form ^(z)/0(z) where 
0(z) has a simple zero at z = a, but ^(z) does not vanish at a. Prove 
that/(z) has a simple pole of residue ^(a)/0'(a) at z = a. 

Example 3. Show that the only singularities of cot 7 rz/(z—a)* are 
poles. Find the residues of the function at these poles. 

If wo write 

COtTTZ COSTTZ 


(z— a)^ (z— a)*sin 7 rz' 

we see that the function is the quotient of two integral functions, and 
so its only singularities are at the zeros of the denominator. Thus the 
function is regular save for poles at z = a and at 2 = 0, ±1, ± 2 ,.... 
If a is not an integer or zero, z = a is usually a double pole and the 
rest all simple poles; but if a is an integer or zero, z == a is a triple polo. 

Let us consider first the pole z = n, when n is an integer or zero, and 
let us suppose that n ^ a. The residue at this pole is, by Ex. 1, 


lim 

g-^n 


(z—n)cot7rz 

(z-o)* 


= lim 


^cot7r(^H-y^) 


j-M) (C+n-a)* 
( COSvC 


= lim 


1 


a)*sin7r{ 7r{n^a)^‘ 

When we determine the residue at z = a, we have to consider 
separately the cases when a is or is not an integer or zero. If a is an 
integer or zero, we obtain by writing z—a=^^ 
cotrrz cotTrJ 


(z-o)» 




J_ 

ttC 




and so tho residue is — \‘n. But when a is not an integer, we have 

COtTTZ COt77(a + J) 


(z-o)» ■ 


cot 770 


TTCOSOeVo 


-f TT^coseeVa cot 77a -f • • •, 


- J. J 

so that tho residue at a is now — 77 C 08 cc* 77 a. If a is half an odd integer, 
cot 77a is zero; and the polo at a is simple of residue —77. 

Example 4. Determine tho singularities of z cosec z, and find the 
residues at its poles. 

Example 5. Find tho residues of zV(c*+z*)* at its poles. 

Example 6. Show that has an isolated essential singularity at 
the origin. 

Example 7. Show that sin(l/z) has an isolated essential singularity 
at the origin, which is also the limiting point of the zeros of the function. 
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Example 8. f{z) is an analytic function with an isolated singularity 
at z = a. Show that, if/(z) = 0(|z— a|“”) as z->a, the singularity is 
a pole of order not exceeding n. 

4.54. Limiting points of zeros or poles 

We have already seen that if a is a limiting point of zeros of 
an analytic function /(z), regular when 0 < |z-~a| < B, then 
f{z) either vanishes identically or else has a singularity at a. In 
the latter case the singularity is isolated, but it is not a pole 
since \f{z)\ does not tend to infinity as z tends to a in any 
manner. Thus, apart from the trivial case when/(z) is zero save 
at a, the function has an isolated essential singularity at the 
point a. 

If, however, f(z) is an analytic function whose only singu- 
larities in the region 0 < \z—a\ < B are poles, infinite in num- 
ber, having the point a as limiting point, a is a singularity; for 
f{z) is unbounded in every neighbourhood of a. A singularity 
of this type is not a pole, since it is not an isolated singular 
point. We call it an essential singularity. 

Example. Show that sec(l/z) has simple poles at the points 
z = l/{(n-{-i)7r}, where n is an integer or zero, and an essential singu- 
larity at the origin. Prove also that the residue at l/{(n4-i)7r} is 
(-ir/{(n+J)7r}». 

4.55. The behaviour of a function near an isolated essen- 
tial singularity 

We have seen that, if a is a pole of the function /(z), then 
|/(z)l increases indefinitely as z tends to a in any manner. On 
the other hand, the behaviour of a function near an isolated 
essential singularity is of a far more complicated character; in 
fact, in every neighbourhood of an isolated essential singularity , 
there exists a pointy at which the function differs by as little as 
we please from any previously assigned number. This result is due 
to Weierstrass.f 

Let us consider, then, an analytic function /(z) which has an 
isolated essential singularity at z = a. Let c be any number, 

t Actually there are an infinite number of such points. For if bo such 
a point in the neighbourhood [z— a| < r of the essential singularity a, there 
must be another in \z—a\ < J|zi— and so on indefinitely. 

t Abh. der Preusa. Akad. Wiss. zu Berlin (Math. Klaase) 1876, 11. This is 
reprinted in Weierstrass’s Werke, 2, 77. 

a 


8531451 
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real or complex; we have to show that, given two positive 
numbers e and r, no matter how small, we can find a point Zi 
in the region \z--a\ < r at which \f(z)—c\ < e. 

If a is a limiting point of zeros of the function f{z)—c, the 
theorem is obviously true, since we have only to take z^ to be 
any zero in the given neighbourhood of a. But if a is not a 
limiting point of zeros, the function f{z)—c has no zeros in the 
given neighbourhood, provided that r is sufficiently small, and 
hence the function , 

is regular when 0 < |z— a| < r. We have to show that there 
exists a point z^ in this region at which \g{z)\ > 1/c. 

Let us suppose that, on the contrary, \g(z)\ < 1/e there. 

00 

Then, if the principal part of g(z) at a is ^ we have 

= ^ j* g(z){z-aY-^ dz, 

Isl-p 

where 0 < p <r, and hence 



Since, however, is independent of p, we find, by making p tend 
to zero, that is zero for all values of n and hence that g(z) 
is regular at a. This is impossible; for it would imply that/(z) 
is regular at a or else has a pole there. The assumption that 
\g(z)\ < 1/c when 0 < |z— a| < r is, therefore, untenable. 

We have thus shown that the inequality \g{z)\ > 1/c must be 
satisfied at one point at least in the given neighbourhood of a; 
this completes the proof of Weierstrass’s theorem. 

A more striking result still is Picard’sf theorem, which states 
that, in every neighbourhood of an isolated essential singularity, 
there exists a point at which the function actually attains any given 
value with at most one exception. For example, sinl/z and 
have isolated essential singularities at the origin; sin 1/z actually 
attains every value in 0 < \z\ < r, no matter how small r may 
be, whereas attains there every value except zero. The 


t Comptea Rendua, 88 (1879), 1024-7; 89 (1879), 745-7. 
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proof of Picard’s theorem is too difficult to be given at the 
present stage. 

4.56. The point at infinity 

The equation 2' = 1 /z sets up a continuous one-to-one corre- 
spondence between the points of the complete z-plane and the 
points of the complete 2'-plane. If z is at the point at infinity, 
z* is at the origin. Accordingly we shall say that a function /(«) 
has a zero, a pole, or an essential singularity at infinity if the 
function /(z"^) has a zero, a pole, or an essential singularity at 
the origin. For example, the functions sinl/z, and e* 

have respectively a simple zero, a double pole, and an essential 
singularity at infinity. 

It is important to notice that i/ ffec only singularities of an 
analytic function, including 'possibly the point at infinity, are 
poles, the function is a rational function. 

For let F(z) be such a function. It can have only a finite 
number of poles since a limiting point of poles is an essential 
singularity; let its poles be at a^, a^^,..., aj^, 00, of orders w^, ng,..., 
Uff, m respectively. It follows that 

G{z) = (z— ai)^»(2— ajk)”*F(2) 

is regular in every bounded domain, and so is an integral func- 
tion. We can, therefore, expand G{z) as a Taylor series 

0(z) = fb^z\ 

0 

which converges for every finite value of z. 

But (2— * a pole of order 

N = ?Ii+W- 2 +...+W 4 . 

at infinity. Hence G{z) also has a pole at infinity, its order being 
N+m. This, however, implies that the Taylor series for G{z) 
terminates and is of the form 

N+m 

0(Z) = 2 

0 

— (N+m I II k \ 

This gives ^’(2) = j J 
and so F{z) is a rational function. 
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4.6. Analytical continuation 

Let fi(z) be a regular analytic function defined in a domain 
Di. We shall now show that it is sometimes possible to continue 
this function analytically. By this we mean that it is sometimes 
possible to find an analytic function F(z) which is equal to f^(z) 
at each point of but is regular in a more extensive domain. 

Let 2>2 be another domain which has in common with a set 
of points forming a domain A. If there exists a function f2{z)y 
regular in Dg, which is equal to /^(z) at a set of points having 
a limiting point ^ belonging to A, the analytical continuation 
of/i(2;) is possible. 

In the first place, the functions fi(z) and f2(z) are equal at 
every point of A. For fi(z)—f2iz) is regular in A and has a set 
of zeros with t, as limiting point; since ^ is a point of A, this 
implies that fi(z)—f2(z) vanishes everywhere in A. 

If we now write F{z) = fi{z) when z is in and F{z) = f2(z) 
when z is in Dg* function F(z) so defined is evidently an 
analytic function, regular in the domainf the function 

fi(z) has, therefore, been continued analytically into i?2- More- 
over this analytical continuation is unique. For if g(z) is 
another function, regular in Dg, which is equal to fi{z) at a set 
of points having a point of A as limiting point, g{z) is equal to 
/i(z) at every point of A and hence is also equal to /2(2) there; 
a repetition of the previous argument then shows that f2(z) and 
g(z) are equal everywhere in Dg. 

When /2(z) has been found in this way, it may be possible to 
continue f2(z) analytically into a domain which overlaps Dg* 
If this is so, there is a function f^iz), regular in Dg, which is 
equal to /g(2) in the common part of JOg and Dg. If Dg overlaps 
Dit we should expect that the analytical continuation of /g(2) 
into Di would be the original function /i(z). If Dj, Dg, and are 
circles having a domain A' in common, this conjecture is, in fact, 
true. For in A' we have fi(z) = f2(z) = f^iz), and this implies 
that fi(z) = /^(z) in the common part of Dg and D^. But if 
-Du Dg, and Dg have no domain in common, it is not necessarily 
the case that the analytical continuation of /g(2) into is/i(2). 
For example, let us denote the domains \z—l\ < p, < p, 

t By we mean the set of points which belong to or to U, or to 

both. Since and are domains, ^ ^ domain. 
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|2— co*| < p, where to == and JV 3 < p < 1, by JD^, 

2)3 respectively; any two of these domains have in common an 
area bounded by two circular arcs, but there is no point common 
to all three. The function 2* is regular in if we continue it 
analytically into jDg* from into D3, and, finally, from Dg into 
Dj, the function obtained in this way is not 2* but —2*. 

4.61. The general definition of an analytic function 

Let f(z) be an analytic function defined only in a certain 
domain where it is regular. Let us suppose that it is possible 
to continue this function analytically outside the given domain. 
If we form all the continuations of the function, then all the 
continuations of these continuations, and so on in every possible 
way, the complete analytic function /(2) is defined as consisting 
of the original function and all the continuations so obtained. 
The complete analytic function defined in this way is, of course, 
not necessarily a one-valued function. 

If/(2) is not an integral function, there will be certain excep- 
tional points which do not lie in any of the domains into which 
the function has been continued. These exceptional points are 
called the singularities of the complete analytic function. It is 
evident that the singular points of a one-valued analytic func- 
tion are also singularities in this wider sense. 

It may happen that, in this process of continuation, we ulti- 
mately reach a closed curve across which it is impossible to 
continue the function. Such a closed curve is called a natural 
boundary of the complete analytic function. An example of a 
function with a natural boundary will be found in § 4 . 62 , Ex. 2. 

4.62. Analytical continuation by power series 

We shall now consider very briefly the problem of continuing 
analytically a function f(z) defined initially as the sum of a power 

CO 

series 2 whose circle of convergence Cq has a finite 

non-zero radius. 

The first thing to observe is that, when the continuation has 
been carried out, there must be at least one singularity of the 
complete analytic function on the circle of convergence CJ,. For 
if there were not, we could construct, by analytical continua- 
tion, an analytic function which is equal to f{z) within Cq but 
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is regular in a larger concentric circle Cq. The expansion of this 
function as a Taylor series in powers of z—Zq would then con- 
verge everywhere within Cq-, this is, however, impossible since 
the series would necessarily be the original series, whose circle 
of convergence is CJ,. 

In order to carry out the continuation, we take any fixed 
point Zi within CJ,, and calculate the values of f{z) and its suc- 
cessive derivatives at that point from the given power series 
by repeated term-by-term differentiation. We then form the 
Taylor series 




(2-2l)" 

n\ ’ 


whose circle of convergence is C^, say. 

Let Pi denote the circle with centre which touches Cq 
internally. By Taylor’s theorem, this new power series is cer- 
tainly convergent within P^ and has sum/(z) there. The radius 
of Cl cannot, therefore, be less than that of P^. There are now 
three possibilities: 

(i) Cl may have a larger radius than Pi- In this case Cj lies 
partly outside Cq, and the new power series provides an ana- 
lytical continuation of /(z). We can then take a point Z 2 within 
Cl and outside Cq, and repeat the process. 

(ii) Cq may be a natural boundary of f{z). In this case we 

cannot continue f{z) outside Cq> circle touches Cq 

internally, no matter what point Zi within CJ, was chosen. 

(iii) Cl may touch Cq internally even when Cq is not a natural 
boundary of /(z). The point of contact of Cq and Ci is a singu- 
larity of the complete analytic function obtained by the analyti- 
cal continuation of the original power series. For there is 
necessarily one singularity on Ci and this cannot be within Cq, 

We see, then, that if Cq is not a natural boundary of the 
function /(z) = 2 process of forming new power 

series provides a simple means of continuing the function ana- 
lytically.! It is, therefore, theoretically possible to deduce all 
the properties of the complete analytic function from the pro- 
perties of the coefficients of the Taylor series which defines 


t For further information on the theory of analytical continuation by power 
series, see, for example, Goursat, Coutb d'Andlyae, 2 (1918), 235-62, 
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the function initially. This interesting but extremely difficult 
problem is, however, beyond the scope of the present book.t 
Example 1 • Show that the function 
/(z)= 

can be continued analytically outside its circle of convergence. 

The circle of convergence Cq of this power series has the equation 
1*1 = 1. Within Co the sum of the series is (1— But this function 
is an analytic function, regular in any domain which does not contain 
the point z = 1, and so provides the required analytical continuation 
of/(z). 

It is, however, instructive to carry out the continuation by means of 
power series. If a is any point within it is easily seen that the power 
series expressing /(z) in powers of z— a ia 

2 * 

n»0 

The circle of convergence C^ of this new power series is \z—a\ = |1— a|. 

Now if 0 < a < 1, Cl touches Cq at * = 1, which is, therefore, a 
singularity of the complete analytic function defined initially by the 
given power series. If, however, a is not real and positive, we have 
11— a I > 1— |a|, so that Cj crosses C®; in this case the new power series 
provides an anal3rtical continuation of /(*) outside Co. 

Example 2. Show that the circle of convergence of the power series 
f(z) = 1+*+**+**+*®+... 
is a natural boundary. 

The circle of convergence Cq of the power series is |*| == 1. If the point 
e®* on Cq is not a singularity of /(*), then /(re“*) must tend to a finite 
limit as the real number r increases and tends to vmity.J 

Let us consider, then, the behaviour of /(*) as * moves up to Cq along 
the radius through the point of affix where p and q are integers. 

Now we can express /(*) in the form 

/(*) = 2 2 ^*’* 

say. Since fi(re*^*l**) is a polynomial in r of degree 2®, it tends to 
a imique limit as r -> 1. But 

n—fl+l n— 

t An interesting account of recent researches on this problem is given by 
Hadamard and Mandelbrojt, La Sdrie de Taylor (Collection *Scientia*; 1926). 
See also Dienes, TJie Taylor Series (Oxford, 1931), Chapter X. 

t It is not, however, the case that, if f{re^*) tends to a finite limit, then 
e®* is not a singularity of f{z). For example, the binomial expansion of (1—*)* 
converges when |z| ^ 1, and (1— r)l tends to zero as 1. Yet z = 1 is 
a singularity (a branch-point) of (1— z)l. 
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which tends to infinity as r ->■ 1. Accordingly the point of affix e*^*^/** 
on Co is a singularity of f(z). 

But any arc of Co, no matter how small its length, contains a point 
whose affix is of the form e****^/**, where p and q are integers. There 
eae, therefore, points whose affix is of this form within every circle which 
crosses Cq, so that it is impossible to continue f{z) analytically outside 
its circle of convergence. 
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MISCELLANEOUS EXAMPLES 

1. The function f(z) is regular when | 2 — a| < R. Show that, if 
0 < r < J?, then 2 ir 




F(e)e-^d0, 


where F{6) denotes the real part of /(o+re®*). 

2. The function /(*) is regular when |s| < R'. Prove that, if 
|o| < i? < R'. 


then 


/(a) 


= J- f 

2m J (z— 


R^—aa 


where C is the circle \z\ = R. Deduce Poisson’s formula, that, if 
0 < r < J?, 2 . 

R^~2RrcoB{e-4,)+r»^^^^^ 


' Zir 

/(re«) = i J 


3. When | 2 | < R, the function/( 2 ) is regular and satisfies the inequality 
|/(*)| > L Show, by applying Poisson’s formula to log/(«), that, if 
\z\ < kR where A; < 1, then 

\m\ < i/(o)i'“^*. 
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4. The function J(z) is regular when \z\ < R and has the Taylor 
00 

expansion 2) Show that, if r < i?, 

0 

2ir 

^ J |/(re«)|*dtf = |la„|*r>». 

0 

Hence prove that, if \J(z)\ < M when |z| < R, 

0 

6. Deduce Cauchy’s inequalities from Ex. 4, and show that, in the 
notation of § 4.33, |/^“^(a)| = n! JIf/H” 

if and only if f(z) = Me'^^{z—a)^/R^, where cx is a real constant. 

6. The integral function f{z) satisfies ever 3 rwhere the inequality 

l/(*)| < where A and k are positive constants. Prove that J(z) is 

a polynomial of degree not exceeding k. 

7. Show that the branch of the function (1 — which is 
equal to + 1 when z = 0, is regular when \z | is less than the smaller of 

1)|, and so can be represented by a Taylor series 

1+ f W*”- 

Prove that the coefficients in this expansion are given by 


“ 2iri / 


jjn+i 


G 

where C is a closed contour surrounding the origin but not enclosing 
either of the points /i-± 


8. Prove that the function exp{jK{z— z”^)} is regular save at the origin 
and can be expanded as a Laurent series 


f zVJm), 

— 00 

2n 

where JnM — ^ ^ j cos(nd—usin6) dO. 

0 

9. The function /(z) is regular when jz] > H and \f{z)\ is bounded as 
\z\-> oo. Prove that /(z) can be expanded as a series of the form 

oo 

convergent when |z| > jR. 

10. The function /(z) is regular in the strip —a < Imz < a, where a 
is positive. Prove by using Laurent’s theorem that, if /(z) is periodic, 
of period 27t, it can be expanded in the form 

/(«) = I 

— 00 
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where 
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2ir 
% 

J(z)<r^dz, 




the series being uniformly convergent in the strip — a+8 < Jmz < a— 8 
for every positive value of 8 ( < <x). 

Deduce thatf 

CO 

f(z) = 4ao-f 2 (OnCOsnz + 6^sinn2), 


where 


2rr 

-.-Ijf 


2n 


f{z)Bmnz dz. 


f{z)coanzdz, 

0 0 

11. Each of the functions 

(i) cot*, (ii) cosec*«log(l— 2 ), (hi) 2 /(sin 2 — tonz) 

has a pole at the origin. Find its order and residue in each case. 

12. Show that the circle | 2 | = 1 is a natural boundary of each of the 

functions oo 

0 

13. Show that the sum of the series 

is a when \z\ < 1, but is c when \z\ > 1. Why is this? 

14. Prove that the sum of the series 


^ (l-f2«)(l-l-2»+M 

is 2/(1— 2*) when \z\ < 1, but is 1/(2*— 1) when \z\ > 1. 

15. The function f{z) is regular within and on the circle C whose 
equation is \z\ = R, save for simple poles bi, 6,,..., within C, More- 
over, /( 2 ) does not vcmish on (7, but has simple zeros 02 ,..., within 
C. Prove that the function 

is regular and non -zero within and on C, and also that |F( 2 )| = \f(z)\ 
on C. 


t This result is Fourier’s theorem for analytic functions of a complex 
variable. A detailed account of the conditions under which Fourier’s theorem 
for functions of a real variable is valid will be found in Hobson’s Functions of 
a Real Variable, 2 (1026). 
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By applying Poisson’s formula to log show that, if z = re^ where 

r < R, then 

f-1 fi-l 

2ir 

J lo8|/(-*^e*‘)|;B._2i?ycos(e-^)+r> 




Deduce that 


f log |/(iie*‘)| = 2it log ^ "• log |/(0) | , 

j Pi a,. ..0^1 

provided that the origin is not a zero or pole of /(z). 

How would these results be modified if /(z) possessed multiple poles 
or multiple zeros within C ? ( jENSEN.f) 


t J. L. W. V. Jensen, Acta Math, 22 (1899), 369-64. 



CHAPTER V 


UNIFORM CONVERGENCE 

5.1. The limiting function of a sequence of functions 

Let Sq(z), Si(z), S2(z),... be a sequence of one-valued functions, 
each defined in a bounded closed region D. At present we do 
not assume that these functions are differentiable or even con- 
tinuous in D; they are merely functions of the complex variable 
z in the most general sense. 

It may happen that, when $ is a point of Z>, the sequence of 
complex numbers ^o(0> tends to a definite finite 

limit. We then say that the sequence of functions is convergent 
at If the sequence converges at each point of Z), it is said to 
be convergent in D, and the limiting function 5(z) of the sequence 
is defined at each point of D by the equation 

«(«) = lim 5„(2). 

n-^oo 

This means that, given any point f of 2) and any positive 
number €, no matter how small, we can find an integer N such 
that 15(5)— 5n(?) I < ^ when n N. The integer N, which is 
made definite by being taken as small as possible, will depend, 
in general, not only on € but also on the particular point 5 under 
consideration; we denote this fact by writing N — iV(€, 5). 

In this way we have associated with the convergent sequence 
a function N{€, z) which is defined at each point of D and which 
only takes positive integral values. In general, this function 
will not be bounded in D. But when N{€, z) is bounded, we say 
that the sequence is uniformly convergent in the region D. 

The uniform convergence of the sequence implies, therefore, 
that there exists an integer M = M{e)y depending on e alone, 
such that N{€yZ) < M{€) at each point z of D, In other words, 
the sequence of functions Sq{z), 5i(z),... converges uniformly in 
the region D to the limiting function 5(2) if, given a positive 
number €, no matter how small, we can find an integer Af, 
depending on e alone, such that the inequality |«( 2 )— 5 ,^( 2 )! < c 
holds at each point z of D provided only that n ^ M, 

The idea of uniform convergence is of great importance in 
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analysis; for, as we shall see, it often enables us to deduce pro- 
perties of the limiting function of a sequence from the common 
properties of the members of the sequence. 

5.11. The principle of uniform convergence 

The definition which we have just given of the uniform con- 
vergence of a sequence presupposes that the limiting function 
of the sequence is known. Before we proceed to discuss the 
properties of uniformly convergent sequences, it is desirable to 
express the condition for uniform convergence in a form which 
does not involve the actual determination of the limiting func- 
tion. This is provided by the following principle of uniform 
convergence, analogous to the principle of convergence for 
sequences of numbers. The necessary and sufficient condition for 
the uniform convergence of the sequence of functions ^0(2), 5 i( 2 ), 
52(2)... in the bounded closed region D is that^ corresponding to 
any positive number €, there should exist an integer m(€), depending 
on € alone, such that the inequality 

l«m+p(2)-«m(2)l < « 

holds at each point z of D for every positive integer p. 

In the first place, the condition is necessary. For if the 
sequence converges uniformly to 5(2), we have, in the notation 

Kz)-a„(z)l<i6 

at each point z ol D provided that n ^ Hence, if 

m = M{\€) and p is any positive integer, 

l«m-4^(2)-»m(«)l = l{«(2)-«m(2)}-{«(2)-«m4i,(2)}l 

< |S( 2 )— »m( 2 )l+l«{z)— «m+p( 2 )l 

< € 

at each point 2 of D, 

The condition is also sufficient. For if it is satisfied, the 
sequence converges, in virtue of the principle of convergence, to 
a limiting function 5(2). If we make p tend to infinity in the 
in«quaaty 

we find that |a(z)— a„(z)| < e. 

But since 1 «„( 2 )— «to(z)| < « at each point of D provided that 
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n > m, this inequality gives 

!«(*)-«»(*) I = «m(*)}+{«m(2)-«»(*)}l 

< l«(2)— «m(2) I + l«m(*)-«»(2) I 

< 2e, 

when n>m. Hence the sequence converges uniformly to s(z). 

5 .12. Uniformly convergent sequences of continuous 
functions 

At first sight we should expect that the limiting function of 
a convergent sequence of continuous functions would itself be 
continuous. This is, however, not the case. For example, the 
sequence of functions 1, 2^, z^, 2®,... converges at each point 
within and on the ellipse x^+ 2 i/^ = 1, yet the limiting function 
of the sequence has the value 1 at the points 2 = ±1> but is 
zero at every other point within or on the ellipse. It can, how- 
ever, be proved that ^ ® convergent sequence 

of functions^ each conJtinuous in a bounded closed region Z>, a 
sufficient condition for the continuity in D of the limiting function 
s{z) of the sequence is that the convergence be uniform. 

For if the sequence is uniformly convergent, then, given any 
positive number €, we can find an integer 3/, depending on e 
alone, such that the inequality 

l«(*)-an(2)l < « 

holds at each point 2 of 2>, provided only that n ^ M, Hence, 
if Zi and 22 are any two points of D, 

I«(2i)-«(Z 2)I= l{«(2l)-«Jtf(2l)} + K7(Zl)-%(22)} + {%(22)-«(22)}l 

< |s(2i)— Sjf(Zi)|+ |s(Z2)-«j/(Z2)| + |aj/(Zi)-%(Z2)| 

< 2e+ |4jf(Zi) — ^jif(z 2 )|. 

But ^3/(2) is a continuous function, and so is also uniformly 
continuous. We can therefore find a positive number 8, de- 
pending only on e, such that the inequahty 

holds for each pair of points z, z' of D for which |z— z'| < 8. 
Hence, if jzj — Z2I < 8, we have 

«(*2)l < 3e; 

this proves the theorem. 
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From this we shall deduce that if 8 q{z), 8^{z), - ^ ® 

8equence of continitovs function8 which converges uniformly to 8(z) 
in a bounded clo8ed region Z), and if L is a conlour lying in 
D, then 

The function 8(z) has been shown to be continuous in Z) and 
so is certainly integrable along L, Now, given any positive num- 
ber €, we can, by hypothesis, find an integer JZ, depending on e 
alone, such that, when n ^ JZ, the inequality < e 

holds everywhere in D and, in particular, on L. Hence, if I be 
the length of L, we have 

a(2) dz — j «„(2) = I J {s(z)— «n(z)} 

L L 

Since, however, e can be as small as we please, this shows that 



lim f «„{z) dz — [ 8(z) dz. 

n— ►00 ^ j 


lim I sjz) dz == I s(z) dz. 

n— >00 « •' 


S.ld. Uniformly convergent sequences of analytic func- 
tions 

Let us suppose that the sequence of functions 8 q(z), «i(z), 
converges uniformly to s(z) in every closed region D ivithin a closed 
conlour C, and that each member of the sequence is an analytic 
function regular within C. Then s(z) is also regular within C and 
the sequence s'J^z) converges uniformly to s\z) in D. 

We know that the limiting function 8{z) is continuous within 
C\ we shall prove that it is also regular there by means of 
Morera’s theorem (§ 4.4). 

Let L be any contour, not necessarily closed, lying entirely 
within G. Since each member of the sequence is a regular 
analytic function, J s^iz) dz depends only on the affixes of the 

end-points of L. 

But since L lies within C, it lies in a closed domain in which 
the sequence of functions converges uniformly, and so 

lim f sj^z) dz = f s{z) dz, 

n-oo J I 

The value of J s{z) dz depends, therefore, only on the affixes of 
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the end-points of L. Hence, by Morera’s theorem, 3 (z) is regular 

within C. 

It remains to show that converges uniformly to 3 '(z) ^ 
any closed region D within C. We construct a closed contour 
r which lies within C and yet is definitely outside D; let 8 be 
the shortest distance between F and Z). Now let a be any point 
of Z); then, by Cauchy’s integral for the derivative of an analytic 

I' 

But, by hypothesis, s^iz) converges uniformly to 5(2) within 
and on F. Hence, when we are given any positive number c, 
we can find an integer M, depending on € alone, such that 
\s{z)—Sn{z)\ < € when z is any point within or on F, provided 
that M. By the result of § 4 . 14 , it follows that, when 

n'^ My V 

l^'(a)^<(a)| < 


where I is the length of F. The expression on the right-hand 
side of this inequality is independent of a, and therefore s^{z) 
converges uniformly in D to the limiting function s'(z). 

A repetition of the same argument shows that 5^(2) converges 
uniformly in every closed region within C to «"( 2 ), and so on 
indefinitely. 


5.2. Uniformly convergent series 

00 

Let each term of the infinite series 2 ^ one-valued 

0 

function of 2, defined in a bounded closed region D. We associate 
with this series the sequence of partial sums ^0(2), 51(2), - 

«„(z) = «o( 2 )+«l(z) + «2(2) + -+«n{*)- 
If this sequence is convergent in D and has the limiting function 
s(z), we say that the series converges in Z) and that its sum 
is s(z). If, further, ^,^(2) tends to its limiting function uniformly 
in jD, the infinite series is said to be uniformly convergent in 
the bounded closed region D. 

00 

If each term of the infinite aeries 2 ^ continiuma in a 

0 

bounded closed region D, and if the aeries converges uniformly 
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in D, then the sum of the aeries a{z) is also eonlinuous in D. 
Moreover, if Lis any contour in D, 

f a(z) dz= 

£ n-O 

This important result is obtained immediately by applying the 
theorems of § 6.12 to the sequence of partial sums of the infinite 
series. 

Similarly, we deduce from § 6.13 that if each term of the infinite 

00 

series 2 ^n(^) ^ analytic function, regular within a closed can^ 
0 

t(mr Cy and if the infinite series converges uniformly in every closed 
region D unthin C, then the sum of the series s{z) is also an 
analytic function, regular within C. Moreover, 

8'{Z) = f <(Z), 

0 

the latter series being uniformly convergent in D, This result is 
sometimes called Weierstrass’sf double-series theorem, since his 
proof of it depended on expressing each term as a power series 
and rearranging the double series so formed. 

It should be observed that we can apply Weierstrass’s 
00 

theorem to the series 2 ^ obtain 

0 

«"(*) = l<(z). 

0 

and so on indefinitely. In other words, a uniformly convergent 
series of regular analytic functions can be differentiated term 
by term as often as we please. 

5.21. Weierstrass’s ikf-test 

One of the simplest sufficient conditions for the uniform con- 
vergence of a series is Weierstrass’s Jf-test, which runs as 
follows. The infinite series 2 converges uniformly and abso- 
lutely in a bounded closed region D if each term satisfies there 
an inequality \u^fz)\ ^ M^, where is independent of z and 
2 JIfn ^ convergent. 

t MoncUaberichte der Preuaa. Akad. Wiaa. (1880), 719-43. This paper is 
reprinted in Weierstrass's Werke, 2, 201-30. See also Bromwich, Infinite Seriea 
( 1 926), 266-7, or Elnopp, Theory and AppliccUion of Infinite Seriea (1928), 430-3. 

H 


J «n(*) 

L 


85:)1451 
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The series is evidently absolutely convergent in D. To prove 
that it is also uniformly convergent in D, we observe that, if 
«„(z) is the nth partial sum of the series, then 

- IT «.w| i«.wi < Ik. 

lm+1 1 m+1 m+1 

for every positive integral value of p. Now 2 convergent; 
hence, given any positive number c, we can choose m so that 

m+l 

With this value of m, which depends only on €, we have 
l^m+23(^) ^m(^)l ^ 

where z denotes any point of D and p is any positive integer. 
The required result now follows by the principle of uniform 
convergence. 

00 

Example 1. The radius of convergence of the power series 

0 

is R. Show that the series converges uniformly £uid absolutely when 
\z\ < R\ provided that R' < R, Deduce that the sum of the series is 
an analytic function regular within its circle of convergence. 

ao 

Example 2. Show that the series 2 converges absolutely and 

1 

uniformly in any bounded closed region in which Rlz > 1. 


5.22. Hardy^s tests for uniform convergence 

The two tests in this section are generalizations of those of 
§ 2.43. They are consequences of the following lemma. 

//, in a bounded closed region Z>, the function An{z)Vn{z) tends 
uniformly to a finite limit as n-^co, then if one of the series 

^o(2)®o(2)+ ^ «'n+l{2)} 

converges uniformly in Z), so also does the other. 

The lemma may be proved as in § 2.43. 

TJie series 2 uniformly convergerd in a bounded 

closed region D, if in the region D 

(i) the series 2 ®n(*) uniformly bounded partial sums, 

(ii) the series 2 uniformly convergent, and 

(iii) v^(z) tends to zero uniformly as n->QO. 
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If AJz) = ao(2)+ai(z)+...+a„(2), 

condition (i) means that there is a constant K such that 
MnCz) I < jfiT for all » and all z in D. Since | J„( 2 )i>„( 2 ) | < K lt>„( 2 ) | , 
it follows by (iii) that ^„( 2 )»„( 2 ) tends to zero uniformly as » -► oo. 
Hence, by the lemma, 2 o„(2)»n(*) converges uniformly in D if 
2 ^n(2)K(*)-«n+l(2)} does. 

Now condition (ii) implies that, given any positive number e, 
we can find an integer N depending only on « such that 

for any positive integer p and for all z in D. Hence 

iN+n I N±p 

|j|^-4„(2){t;„(2)-»„+i(2)}| <^|^„(z)|. |v„(2)-i;„+i(2)l 

< K i%»(2)-*’n+l(2)l < «• 

jsrTi 

Hence 2 -4n(^){^n(2^)“”^n+i(^)} converges uniformly in D, and the 
result follows. 

The series uniformly convergent in a bounded 

closed region D if in the region D 

(i) the series 2 converges uniformly ^ 

(ii) the series ^ l^n(2^)““^n+i(^) I convergent and has a bounded 
sum, 

(iii) Vq(z) is bounded. 

If ^»{z) = «n+l(2)+an+2(2)+“»+3(2) + -. 

then, by condition (i), AJ^z) tends to zero uniformly as n -> oo. 
Also Vjfz) is bounded in D; for 

l«»(2)l = I «o(2)- 2 K(2)-«'r+l(z)} 

I 0 

< I«o( 2)I + -2 l«r(2)-*’r+l(2)l < 

0 

where K is a finite constant by (ii) and (iii). Since 
l^»(2)w„(2)| < K\A„(z)\, 
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■4n(*)»n(*) tends to zero uniformly in D as n -»■ oo. Hence 

ao(*K(*)+ |;«»(2)»n(*) = ao(*)»o(*)— J {■^n(*)-^n-l(*)K(*) 

converges uniformly in D if 2 ^n(2){*'n(*)~"®n+i(*)} does. 

Since AJ^z) tends to zero uniformly, given any positive num- 
ber c, we can find an integer N, depending only on e, such that 
\AJ^z)\ < ejK for all « > iV and for aU z in i>. Therefore 

ao 

< j 2 < « 

for all z in i) and for every positive integer p. Hence 

Z ^n(z){»n(2)-»«+l(*)} 

converges uniformly in D, as required. 

00 

Example 1. The power series whose radius of convergence 

0 

is unity, converges at the point z = 1. Show that the series converges 

uniformly in the domain |1— *| < cos 8, |arg(l— z)| < 8, if 0 < 8 < Ju. 

Deduce that <» oo 

Z 2 «n 

0 0 

as z 1 along any path within the circle of convergence which does 
not touch that circle. 

We apply the second test of § 6.22, with a„(z) = a^, t?„(z) = z”. Since 
2) 0,1 is convergent and a„ does not depend on z, the first condition is 
satisfied. The third condition is also satisfied since v^(z) = 1. 

When |z| < 1, we have 

Z K(*)-Wn+l(*)| = |l-*l Z 1*1" = 

Now the region defined by the inequalities 1 1 — z | < cos 8, |arg( 1 — z) | <8, 
is a sector of the circle with centre at z = 1 and radius cos 8. If 
0 < 8 < in, each point of the sector, save z = 1, lies within the circle 
of convergence of the given power series. In this sector we have 
1—2 = whore 0 < p < cos8 €Uid —8 < < 8. Hence 

|z|* = l — 2pcos^-fp* < 1 — 2pcos8-fp* 

< l — 2pcos8+pcos8 < 1— pcos8+ip*cos*8, 
and so |z| < 1 — |pcos8. 

It follows, therefore, that at each point of the sector, save z — 1, 

Z M*)- W*)l < = 28ecS. 
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This inequality is also satisfied at 2 = 1, since each term of the series 
2 |^n(*)“Vn+i(2^)'l vanishes there. The second condition of the test is 
thus also satisfied, and the proof of the first part of the problem is 
completed. 

By § 6.12, the sum of the aeries is continuous in the sector 

under consideration. Hence 

as 2 1 along any path in the sector. This conclusion also holds when 

2 -► 1 along any path within | 2 | = 1 which does not touch the circle of 
convergence; for, by choosing 6 sufficiently near to Jtt, we can ensure 
that such a path lies in the given sector. 

Example 2. Give an example to show that if the power series 
2 has a finite non-zero radius of convergence, €tnd if the sum of the 
series tends to a finite limit as 2 -► 2o on the circle of convergence along 
a path which does not touch that circle, it is not necessarily the case 
that 2 converges. t 

Example 3. Riemann’s Zeta-fimction is defined by the equation 

00 

4(2) = 2 when RI 2 > 1. Show that the analytical continuation of 

this function into the region where R1 2 > 0 is given by 
(1-21"*)£(2) = l-*~2-*-l-3-*~4-*+.... 

Hence show that the only singularity of ^(z) in the right-hand half of 
the 2 -plane is a simple pole of residue 1 at the point 2 = 1 . 

Wo have seen (§ 6.21, Ex. 2) that the series defining ^{z) converges 
uniformly and absolutely in any bounded closed region to the right of 
the line RI 2 = 1. Hence, by § 6.13, ^{z) is an analytic function, regular 
when Rlz > 1. Now, when RI 2 > 1, 

( 1 - 2 i-*) 4 ( 2 ) = 2 ^-*(1-21-*) = 2 /^-*-2 2 (2n)-* 

= l-*-2-*-f3-*--..., 

the reordering of the terms of the series being valid by absolute con- 
vergence. Wo now show that the latter series converges uniformly in 
any bounded closed region D in which Rl 2 > S, provided that 8 is 
positive. We use the first test of § 6.22, with 

On(*) = (-!)". Vb(*) = (w+l)"*. 

The partial sums of 2 alternately 1 and 0, so that condition 

(i) is satisfied. Condition (iii) is also satisfied, for 

|vb(*)| = (n+ !)-»'* < (n+1)-*, 
and so vj^z) certainly tends to zero uniformly in D, 

f For an account of the conditions under which the converse of Abel's 
theorem is true, see, for example, Landau, DaraUUung and Degrundung einiger 
netierer Ergebnisae der FunktionerUheorie (Berlin, 1029), 52-67. 
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To show that condition (ii) also holds, we use the formula 

n+2 

= (n+l)-*-(n+2)- = z J 

n+1 

This gives „+* »+* 

l»n{*)-»n+i(*)| < 1*1 j < 1*1 J «-»-**< |z|.(n+ !)-«-*. 

n+1 n+1 

Since z is bounded in D, it follows by Weierstrass’s ilf -test that 
Z !»’«(*)- Vn+i(*)l converges uniformly. 

We have thus shown that the series 


r)(z) = 

converges uniformly in any bounded closed region in which Rlz > 0. 
Hence 7 y(«) is an analytic function, regular when Rl^ > 0. But when 
Rl* > 1, we have ^ I _ 2 i-.)J(*). 

Accordingly this equation provides the analytical continuation of {(z) 
into the region 0 < Rlz < 1. 

Now the function 1 — 2^“* has simple zeros at the points given by 
(l--z)log2 = 2 p 7 n, 


where p is any integer or zero. The equation J(z) = r){z)/( 1 — 2^”®) shows 
that a point of this set is a simple pole of J(z), provided that 7){z) does 
not vanish there, and also shows that ^(z) has no other singularities in 
the right-hand half of the z-plane. 

The point z = 1 is a simple pole of {(z), since 7^(1) = log 2. The 
residue there is (*-!),(*) «(1) , 

e_n 1 — 21-* log 2 

But no other zero of 1 — 2‘~‘ is a pole of {(*). To show this, wo use the 
equation ^ (l-3i-«){(*). 


where rj^{z) = l-*-f 2-*--2.3“*-f-4-*-f 6-»-2. 0-*-}-..., 
which the reader will easily prove. The function rfiiz) is evidently an 
analytic function, regular when Rlz > 0. Hence the poles of {(z) in the 
right-hand half of the z-plane are the points of the set 
(1— z)log3 = 2q7ri, 


where q is any integer or zero, at which rii{z) does not vanish. 

If C(z) possessed a pole other than z = 1 in the right-hand half of th(^ 
z-plane, there would be integers p and q such that log 3/log 2 -- p/q^ 
which is impossible. Hence ^(z) has only one pole in Rl z > 0. 


5.3. Infinite products 
The symbol 

( 1 +® i )( 1 +® 2)(1 + ® 3 )— 

which involves the multiplication of an infinite number of com- 
plex numbers, has, in itself, no meaning. In order to assign 
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a meaning to the value of such an infinite product, we form the 
sequence of partial products p^, Pa,..., where 

=TT (l+Or)- 

r-1 

If p^ tends to a finite non-zero limit jp as w tends to infinity, 
we say that the infinite product is convergent, and we write 

=n(l+«r)- 

r-1 

If, however, p^ tends to zero or does not tend to any finite 
limit, we say that the infinite product is divergent. 

In order that the infinite product may converge it is neces- 
sary that no factor should vanish; for if l+®m = thenp^ = 0 
when n ^ m. We shall suppose this condition is always satis- 
fied. It is also necessaryt that -> 0 as n oo, since 

We shall now show that the necessary and sufficient condition 
for the convergence of the infinite product IJ (l+^n) 
vergence of the series 2 log(l+^3^n)> each logarithm has its 

principal value, 

n 

Let us write = Z 1^8(1 +®r)* 

r-1 

We then have p^ — exp(5^). But since the exponential function 
is continuous, 5,^ -> 5 implies that p^ -> c*. This proves the 
sufficiency of the condition. 

Now s^ = \ogp,,+ 2q^7Ti, 

where is an integer. Since the principal value of the logarithm 
of a product is not necessarily the sum of the principal values 
of the logarithms of its factors, q^^ is not necessarily zero. We 
show that q,^ is, however, constant for all sufficiently large values 
of n\ from this the necessity of the given condition will follow 
immediately. 

Let us write and for the principal values of the argu- 
ments of l+Un and p^ respectively. If the infinite product is 
convergent, -> 0 and jS, say, as n -> oo. The integer q^ 
is then given by 

t The example of the infinite product fl V”)» which = (n-f-1), 
shows that this condition is not sufficient. 



UNIFORM CONVERGENCE 


104 

Hence we have 


= an+1— (^n+1— ^n) 0 

as n -> 00 . But since is an integer, this implies that qn=^ 9. 
for all sufficiently large values of n. 

Therefore, if tends to the finite non-zero limit p as n oo, 
it follows that ^ ^ ^ 

K logl>+2}7ri, 

and so the condition is also necessary. 


5.31. Absolutely convergent infinite products 

The infinite product Yl (i+®n) said to be absolutely con- 
vergent if the series is absolutely convergent. 

Evidently an absolutely convergent infinite product is con- 
vergent and its value is not altered when its factors are de- 
ranged. The necessary and sufficient condition for the absolute 
convergence of the infinite product JJ (1+a^) is the absolute con- 
vergence of the series 2 ®n* 

For since 0 as n cx), we can find an integer N such 
that 1 < i when n ^ N. Hence we have, when n'^ N, 


1 log(l+Oj 


a? al 

«» 


2 3 "’”4 


^ Kl®nl+|anP+l®nl®+---} ^ i 

and so iKj < |log(l+aJl < l\aj. 

This shows that the series 2 iog(l+®n) converges absolutely if 
and only if the series 2 l^nl is convergent, and the required 
result follows at once. 


5.32. Uniformly convergent infinite products 

Let Ui(z), U 2 (z)f be a sequence of one-valued functions, 

defined in a bounded closed region D, such that the infinite 
product ri{l+^M(^)} converges at each point of D, If the 
sequence of partial products 

/«(*)= ft {!+«.(*)} 

r— 1 

converges uniformly in Z>, we say that the infinite product con- 
verges uniformly in D. 

The simplest test for the uniform convergence of an infinite 
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product is the M-test, which states that ike infinite product 
JJ {l+u„(z)} converges uniformly and absolutely in the bounded 
closed region D if eaeh function u^(z) satisfies there an inequality 
!««(*) I ^ ‘*>}here is independent of z and 2 is con- 

vergent. 

The absolute convergence of this product is a consequence 
of §6.31. 

n 

Let us write Then since 2 is convergent, 

tends to a finite limit as n oo. 

Now when > m, we have 

Im+l ' 

n 

But if we multiply out JJ {1 + — 1, we obtain an expression 

Wl+ 1 

of the form 

2 «r(*)+ 2 «^r(2K(z)+ 2 Ur{z)u,{z)u,{z) + ...-\- 

+“m+l(2)«m+2(2)”- ««(*)> 

whose absolute value does not exceed 

2K+l^rK+ 

= fl{l+M,)-l. 

m+1 

Hence we have 

l/n(2)-/m(*)l < n (l+-a^r)( fl (l+^,)-l) = 

r“l 'm+1 ' 

But since tends to a limit, we can assign arbitrarily a 
positive number c, and then choose m so that 0 < < e 

when n > m. This gives 

\fn{^)-fm(^)\ < « 

when n '> m and z is any point of D, Since m depends only on 
€, the sequence of functions /i(2), converges uni- 

formly. The test is thus established. 

Finally, it follows immediately from § 5.13 that if the infinite 
product W {1+^m(^)} converges uniformly to f(z) in every closed 
region within a closed contour (7, and if each factor of the product 
is an analytic function^ regular within C, then f(z) is also regular 
within C, 
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Example. Discuss the convergence of the infinite products 

in any bounded closed region D which contains none of the points 

± 1 , ± 2 ,.... 

There exists a constant R such that | 2 1 < J? when z lies in D. Since 
^ and R^jn^ is convergent, the product (i) converges 

uniformly and absolutely in D, by the jlf-test. If F(z) is the value of 
the product, it is an analytic function, f regular in D, 

On the other hand, the product (ii) does not converge absolutely in 
X), since the series + l + divergent. Let us write 

the nth partial products of (i) and (ii) respectively. Then 
we have . . 

/.»(*) = 

and so the sequences fi(z), f^{z), Mz),,.. and f^{z), f^{z), Mz),,.. both 
converge uniformly to F(z), Hence the infinite product (ii) converges 
uniformly in JD to JP'( 2 ). 

To discuss the third product we write 


where ««(*> = 

r»2 


Then 

when n > R, 


00 




, (r- 2) 
r-2 

Similarly we have 





where lv„(2)| < c(JK/n)* when z is €my point of D and n > R. The 
JW-test shows that the product (iii) converges uniformly and absolutely 
in JD. 

Finally, since the partial product of (iii) of order 2n is equal to F^(z), 
the third product also converges to F{z), 


5.4. Functions depending on a parameter 

Let /(2,a) be a one-valued function of the two complex 
variables z and a, defined when z lies in a bounded closed 
t It is well known thot F{z) = sin nzl{nz). See § 6.83, Ex. 
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region D and a lies in the circle |a— a©! < P- If /(«,«) tends 
to a finite limit as a -> o^q when z is any point of X), the 
limiting function F{z) has a definite finite value at each point 
oiD, 

Let us suppose that this is the case. Then, given any positive 
number e, we can find a positive number S(€,z), depending on 
€ and on z, such that \f(z, 0 L)—F(z)\ < e when [a— agl < 8. 

We choose 8 as large as possible.f Then S(e, z) is a one-valued 
positive function of z defined everywhere in D. If there exists 
a positive number A(€), independent of z, such that 8(e, z) ^ A(€) 
at each point z of i), we say that/(z, a) tends uniformly in D to 
the limiting function F{z) as a -> olq. 

By the appropriate modification of the analysis of § 5.12, we 
can show that i//(z, a) is a continuous function of z in the bounded 
closed region D for each value of a in |a— aol < p, and if 
f(Zy a) -> F{z) uniformly as then F{z) is continuous in D, 

Moreover y if L is any contour lying in Dy 


lim f{Zy a)dz = F{z) dz, 

L L 


Again, by an argument similar to that of § 5.13, we find that 
ify for every value of oc in la—aol < p, the function /(z, a) is an 
analytic function of z, regular within a closed contour (7, and if 
f(Zy a) -> F(z) uniformly in every closed region D unthin C, then 
F(z) is regular within C and 


uniformly in D, 


dz 


> F\z) 


5.5. Analytic functions defined by definite integrals 

Let F(Zy t) be a one-valued function of the complex variable 
2 == and the real variable t defined when z lies within 

a closed contour C and a ^t ^ b. Let us write 
F(z,t) = ^{x,y,t)+i^(x,y,t), 

where ^ and 0 are real functions of the three real variables 

t The existence of a largest 8 is readily proved by means of Dedekind’s 
section of the real numbers. 
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Xy L If <l> and tp are continuous functions of position in the 
corresponding region of the three-dimensional space in which 
(x, y, t) are rectangular cartesian coordinates, we say that F(z, t) 
is a continuous function of both variables z and t 

We shall now show that if F(z, t) is a contimuma function of 
both variables when z lies within a closed contour C and a ^t 
and if, for each such value of t, F{z, t) is an analytic function, 
regular within C, the function 

b 

f(z) = J F(z,t)(U 

a 

is also regular within C and its derivatives of all orders may be 
found by differentiating under the sign of integration. 

To prove this, we divide the range of integration into n equal 
parts by points 

G = <C <C ^2 ^n-1 ^ 

and consider the behaviour of 

/»(*) = 2 
f-1 

as n -> 00. Since F{z, t) is a continuous function of t^ 

b 

/«(*)-►/ F(z,t) dt = f(z) 

a 

as n -> 00, for each value of z under consideration. 

We now show that f^{z) tends to its limiting function f(z) 
uniformly in every closed region D within C. Since F(z,t) is 
a continuous function of both variables when z lies in D and 
a < ^ ^ 6 , it is uniformly continuous there. Hence, given any 
positive number €, we can find an integer m, depending only 
on €, such that the inequality 

\F(z,t)^F(z,n\ < € 

holds when z is any point of D provided that \f—t\ < (b—a)lm. 
But, since 

/n(*)-/(*) = i 


tr 

j {F{z,tr)—F(z,t)}dt, 
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^ 

f lF(z,f,)^F(z,t)ldt<(b^a)e 

provided that n ^ m, and so the sequence is uniformly con- 
vergent. 

By the theorem of § 5.13, it follows that f(z) is an analytic 
function, regular within C, and also that/^( 2 ) ->/'(«) uniformly 
ini). But since ^ t\ 

b 

this implies that /'(z) = f dt. 

J oz 

a 

The derivatives of higher orders may be discussed in the same 
manner. This completes the proof of the theorem. 

Example. Show that tho equation 

2tr 

C dt 2n 

J l4-2:sin< ”” -^(1— 2*) 


holds everywhere in the z -plane, supposed cut along the real axis from 
— 00 to — 1 and from -f- 1 to -foo, provided that the branch of -^(1— «•) 
which reduces to -f 1 at the origin is taken. 

The integrand is a continuous function of both variables, save when 
z = — cosec Now as t varies from 0 to tt, this point moves along the 
real axis from — oo to — 1 and then back to — oo; as < increases from tt 
to 27r, it moves along the real axis from to + 1 cuid then back to 
-foo. Thus tho integrand is a continuous function of both variables 
when t is real and z lies in the cut z-plane; moreover, for each such value 
of t, it is an analytic function whose only singularity is a pole lying on 
one or other of tho cuts. Hence, by § 6.6, the value of the integral is 
an analytic function, regular in the cut plane. 

We can, however, show by elementary methods that, when — 1 < z < 1, 
the value of the integral is 27r/V(l--2*)» the positive square root being 
taken. But the branch of 27r/V( 1—2*) which is positive when — 1 < z < 1 
is an analytic function, regular in the cut plane. 

We have thus shown that the expressions on each side of the equation 
2n 

C dt 27r 

J 1-f zsini ”” -^(1— z*) 

0 

are regular in the same cut plcuie and are equal when — 1 < z < 1. By 
analytical continuation, this equation holds everywhere in the cut plane. 
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5.51. Functions defined by infinite integralsf 

LeJt the function F{z, t) satisfy the following conditions: 

(i) it is a continuous function of both variables when z lies 

within the closed contour C and a ^ t ^ T, for every 
finite value of T; 

(ii) for each stich value of t, it is an analytic function of z, 

regular within C; 

(iii) the integral oo 

/(z) = J F(z,t)dt 

a 

is convergent when z lies within C and uniformly con- 
vergenJt when z lies in any closed region D within C, 
Then f(z) is an analytic function of 2 , regular within C, whose 
derivatives of all orders may be found by differentiating under the 
sign of integration. 

The third condition means that, as the real positive number 
T tends to infinity, y 

J F{z,t)di 

a 

tends to f(z) when z is any point within C and that the con- 
vergence is uniform when z lies in D, 

Let us consider, then, the behaviour of 


/«( 2 ) = / ■^’( 2.0 dt 

a 

as the integer n tends to infinity. By § 5 . 5 , f^(z) is regular within 
C and satisfies all the conditions of the theorem of § 5 . 13 . Hence 
f{z) is regular within (7, and /4(2) converges uniformly to f'(z) 
inD. But ^ ^ 


00 

/ 


yw)*. 

dz 


and so f\z) 

This completes the proof of the theorem. 


t It is assumed that the reader is acquainted with the theory of the con- 
vergence of infinite integrals, as given, for example, by Hardy, Pure Mathe- 
matica (1946), Chap. VIII. 
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5.52. Tests for the uniform convergence of integrals 

The simplest test is the analogue of Weierstrass’s Jlf-test. Let 
F(Zi t) be a continiKms function of t when z lies in a bounded 
closed, region D and ^ ^ a, satisfying at each point of D the 

inequality \F(z^t)\ ^ M(t), where M(t) is a positive functiony 

00 

independent of z. Then, if J M{t) dt converges, the integral 

a 

00 

J F{Zy t) dt is uniformly and absolutely convergent in D. 

® T 

Since F(Zyt) is a continuous function of t, J F(Zyt)dt exists 

a 

for every value of T ( > a) and for each point z in D. By 

00 

h 3 Tpothesis, J M(f) dt converges; given € (> 0) we can choose T, 

00 

independent of z, so that M{t) dt < 6 . But if T* > 7\ we have 

T‘ T' 00 

I F{z,t) < J 1-F(2,<)| ^ I M{t) dt < e. 

T T T 

00 

Hence J F(Zy t) dt converges absolutely and uniformly in D. 

a 

The following tests for integrals which do not converge 
absolutely are frequently of service. Let u(Zyt) and dv(Zyt)jdt he 

continuous functions of t when z lies in a bounded closed region 

00 

D and t ^ a. Then the integral J u[Zy t)v(Zy t) dt is uniformly con- 

a 

vergent in D if either of the following sets of conditions is satisfied: 

T 

I. (i) J u(z,t)dt ^ Ky where K is independent of z and T, 


00 

(ii) J 


dv{Zy t) 

~di^ 


dt is uniformly convergent in D, and 


(iii) v{Zy 0 -> 0 a5 ^ 00 uniformly with respect to z. 

00 

II. (i) J u(Zyt) dt is uniformly convergent in D, 

a 

00 

(ii) f dt converges and is a hounded func 

J dt 


dt converges and is a hounded function of z. 


(iii) v(z,a) is a bounded function of z in D. 
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The proofs of both tests depend on the following lemma. 

//, in a bounded closed region 2 ), U (2, t)v{z, t) tends uniformly 
to a finite limit as t tends to infinity^ then if one of the integrals 

J ^ 

a a 

converges uniformly in X), 50 also does the other. 

This follows at once from the formula for integration by parts 

J J ^ 

a a 

= U(ZyT)v{ZyT)—U(Zya)v(Zya) 

by making T tend to infinity. 

For brevity, we consider only conditions II. If we write 

00 

U(Zyt) = J U(Zyd) ddy 

1 

then, by II (i), U(z,t) tends to zero uniformly in D as 00. 
Also t;(2, t) is bounded in D, since 



a 


where X is a finite constant by II (ii) and (iii). Since 
mZyt)v(Zyt)l<KlU(Zyt)ly 

U (2, t)v(Zy t) tends to zero uniformly in Z) as f -> 00. The lemma 
then shows that 

00 00 

J u{z,t)v{z,t) dt = — J V{z,t) dt 

a a 

converges uniformly in D if the same is true of 
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Since U{z,t) tends to zero uniformly, given any positive 
number e, we can find a number T independent of z such that 
|£7(z,0l < ^IK for aUt^T and all z in D. Hence if T’ > T. 





c ± f 

^ KJ \ dt 

T 


^<if 


dv{z, t) 
dt 


dt <, € 


for all z in D. Therefore 


J U{z,t)^^dt 

a 

converges uniformly in D, as required. 

Example 1 . Show that 

0 

when R1 2 > 0, provided that the branch of Vz which is positive on the 
real axis is taken. 

L(^t D b(' any bounded closed region which contains part of the real 
axis and lies entirely to the right of the imaginary axis, so that the 
inequality R1 z > 8, where 8 > 0, is satisfied at each point z of D. Now, 
if * = x+iy, ^ ^ 

oo 

and J* 6“^* dt is convergent. Hence, by the Jlf-test, the given integral 
0 

converges uniformly and absolutely in D, and its value is an analytic 
function of z, regular in D, 

When z is real and positive, we can evaluate the integral by the 
substitution zi* = w®, which gives 

/«■“** = if ‘'-“■‘^“ = 17©' 

0 0 

the square root being positive. Hence the expressions on ecMih side of 
the equation „ 

/‘-“■•“-iVQ 

0 

are analytic functions of z, regular in I>, which are equal on the positive 
part of the real axis, provided that we take that branch of the square 
root which is positive when z > 0. It follows, by the principle of 
analytical continuation, that the equation still subsists everywhere 
in jD. 


8531451 


I 
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Example 2. Show that the result of Ex. 1 holds when Rl 2 > 0, 

00 

provided that 2 ^ 0 . Deduce the value of J cos^* dt. 

0 

00 

We prove, first of all, that, if a > 0, f e-*** dt converges uniformly 

a 

when r < | 2 | < jR, |arg 2 | < no matter how small the positive 
number r may be. The Jf-test is obviously inapplicable here, since 
= 1 when Rlz = 0. 

Now if 8 is any positive number less than r, we have seen that the 
integral converges imiformly when Rlz > 8, |z| < J?. Accordingly it 
suffices to demonstrate its uniform convergence in the two rectangles 
defined by 0 < Rlz < 8, p < |Imz| < B, where p = 8®) > 0. 

This we do by writing the integral in the form 

00 

J dt, 

a 

where z = aj+ty, and then applying the second test of § 5.52, with 
u(z,t) = te-*vf, v(z,t) = 

Now, when 0 < a; < 8, p < |y| < i?, we have 
T 

a 

SO that condition I(i) is satisfied. Again I(ii) also holds; for dv/dt is of 
constant sign and 

Cdv(z,t). 

J 

a 

as T~>oo, uniformly with respect to z. Finally, since \v(z,t)\ < 1/^, 

00 

condition I (iii) is satisfied, and so J e“*** dt converges uniformly. 

a 

00 

We have thus shown that J e”*** dt converges uniformlyf when 

0 

r < |z| < R and |argz| < Jtt, and so represents a regular analytic 
function. But in the part of this region for which Rlz > 8, the value 
of the integral is \^(ttIz). Hence, by analytical continuation, this is the 
value of the integral when R1 z > 0, provided that z ^ 0. 

Putting z = e^, we have 
00 

J exp(— 6^i*) dt = 

0 

t Actually we proved this result with a as lower limit. This, obviously, 
does not affect the result but considerably simplifies its proof. It should be 
observed that the integral diverges when z = 0 and also when R1 z < 0. 
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00 

J dt == iV7re“"*/*, 

0 

00 00 
J cost* = j 8“^^* 
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MISCELLANEOUS EXAMPLES 
00 

1. Show that tho series 2 converges absolutely but not uni- 

0 

formly in the sector | 2 | < i?, |argz| < 8, where 0 < 8 < Jtt. Is the 
convergence uniform when r < |z| < i?, |arg 2 | <8? 

2. Prove that the sum of the seriesf 


-+ y ( +-) 

z Zw \z—n ni 


is an analytic function whose only singularities are simple poles at the 
points 2 = 0, ilj ±2v‘ 

00 

3. Show that, if 2 is convergent, tho scries converges 

1 

when R1 2 > 0, but is not necessarily convergent when R1 2 = 0. Prove 
also that th(5 convergence is uniform in any bounded closed region 
for which R1 2 > 8 where 8 > 0. 

4. The series y^a^(z^—V)(z'^ — 2^)...(z^—n^) is known to converge for 
a non-integral value of 2 . Show that it converges uniformly in any 
bounded closed region. 

5. Discuss the convergence of the following inifinite products: 


i) fl (nsinQ, 




1 0 

Show also that, when |z( < 1, the value of tho product (iv) is 1/(1— 2 ). 

00 00 

6. If J dt converges, show that J e~**^(0 dt is imiformly conver- 
0 0 

gent when | 2 | < R, [argz] < 8, if 0 < 8 < Jtt. 


t Tho accent indicates that tho term corresponding to n = 0 is omitted. 
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00 

7. Show that J e“**+*** dt is uniformly and absolutely convergent in 
— 00 

any bounded closed region and that its value is Vtt Deduce that 


00 


J 


cos 2ty dt = Vtt 


8. The function F( 2 , 0 satisfies the conditions of § 5.5 save that it does 
not tend to a finite limit as < a, but 
b h 

f F(z, t) dt = lim f F(z, t) dt (8 > 0) 
a a+o 

exists. Show that if this limit is approached imiformly when z lies in 
any bounded closed region within C, the function 

b 

f{z) = J F(z, t) dt 


is an analytic function, regular within C, whose derivatives may be 
calculated by differentiation under the sign of integration. 


00 00 

9. Show thatf J t*-^ cos t dt, j sin t dt 

0 0 

represent analytic functions of z which are regular when 0 < Rlz < 1 
and —1 < RI 2 < 1 respectively. 

10. Prove that the equation 

00 

r(*) = J dt 

0 

defines an analytic function of z, regular when R1 2 > 0, which satisfies 
the difference equation Ffz+l) = zFfz). 


1 00 

t Consider J and J separately. 
0 1 



CHAPTER VI 


THE CALCULUS OP RESIDUES 
6.1. Cauchy’s theorem of residues 

Let f(z) be contimums within and on a closed conUmr C and 
regular, save for a finite number of poles, within C, Then 

J /(z) dz = 2rri X (sum of residues of f(z) at its poles within C), 
c 



Fio. 2 


If we denote by z^, Zg,..., z,^ the poles of/(z) within C, we can 
evidently draw a set of circles C^, of radius € and centre z^, 
which do not intersect and all lie within C, provided that c is 
sufficiently small. Then f(z) is regular in the domain bounded 
externally by C and internally by the circles (7^. We can, there- 
fore, deform C continuously without crossing a singularity of 
f(z) until it consists of the circles C,. joined together by a poly- 
gon P, as shown in the figure. We then have 

f /(z) dz= \ /(z) dz + 2 f = 2 J ***> 

the integral round the polygon P vanishing since /(z) is regular 
within and on P, 

Let Zy be a pole of order m, say, so that 


/(z) = <j>(z)+ 2 


a. 

(z-z,)» 




118 THE CALCULUS OF RESmUES 

where <l>{z) is regular within and on Cy. Then 




. 

{z-z,Y 


dz. 


Now on z = z^-\-€e^^ where d varies from 0 to 27 r. 
this substitution we find that 


Making 


2ir 


J f[z) J i dO = 27 riai 

Cr 0 

= 27 rf X (residue of/(2j) at z^). 
From this it follows that 



dz 


= 2 rrix 2 (residue of f(z) at 2^). 

r = l 

This completes the proof of Cauchy’s theorem of residues. 


6.2. The number of zeros of an analytic function 

An important deduction from Cauchy’s theorem of residues 
is a formula for the number of zeros of an analytic function 
within a given closed contour. Let f(z) be regular within and 
on a closed contour ( 7 , save for poles 61, 62» - » none of which 
lie on C. Moreover, let f{z) not vanish on C but have zeros 
a^, within C. Then, by the theorem of residues. 


27ri 


/ 


nz) 

f(z) 


dz 


c 

is equal to the sum of the residues of f{z)lf(z) at its singularities 


within C. 


Now the only possible singularities of this function are the 
poles and zeros of f{z). If a is a zero of order r, we have 
f{z) = {z—aY<f>{z) 

where <l>(z) is regular and non-zero in a certain neighbourhood 
of a. This gives ^ 

f(z) z-a'^ <l>(z)' 

But since <l>'(z)/<l>(z) is regular in the neighbourhood of a, the 
function f{z) If (z) has a simple pole of residue r at 2 = a. Simi- 
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larly, if 2 = 6 is a pole of order s of the function /(2), then 
f{z)/f(z) has a simple pole of residue —5 at z = 6. 

If, therefore, the order of the zero at » = Up is and the 
order of the pole at = 6^ is s^y we have shown that 




m n 

l^p- 1 V 

J)==l 


This result takes a particularly simple form if we agree to regard 
each zero of order r as equivalent to r simple zeros and each 
pole of order s as equivalent to s simple poles; for, with this 
convention, j ^ 

2iri J /(z) 


c 

is equal to the excess of the number of zeros of f{z) within 0 
over the number of poles there. 

If we actually carry out the integration, we find that this 
excess is equal to 


^^[log/(z)]c = ^[Iogl/(2)l+iarg/(z)]c = ^[arg/(z)]p, 


since log | f(z) j returns to its original value when we go once 
round C, Hence the excess of the number of zeros over the number 
of poles off{z) within C is (l/27r) times the increase in arg/(z) as 
z goes once round C. This result is sometimes called the principle 
of the argument. 

Example 1 . If g(z) is regular within and on C and f{z) satisfies the 
conditions of § 6.2, show that 


c 

Example 2. If f{z) is regular within and on C and does not vanish 
on C, show that the sum of the affixes of the zeros of f(z) within C is 

2«J 7(z) 

c 

the affix of a multiple zero being repeated according to its order. 


6.21. Rouche*s theorem 

Rouchet has proved that, if f(z) and g{z) are two functions 
regular within and on a closed contour C, on which f{z) does not 
t Journal de V£lcoU Pol. 39 (1862). 217. 
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vanish and also \g(z)\ < 1 /( 2 ) |, then f{z) and f(z)+g{z) have the 

same number of zeros within C. 

We may assume that f(z) and g{z) have no zeros in common. 
For let f(z) and f{z)-{-g(z) have respectively m and n zeros 
within Cf multiple zeros being counted according to their order. 
Then the function 

!’(*) = {/(z)+Sr(z)}//(2) 


has n zeros and m poles within <7, and is regular and never 
zero on (7. By the principle of the argument, 2rr(n—m) is 
equal to the increase in the argument of F(z) as z goes round C, 
But, when z is on <7, we have 





> 0 . 


Hence as z goes round (7, F(z) describes a closed path entirely 
to the right of the imaginary axis, so that its argument returns 
to its original value; and this proves Rouch^'s theorem. 

In particular, if we take 


f(z) = ttoZ”*, 
we have 


fir(z) = 


9{z) 

_ 1 

m 

~ Is*! 


ax+f+...- 


yWl-1 


which can be made as small as we please by taking \z\ suffi- 
ciently large. Hence there exists a circle | 2 | = JS on which /(z) 
does not vanish and also \g{z)\ < \f(z)\, But/( 2 ) has one zero of 
order m within this circle; therefore, by Rouch6’s theorem, the 
polynomial precisely m zeros within 

the circle [z] == 2? for all sufficiently large values of R. If these 
zeros are z^, Z 2 v» multiple zeros being repeated according 
to their order, the function 

a oZ'^+aiZ^-^+...+a^ 

{z--zi){z~22)...(2-zj 

is an integral function which tends to a^ as \z\-> 00 , and so has 
the value Uq for all values of z, by Liouville’s theorem. Hence 

af^z^+a^z”^-^+...+a^ = ao(z-Zi){z-Z2y..(z-zJ, 

We have thus proved the fundamental theorem of the algebra 
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of complex numbers, that a 'polynomial of degree m has m zeros 
and can be expressed as a product of m linear factors. 

Example 1. Prove that a rational function takes any given value 
p times where p is the number of its poles, including the point at infinity, 
a pole of order s being coimted a times. 

Example 2. Each function of the sequence fo{z), /,( 2 ),... is 
regular in the closed domain D bounded by a closed contour C. The 
sequence converges uniformly to f(z) in D. Show that, if f{z) does not 
vanish on (7, then f{z) and the functions /„(z), for all sufficiently large 
values of n, all have the same number of zeros within C. 

Prove also that a zero of f{z) is either a zero of fn(z) for all sufficiently 
large values of n or else is a limiting point of the set of zeros of the 
functions of the sequence. (HuRWiTZ.t) 

6.22. Inverse functions 

Let f{z) be an analytic function, regular in a neighbourhood of 
the point Zq, at which it takes the value w^. The necessary and 
sufficient condition that the equation f(z) — w should have a unique 
solution z = F(w), regular in a neighbourhood of Wq, is that f\z^ 
should not vanish. 

The condition is obviously necessary. For if F{w) were regular 
in a neighbourhood of F\w^) would be finite; since, however, 
= l//'(2Jo)» /'(2^o) cannot be zero. 

The proof of the sufficiency of the condition is much more 
difficult; the one given below is due to Landau. J We shall sup- 
pose that Zq 8'Rd Wq are both zero; for, if they were not, we could 
make the transformation z' = z— Z q, w' ~ w—w^. By hypo- 
thesis, /(z) is regular when |z| < i?, and so can be expressed 
there as a convergent Taylor series 

/(z) = aiZ+a,z*+..., 
where l/'(0)l = |Oi| = o > 0. 

Now if Zi and z, are any two points of the region |z| < \R 
where A < 1, we have 

“l+ ^«n(25l"Hz?~‘*Z2+-+22~‘)| 

2 

t Afotft. Annoltn, 33 (1889), 246-66. 

t Berlin Sitzungaberichte (1904), 1118-33; (1926), 467-74. Math. ZeiUehrift, 
30 (1929), 616-17. 


/(Zl)-/(Z2) 

Z1-Z2 
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Hence if A is so small that 


< a, 

the equation w ~f(z) can have at most one root in \z\ ^ XR. 
Moreover, if such a root exists, it is not a multiple root; for 

\f{z)\ = |ai+ > a— ^n\a^\X^-^R^-^ > 0. 

But, by hypothesis, f{z) is regular in |zl < R and so satisfies 
there an inequality \f(z)\ < Jf, where Jtf is a finite constant. 
Hence, by Cauchy’s inequalities, we have 

a < M/R, \aj < MIR^y 

and therefore 



~R[l-XY ^ ^(1~A)2‘ 


If we now take A = ^RajM^ so that A < J, we easily find that 


< 8a/9. 

2 


Hence the equation w = f{z) has at most one simple root in the 
region \z\ < IR^ajM, 

This, of course, implies that f(z) has but one zero when 
l^:] < ^R^ajM, namely the known simple zero at the origin. We 
deduce from this, by the aid of Rouche’s theorem, ths^t f(z)—w 
has precisely one simple zero in the same region, provided that 
w is not too large. 

Now when \z\ = ^R^ajM, we have 

1/(Z)| ^ Kz|- i Kz»l 

2 


^ a\z\-’M 2 \zlR\^ 
2 



by making use of the fact that Ra < M. We now see, by using 
Rouche’s theorem, that/( 2 )— m; has just as many zeros Si&f{z) 
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in the region |«| < provided that \w\ < In 

other words, it has precisely one simple zero there; let us denote 
this zero by 

Finally, by § 6.2, Ex. 2, we can obtain an explicit forhaula 
for Fiyo), namely 




f{z)-w 


dz, 


c 

where C denotes the circle \z\ = ^R^a/M, On the contour C, 

z = \R^ae^lM, 

where t varies from 0 to 27r, and so the integrand is a continuous 
function of t and w. Hence, by § 5.5, F{w) is an analytic func- 
tion of w, regular when \w\ < This completes the 

proof of the suflBiciency of the condition. 

It should be observed that we have not proved that 
is the radius of convergence of the Taylor series for F{w) in 
powers of w. All we know is that the radius of convergence is 
not less than ^R^aJ^jM. 


Example. The function f(z) is regular in a neighbourhood of the 
point jSq, at which it takes the value Show that, if the first p — \ 
derivatives of f(z) vanish at the equation f(z) = w has a solution 


2 — 2:0 = 

1 

where the series of powers of converges in a neighbourhood 

of Wq, Deduce that 2 is a p-valued function of w, having a branch-point 
at Wq. 


6.23. Lagrange’s formula for the reversion of series 

We have just seen that, if 

f{z) = WQ-\-a^{z—z^)-{-a^(z—ZQf+.., (a^ ^ 0) 

is regular near Zq, there is a unique function 

F{w) = 20+61(1^;— w;o)+M^— ^0)“+-, 
regular near Wq, such that z = F(w) is the solution of the equa- 
tion w = f{z). It is possible to obtain the coefficients 6^ by 

00 

substituting in the equation w—Wq = 2 power 

1 

series for z--Zq, and equating coefficients. A more elegant 
method can, however, be obtained by means of Cauchy’s 
theorem, as we shall now show. 
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In the notation of § 6.22, we have 

^ r dz, 

' 27rt J f(z)—W • 
c 

where C is the circle \z—Zq\ = From this it follows, 

by integration by parts, that 

F'lw) = — f dz= r 2 — (f( 2 )— dz 

^ ' 27rt J {f{z)-wf 2m J ^ 

o o 

^ I* dz 

~~ 2m J f(z)—w’ 


and so 




We have, however, shown that 

\f(z)—Wf^\ > \IPa^jM 
when z lies on the contour C. Hence if 

where 0 < A < 1, the infinite series under the sign of integra- 
tion in the formula for F\w) converges uniformly with respect 
to z and so can be integrated term by term. This gives 




where 


Tib, 


= i- f 


dz 


27riJ {f(z)-w^Y 


Since /( 2 )—Wo has a simple zero at Zq vanishes nowhere 
else within or on C, the coefficient nb^ is evidently the residue 
of {f(z)—WQy^ at the point Zq. A simple method of finding 
is to proceed as follows. If we write 

if>(z) is regular within and on C, and therefore 


1 (mY,. 
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If we substitute this value of 6„ in the series for F'(w), we 
find that i//(z) ia regular in a neighbourhood of and iff(Zo) = t^o, 
/'(2o) ^ equation 

f(z) = tv 

has a unique solution, regular in a neighbourhood of of the form 


= Zo+2 


n\ \dz^ 




where 


f{z)-Wo = (z-Zo)/^(2). 


This is Lagrange's formulaf for the reversion of a power 
series. It is a particular case of the following more general 
expansion 

m - «».)+ 2 'WW*))*)] • 

n»l ^ 

which is also due to Lagrange. The proof of this is left to the 
reader. 


6.3. The evaluation of definite integrals 

The rest of this chapter is devoted to one of the first applica- 
tions which Cauchy made of his residue theorem — the evalua- 
tion of definite integrals. The method to be adopted in anv 
particular case should be clear after a consideration of the 
typical examples discussed below. 

It should, however, be observed that a definite integral which 
can be evaluated by Cauchy’s method of residues can always 
be evaluated by other means, though generally not so simply. 
On the other hand, quite simple definite integrals exist which 
cannot be evaluated by Cauchy’s method. 

We discuss here three main types of definite integral, namely 

2ir 00 00 

/(cos 6, sin 6) d$, j f(x) da, j dx. 

0 —00 0 

We also show how the values of certain integrals, usually deter- 
mined by a complex change of variable, can be easily found by 
means of Cauchy’s theorem. 


t Mimoiree de VAcad, Roy, dea Sd, (Berlin) 24 (1768), 261. 
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27r 

6.4. The evaluation of J f{co8 0, sind) dd 

0 

If /(cos 0y sin 0) is a rational function of the two variables cos 0 
and sin 0 which is finite on the range of integration, we make 
the transformation z = The integral becomes 


/ 9 '( 2 ) dz, 
c 

where g{z) is a rational function of z, finite on the circle G 
whose equation is j^l = 1. The labour of evaluating the residues 
of g{z) may often be considerably lightened by preliminary 
manipulation of the integral, before introducing the complex 
variable z. „ 

Example 1. Evaluate J* where a is positive. 

0 

If we denote the required value of the integral by I, we know that 

2n 

1 C a dtf> 

~ 2 J a^-fsin*^^ 

0 

since the integrand is periodic, of period tt. Wo may now evaluate the 
integral by the method of contour integration by making the substitu- 
tion z = This, however, leads to an integrand containing a poly- 
nomial of degree 4 in the denominator, so that the work would be rather 
laborious. 

A simpler method is to write 


TT 

/= f _ f 

J a*+8m»^ J 


2a d<l> 


27r 


a dd 


l-f2a*— cos2<;t J l-f2a*— cos^’ 


0 0 0 
and then to put z = In this way wo find that 




J 2 *- 22(1 + 2a*) +1 ^ 


c 

where C denotes the circle \z\ = 1. 

The integrand has simple poles at the points 1 + 2a* + 205 /( 1 + a*) and 
(l + 2a*)--2aV(l+a*). If we take the positive square root, the former 
point lies outside O, the latter within C; moreover, the residue at the 
pole within C7 is ^ 

2tV(l+o*)‘ 

From this it follows, by Cauchy’s theorem of residues, that 

I - 7r/V(l+a*). 
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27r 

Example 2. Evaluate J e^^co8{nd—8md) dd, where n is a positive 
0 

integer. 

Consider 2 ir 

/ = J [co8(n6-- 8m 6)-- i8m(n9— Bind)} dO 

0 

27r 

_ J* ^coii6+iBln6-nBi ^0 
0 

= I J* dz, 

C 

The origin is a pole of order n + 1 of the function and the residue 

there is 1/n!. Since the integrand has no other singularity, I = 27r/n!. 
Equating real and imaginary parts, we have 


f e^^co8lnd—8md)dd — 

J n\ 

0 

2ir 

j e^^8m(n9— sin $) d9 — 0. 


GO 

6.5. The evaluation of J f{x) dx 

— 00 


If the function f(z) is regular in the half-plane Im z 0 save 
possibly for certain poles which do not lie on the real axis, we 
can evaluate oo 

f f(x) dx 

— 00 

by considering the integral of f(z) round a closed contour, con- 
sisting of the real axis from —R to R and a semicircle in the 
upper half of the 2 ;-plane on this segment as diameter, provided 
that the integral round the semicircle tends to a limit as iZ -> oo. 

The simplest case occurs when the integrand is 0{\z\-^) 
for large values of \z\. Since the length of the semicircular 
part of the contour is ttjB, the integral along it is when 

R is large, and this will certainly tend to zero as R->co, pro- 
vided that A; > 1. When, however, the integrand is not of the 
order of \z\-^y where i > 1, a more delicate type of argument 
is needed to determine the limit of the integral round the semi- 
circle. 
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It will be observed that this method gives 

R 

lim r f{x)dx. 


If 


J f{x) dx 

— 00 


exists in the ordinary sense, f it is necessarily equal to this limit. 
It may, however, happen that the limit exists, even though the 

integral does not. In this case we call the limit the Cauchy 

00 

'principal value of f f{x) dx, and write 

— 00 


R 00 



Finally, it should be noticed that there is no special merit in 
a semicircle. All we need is a curve joining the points 
which tends to the point at infinity as R-^co. For some pur- 
poses, the rectangle with vertices ±jB, is more con- 

venient. 


Example 1. 


Evaluate 


00 

r x^—x+2 
J a;*H-10a;* + 9 
— 00 


We consider 


/ = 


Z* — 2+2 

z*Ti02* + 9 


r 

where F is the contour consisting of the real axis from — JR to JR and 
the semicircle in the upper half-plane on this segment as diameter. The 
integrand has simple poles at the points +3t; when JR > 3, the poles 
i and 3i, which have residues — (l+i)/16 and (3 — 7i)/48 respectively, 
lie within F. Hence, by Cauchy’s theorem of residues, 


I = 57r/12. 


t The integral exists in the ordinary sense when 

J fix) dx. J fix) dx 
0 — «> 

converge separately ; that is, when 

J fix)dx 

-R 

tends to a limit as R and 8 tend to infinity independently. 
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Now, when \z\ is large, the integrand is 0{ \z\-*); we should, therefore, 
expect that the integral round the semicircle would be 0(l/i?) when B 
is large, and so would tend to zero as i? — cx). To put this argument in 
a rigorous form, we write z = Be^ when z lies on the semicircle, to obtain 

B 

*-a:+2 


- 

J 

-R 




dx +J, 


where 


V 

=/ 


R3e’M_ ijaea«+ 2i?e« 
(iJ*e««+ l)(li>e"«+ 9) * 


Remembering the important inequalityf 


1 

a—b 


we find that the modulus of the integrand does not exceed 

B^ + B^+2B 


when i? > 3. Hence 


\J\< 


(i22-l)(R*-9) 
7riB^+B^-{-2R) 




so that J 0 as R — > 00 . 

We have thus proved that 
R 


lim 

jR— ►« 


-R 


2-a;4*2 . 

+ 10a;a + 9®^ ~ 12' 


But, since the integrand behaves like l/cc* for large values of a?, 

a;*— a;+2 




-dx 


exists in the ordinary sense and has, therefore, the value 57r/12. 


Example 2. Evaluate 


Let us consider 


TO 

J 


a* 


dx, where a > 0. 


= J TO"**** 


taken round the contour of Ex. 1. When B > a, there is only one pole 
of the integrand within F, namely a simple pole at ai of residue 


e“®/(2az); hence 


I = Tre'^/o. 

t See § 1.32. 
K 


8531451 
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Now, when z = x-\-iy and y > 0, we have 

|gi*| ^ |eto-v| ^ < 1, 

so that e** is bounded in the upper half-plane. We should, therefore, 
expect that the integral round the curved part of F would be 0(1//?), 
when R is large, and so would tend to zero as R-^ ao. To prove this, 
we write z = i?e®* when z lies on the semicircle to obtain 

-R 

n 

C . giBcoe®— Ualn^ 

where J = J tiJe« _g. - g q :-. - dd. 

0 

From this it follows that 




*r 

f — 


R^—a^ 


so that J 0 as /? — ► 00 . 

We have thus proved that the integral 


00 

/ 




dXy 


which obviously exists in the ordinary sense, has the value 7re”®/a. If 
we now equate real and imaginary parts, we find that 
00 00 
r cosjc , Tre”® f sina? , ^ 

——^dx = , I — n: — . dx = 0. 

J a J 

— 00 — 00 
00 

I X sin X 

Example 3. Evaluate I when a is positive. 

0 

We shall find the value of this definite integral by considering the 
contour integral - 

1= -^.dz. 

J + 


Here F denotes a closed contour consisting of the segment of the real 
axis from — /? to i? and a curve a in the upper half-plane which joins 
the ends of this segment and tends to the point at infinity as /? -> oo. 
Evidently, for sufficiently large values of R, there is no singularity of 
the integrand on F and one singularity, namely the simple pole ai^ 
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within r. By Cauchy’s theorem of residues, it follows that 

for all sufficiently large values of R, 

We can also express 1 in the form 

R 
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where 


=/ 

-R 




2^ + 0® 


dx +J, 


. dz. 


To determine the value of the given definite integral, it is necessary to 
consider the behaviour of J as i? is increased indefinitely. 

Now when Im 2 > 0 and \z\ is large, the integrand is 0(|z|“'). It 
follows that, if a is a semicircle, J is bounded as -> oo. To see whether 
J actually tends to a limit, a more delicate type of argument is needed. 

One method of doing this is to keep the semicircular contour a and 
apply Jordan’s inequality; this is explained in § 6.62, below. A more 
elementary method is to use a rectangular contour F with vertices 
iJ- JR, ± consists of three sides of this rectangle, 

and we easily find that 

R R 


f 




td^ 


-f 


(x-i-iR)e^~^ 

(x-i-iR)^-i-a^ 


dx — 


K 

-f 


( — i? + 




— — Jji 

say. We then have 


Kil < 


jn 

f 


R^+y^- 


dy < 


i?v2 r 


er'‘ dy 


i?V2 




so that — >• 0 as R—>-oo; similarly —>■ 0. Again 

R R 

... r ^(x’‘+R^)e-R , UV2 _f, 

< J ^x^+R^-a^ ^ J ^ 


-R 

■RW8 

JB2_a2' 


-R 


9-R 


and so J 2->0 as i? -> oo. Adding these results, we find that J tends 
to zero as R is increased indefinitely. 
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Another simple method of obtaining the limit of J is to keep the 
semicircular contour a and integrate by parts, t This gives 

' (a*— 


J a*+o* * “ J 




dz. 


and the two terms on the right-hand side of this equation clearly tend 
to zero as R 00 . 

We have thus shown that 

R 


r-gld:. = . 

/e->oo J 

-R 


This, however, implies that 


oc 

/ 




dx =* TTtC"®, 


the existence of this infinite integral in the ordinary sense being an easy 
consequence of Dirichlet’s test.J Equating real and imaginary parts, 
we obtain ^ ^ 


f a;cosa; , ^ f xsino; , 


irer 


From this it follows that 


OC 

J 


xsin.r 
a;* 4-0* 


dx — ^TTC"®, 


when a is positive. 

Example 4. Prove that 


oo 

/ 


x^ dx ir 
{x^+a^f ~ 8o3' 


provided that Rla is positive. What is the value of this integral when 
K1 a is negative 7 

Example 5. Show that 




dx 


7r(2a4-&) 


(a;* 4- o»)2(a;2 4- &*) 2a^b{a 4-6)* 

when the real parts of a and 6 are positive. 


t I owe this remark to Dr. W. L. Ferrar. 

t See Bromwich, Infinite Series (1926), 477. This test is essentially the 
second test of § 6.62, above, under conditions I with the references to imiformity 
omitted. 
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Example 6, /(z) is an analytic function whose only singularities in 
the upper half -plane are poles, finite in number, and which has no 
singularity on the real axis. Show that, if Rf(Re^) tends to zero as 

E -> 00 , uniformly with respect to d when 0 < d < tt, then the principal 
00 

value of J f(x) dx is equal to 2m times the sum of the residues of f{z) 
— 00 

at its poles in the upper half -plane. 


6.51. Cauchy’s definition of an improper integral 

The ordinary definition of the integral of a function f{x) of 
the real variable x over a finite interval a ^x presupposes 
that /(a:) has a definite finite value at each point of the interval. 
We shall now explain how Cauchy extended this definition to 
cover cases when f{x) is infinite at a finite number of points of 
the interval. 

It suffices to consider the case when there is only one point c 
at which f(x) becomes infinite. If c is not an end-point of the 
interval, we take two small positive numbers c and rj and con- 
sider the expression 


c — € b 

J fix) dx + j f(x) dx. 

a c-^rf 


If this expression exists and tends to a unique limit as c and r) 
tend to zero independently, we say that the improper integral 
of f(x) over the interval exists, its value being defined by 

b c—€ b 


J fix) dx 


a 



If, however, the expression does not tend to a limit as € and 
rj tend to zero independently, it may still happen that 


lim 
€-► + 0 



dx + 


I /(a:) dx 

C + € 


exists. When this is the case, we call this limit the Cauchy 
'principal value of the improper integral and denote it by 

6 

P\fix)dx. 

a 

Finally, ii fix) becomes infinite at an end-point, a say, of 
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the range of integration, we say that f(x) is integrable over 
a < a; < 6 if 

lim f f{x) dx 

€—► + 0 Y 
a+€ 

exists. 

When we attempt to determine the value or principal value 
of an improper integral by means of Cauchy’s theorem of resi- 
dues, we have the difficulty that the integrand has a singularity 
c on the contour of integration: We avoid this difficulty by 
modifying the contour in the following way: we delete from the 
area within the contour the portion which also lies within a 
small circle \z—c\ = € and then integrate round the boundary 
of the remaining region. This process is called indenting the 
contour. 

The integral round the indented contour is calculated by the 
theorem of residues and then the radius of each indentation is 
made to tend to zero. This process gives the Cauchy principal 
value of the improper integral, and the question of the existence 
of the improper integral in the ordinary sense requires further 
investigation. The details of this method will become obvious 
from a consideration of the following examples. 


Example 1 . Prove that, if o > 0, 


r cosa; , TTsino 

J = 


We consider 



where the closed contour P consists of the real axis from —R to R and 
a semicircle in the upper half of the z-plane on this segment as diameter. 
Since the integrand has poles at z ~ ^a, which lie on this contour, we 
modify T by making an indentation of radius e at a and another of 
radius rj &t —a. The integrand is now regular within and on F, and so 
I is zero. 

Evaluating the various parts of the integral /, we obtain 


ir — o — Tj a — € R 

r ^iRcoae-Raine f /* f 

J +•^ 1 +'^*+ J + J + J 

0 —R —0 + 17 a + « 


where and Jj denote the integrals round the indentations at a and 
—a respectively. 
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The modulus of the first term on the right-hand side of this equation 
is less than 7rH/(i2*— a*) and so this term tends to zero as oo. To 
evaluate we observe that, on the indentation at o, z = where 

6 decreases from tt to 0. Hence 

= J exp(ia+we«)— 


0 

Trie^ 

2a 


as € tends to zero.f Similarly, tends to — J 7 rie~^/a as rj tends to zero. 
Making oo, f -> 0, 7/ -> 0, we find that 


f _e^ 

J 


(ir = = 


where, so far, the integral is a principal value with respect to the infinite 
limits and also with respect to the singularities at ± 0 . But since the 
integrand behaves like l/x^ for large real v^alues of ar, the integral is an 
ordinary infinite integral as regards the limits. If, however, we write 
X = a+^, we find that the integrand behaves like a constant multiple 
of 1/^ when ^ is small. Thus the integral exists only as a Cauchy principal 
value with respect to the pole a; a similar remark applies to —a. 

Finally, equating real and imaginary parts, we obtain 



Example 2. The function f{z) has a simple pole of residue r at a point 
c on a simple closed contour F. If F be indented at c, show that the 
integral of f{z) round the indentation tends to —rai as the radius of 
the indentation tends to zero, a being the internal angle between the 
two parts of F meeting at c. 

Example 3. By integrating e^^jz round the rectangle with vertices 
•^R-\-Ri indented at the origin, prove that 


00 


J 


sin a: , 
ax 

X 


— 00 


TT. 


Example 4. Obtain the result of Ex, 3 by using an indented semi- 
circular contour. 


t Evidently has, as limiiy —iri times the residue of the integrand at a. 
See Ex. 2, below. 
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6.52. Jordan^s inequality 

Since cosfl decreases steadily as 0 increases from 0 to 
the mean ordinate of the graph ofy = cos a; over the range 
0 ^ X ^ 0 also decreases steadily. But this mean ordinate is 
d 

1 r , sinfl 
- I cosxdx = — 

0 

We have therefore proved that, when 0 < 0 < 


2 sin 0 

TT ^ 0 


< 1 , 


that is, that 


~ < sin0 < 0. 

TT 


This is known as Jordan's inequality.^ 

The importance of Jordan’s inequality lies in the fact that 
it enables us to evaluate integrals of the type exemplified by 
§ 6.5, Ex. 3, without having to use a rectangular contour or 
integration by parts. 

00 

1 3/ sill X 

Example 1 . Evaluate I da?, where a > 0. 


We have already proved that 

JR 

,dx + 


-R 0 


COB 9— JR sin 0 




i jR*e*®* dO = Trie” 


Now the absolute value of the second integral on the left-hand side does 
not exceed 


rr in 


2i2> 


0 

in 


2i2> f 


g-tRBln dd, by Jordan’s inequality, 


ttR 




< 


'jtR 


t Coure d' Analyse, 2 (1894), 286. 
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which tends to zero as J? -> cx). We have thus proved that 

R 

C 

lim I - 7- — 5 dx = TTie'^, 

-fi 

» 

from which the value of the given integral follows at once. 

00 

Example 2. Evaluate j* ^^dx, by the aid of Jordan’s inequality. 

—00 

Example 3. Prove Jordan's lemmas that, if a denotes the semicircle 
l^l = iJ in the upper half-plane and if m > 0 , then 

lim r B^^f(z) dz — 0 , 

R-^co J 
a 

provided that, as i? co,f(Re^) 0 uniformly with respect to 0 when 

0 < ^ < TT. 

00 

6.6. Evaluation of integrals of the form J x°-^f{x)dx, 
where a is a real constant o 

Let f{x) be a rational function which has either no poles or 

else only simple poles on the positive part of the real axis. Then 

00 

if x^f(x) 0 as a: ^ 0 and also as a: -> cx), j* x*^''^f{x) dx converges 

0 

at the upper and lower limits of integration and possesses a 
Cauchy principal value with respect to each singularity on the 
range of integration. 

There are three main methods of evaluating such integrals. 
First method. If we make the substitution t == e®, we find that 

00 00 

J <“-!/(<) = J dx. 

0 —00 

The latter integral may be evaluated by considering 

J e^/(e^) dz, 

r 

where P consists of the segment of the real axisf from — i? to 
R, and the semicircle in the upper half-plane on this segment as 
diameter. 

But if a is a pole of /(z), the function /(c*) has a pole at each 

t Indented if necessary. 
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point z = loga+2?i7ri, where n is any integer. The contour 
integral is thus expressed as a sum of an infinite series of resi- 
dues, which often diverges.f 

This difficulty is overcome by observing that, since /(e^) is 
a rational function of 


that is, the values of the integrand on the real axis differ from 
those on the line Ima: = 2^ only in the factor 
We consider, therefore, 

J e^/Ce*) dz, 

r 

where F is the rectangle with vertices R, A+27ri, — /S-f27ri, —S, 
and then make the positive numbers i?, 8 tend to infinity. 


Second method. The function z^~^f{--z) has, in general, a 
branch-point at the origin. If z^~^ is taken to be real and 
positive on the positive part of the real axis, the branch of 
z^^^f(—z) so defined is regular, save for poles, in the whole 
2 -plane cut along the negative part of the real axis. 

If, then, r consists of the real axis from —i? to JR indented 
at the origin (and elsewhere, if necessary) and the semicircle in 
the upper half-plane on this segment as diameter, we can 


evaluate 



by Cauchy’s theorem of residues. But the contribution of the 
real axis to this contour integral is 

R € 

j x^-'^f{—x) dx + j dr 

i U 

R R 

= J x^-^f(—x) dx — ' J r®“'^/(r) dr 

€ e 


since argz has increased to tt when z reaches the negative part 
of the real axis in going round F. The value of the given integral 
is then obtained by equating imaginary parts. 


t It m£^y, however, be summablo by one of the conventional methods of 
summation of divergent series. 
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Third method. If P denotes the contourf formed by the circles 
\z\ = R, \z\ ~ joined together along the upper and lower 
sides of the cut along the negative part of the real axis, we may 


evaluate 


J 2‘>-l/(-2) dz, 

r 


where has its principal value, by Cauchy’s theorem of 
residues, since the integrand is regular, save for poles, within 
and on P. The contributions oj* the two sides of the cut are 


€ R R 

J tZr + J dr — — 2i sin an J r^'^f(r) dr. 

Re e 

since arg^; is equal to ±7ri on the cut. The value of the required 
integral now follows at once. It should be observed that the 
contour in the third method may be derived from that of the 
first by the substitution 

These three methods are illustrated in the following examples. 
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| 2ir 

r eaR-\-iv 2ne^^ 

j <e-531' 

0 

which tends to zero as /? -> oo, since a < 1 ; moreover 


g-aS+iv 


t dy < 


27re“«^ 

r-iT^s* 


which tends to zero as S—> oo, since a > 0. Hence we have 


so that 


— 27 ne^"* = ( 1 — f — - dx, 

— 00 

00 00 

J l-f-^ J c®+l sinaTT 


It should be observed that, by the principle of analytical continua- 
tion, this equation also holds when 0 < R1 a < 1 , since the expressions on 
each side of the equation are analytic functions of a, regular in this strip. 
Second method. We consider the value of the contour integral 


- / 


where has its principal value and T is the contour of Fig. 3, the 
radii of the indentations at 0 and 1 being c and rj respectively. Since 
the integrand is regular within and on F, I is zero. 

This contour integral can be written in the form 


- / J s 


•»r c 0 

r -a . , f -a 

J + J + J 


where J denotes the integral round the indentation at z = 1. Now 




,de\ < 


which tends to zero as H ->■ oo, since a < 1. Again, since a > 0, we have 
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as c 0. Also, by applying the result of § 6.51, Ex. 2, we find that the 
limit of «7 as 0 is iri. 

Hence, if we make -R oo, e -> 0, 0, we obtain 

00 00 

p r dx — e®"* f ^ — dx + 7 ri = 0, 

0 0 




the first integral being a Cauchy principal value with respect to the 
singularity x = 1. Equating real and imaginary parts in this formula, 
we find that oo 


as before, and also that 


sinaTT 


J 


a;®-! 

1 ^ 


dx = 


TT 


00 00 

dx = cosan I dx = ncotaw. 

l-x J l+x 

0 0 
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It should be observed that the second method gives us the values of 

two definite integrals at once. 

Third method. If T is the contour of Fig. 4, we have 



I’ 


when 2 ®“^ has its principal value. Evaluating this contour integral, we 
obtain 


-27ri 


n € —rr Ji 

- J + j -r+r'"+ J + J 


fM—lp—ani 

~r+r~ 


dr. 


in which the second and fourth terms arise from integrating along the 
upper and lower sides of the cut. If we now make jR — > oo and € -> 0, 
we evidently arrive at the same result as before. 


6.7. Complex transformations of definite integrals 

When a given definite integral has been evaluated, it is often 
possible to deduce formally the values of certain related integrals 
by means of a complex change of variable. Cauchy’s theorem 
of residues provides a simple means of proving the validity of 
this formal process. We shall illustrate this by considering two 
transformations of the well-known integral 

00 

J 6“®* dx == Vtt. 


In the first place, let us consider 

/ = I dz, 
r 


r being the rectangle whose vertices are ± where 

6 is real. Since the integrand is regular within and on F, / is 
zero. Hence we have 

R b R b 

J 6“®’ da: + J dy = ^ dx + j dy, 

-R 0 -R 0 

But since 


b 

J e-iR±Widy ^ J dy < 
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which tends to zero as jB -> oo, this equation gives 
00 00 
J e-^*+**(cos26a;— isin26a;) dx = ^ dx = Vtt. 

— 00 —00 

Thus, equating real and imaginary parts, we obtain 
00 

J e“®“cos 26a; dx = Vtt c“*’, 

— 00 
00 

J e”**sin 26a; dx = 0. 

— 00 

Secondly, let us take the same integrand in the case when 
r is the sector of the circle \z\ ~ R, bounded by radii argz = 0 
and argz = a, where ~ a Jtt. As before, I vanishes, 
and so 

R OL 

0 0 

R 

J 6®^ dr. 

0 

Now 

a lal 

J ^-iPcos2e-iip»in2e ijigSi de ^ R j 

0 0 
7r/4 iTT 

< 5 j e-**®^^* de^lR j d<t> 

0 0 

< by Jordan’s inequality. 

4jR 

Hence, making -K oo, we deduce that 
00 ® 

j g-r»co82a-ir*8in2a ^ g-ai j g-x« = |e-“W7r, 


and so 


J e~»'“®o®2acos(r2sin2a) dr = ^V-Trcosa, 

0 

00 

J e-r*co82agjjj(r2sin2a) dr = ^Virsina, 


provided that — a ^ 
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6.8. Cauchy’s expansion of a function as a series of 
rational functions 

One of Cauchy’s most important applications of his theorem 
of residues is concerned with the expansion, under suitable con- 
ditions, of an analytic function as a series of partial fractions. 
Let IIS suppose that 

(i) the function f{z) is regular, save for poles, in any finite 

region of the z-plane; 

(ii) there exists an increasing sequence of positive numbers 

such that -> 00 05 71 00 , and such that the circle C^, 

whose equation is \z\ = R^, passes through no pole of f{z), 
for any value of n; 

(iii) the upper bound of \f{z) | on is itself bounded as n-^co; 

(iv) |/(JS^e^^)| ->0 as n-^co, uniformly with respect to 0 in 

0^0^ 2n, or, more generally, in every portion of this 
interval which does not include one of a finite number of 
exceptional values of 0. 

Then, if I is not a pole of f{z), we have 

M) = lim^JC), 

flr-^aa 

where 8^(1) is the sum of the residues of f(z)l(l^—z) at the poles 
of f{z) within C^. 

That this theorem does provide the required representation 
of f(l) in partial fractions is easily seen. For if a is a pole of 

m 

f{z) with principal part ^b^iz—oc)-^, the contribution of a to 

m 

the sum is 2 

Let us now suppose that ^ is any point of a bounded closed 
region D which lies in- |2| < R and contains no poles of f(z). 
Then since R^->oo with n, we can choose an integer N such 
that Ry > R; the point $ lies, therefore, within all the circles 
for which n'^ N. Since the singularities of f(z)l{C—z) are ^ 
and the poles of /(z), we have, by the theorem of residues, 

On 

f Exercicea de Math, (Paris, 1827) ; reprinted in (Euvrea de Cauchy (II® s^rie), 
7, 324-44. 
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provided that N. It remains to show that the integral on 
the left-hand side of this equation tends to zero as n oo. 

For simplicity, we shall suppose that there is only one excep- 
tional value of OL say; the method of proof is, however, 
applicable in the general case. By hypothesis (iii), there exists 
a positive number M, independent of n, such that \f(z)\ < M 
when z lies on (7^; moreover, by (iv), if 8 is any positive number, 
the upper bound of when a+S < 0 < 27r-f-a--8 

tends to zero as n -> oo. It follows that, when n N, 

2n 

I \f{Ry')\de 

a+S 27 r + Qt— S 

J Mde+ J e^de 

ot—B a+5 


J C-z . 








and so 



< 2M8. 


But as 8 is quite arbitrary, this implies that 


lim f ^ dz = 0. 

»_»oo J i — Z 

On 

It should be observed that we have shown incidentally that 
converges uniformly to when ^ lies in the region D, 
By this theorem the function /(4) is expressed as a series of 
the form « 

m)+ 1 {Sn^liO-SniO}, 

n*l 

which converges uniformly in any bounded closed region which 
contains no poles of f{z). But ^^n+i(0’“^n(0 f^e sum of the 
residues of f{z)l(C—z) at the poles of/(z) between and C^+i- 
We have, therefore, expressed /(f) as a series of partial fractions 
which converges uniformly, provided that the terms are suitably 
bracketed. 


8531451 


L 
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6 . 81 . The expansion of cosecs as a series of partial frac- 
tions 

As an application of the theorem of the previous section, we 
consider the expansion of cosecs as a series of partial fractions. 
This function has simple poles at the points 0, ±7r, db^Tr,..., so 
that the circle whose equation is \z\ = (n+^)7r, does not 
pass through a pole of cosecs for any value of the integer w. 
In order to apply the theorem, we must consider the behaviour 
of cosecs on this circle. 

Let us draw, with each pole as centre, a circle of radius c, 
where c is less than We shall show that cosec s is boundedf 
in the region T exterior to all these circles. 

In the first place, if s = x+iy, we have 


|cosecs| 


2 




2 


= cosech \y\ 


so that the inequality Icosecsj cosech a holds in the part of 
T outside the strip |Im z| <a. On the other hand, | cosec s| is 
obviously bounded in the portion of T within the rectangle with 
vertices fl'Hd therefore, by periodicity, is bounded in 

the part of T for which |Ims| < a. Combining these two 
results, we find that an inequality |cosecz| < M holds every- 
where in T, the constant M being obviously dependent on c. 
As the points on the circle are all at a distance not less 
than ^TT— € from the circles defining T, this inequality also 
holds everywhere on independently of the value of n. 

Again, when z — we have 


jcoseczl < cosech l(n+^)7rsin0| < cosech{(n-f J)77sin8}, 

provided that 8 < 0 < tt— 8 or 7r+8 < 0 < 2^—8, where 8 is 
any small positive number. It follows that, as n -> oo, |cosec 2 | 
tends to zero uniformly with respect to 6 in the two given 
angles. 

All the conditions of the theorem of § 6.8 are thus satisfied. 


t The method of proof is taken from the footnote on p. 32 of Lindelof's 
Borel tract, Le Cdkvl des Risidus (Paris, 1905). 

A similar result can be proved in the same manner for each of the functions 
sec 2 , tan 2 , cot 2 , 1) (0 < a < 1), in the regions obtained by excluding 

their poles by small circles. 
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Hence, if 5 is not a pole of cosec z, 

n 

cosec ^ = lim ^ (residue of cosec 2 ;/(^— 2 ) at 2 = niTr) 


— lim 


X—iYiTr 


_ 1 


By Weierstrass’s if -test, this series converges uniformly and 
absolutely when X lies in any bounded part of T, and so may 
be integrated term by term. This gives 


logtanK = logJ + log|^+ 2 (— 1)' 


■■<«(>- -I-.). 


Since tan -> 1 as ^ 0, the constant of integration A is 

unity. Hence, if we write I — 2z, we have 

which represents tan 2 as a quotient of two infinite products, 
each of which is an integral function.! 

6.82. An extension of the theorem of § 6.8 

Cauchy also showed how the theorem of § 6.8 may be used 
when the function f(z) satisfies conditions (i), (ii), and (iii) but 
not condition (iv). In this case the function 

F{z) = 

z 

is considered; it obviously satisfies conditions (i) and (ii). But 
on 2 — and so 


\F(z)\ = 


\f(z)\ ^ M, 


hence, as n -> 00 , F(R,^e^^) tends to zero uniformly with respect 
to ^ in 0 < ^ < 27r. The function F{z) satisfies, therefore, all 


t Cf. the results of Exx. 35, 36 at the end of this chapter. 
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the conditions of § 6.8, and we conclude that 

= lim (sum of residues of . at poles of within 
Z n-^oo [ t{z—t) t 

A particularly important case of this arises when f{z) is 
regular at the origin and has only simple poles. If we suppose 
that the poles Ug, aa,.**, of residues 6^, fig* respectively, 
are arranged in order of increasing distance from the origin, so 
thatO < \ai\ < |ag| < \a^\ < ..., we easily find that the residue 
at of f(t) I {zt—t^) is 


br 

a,{z-a,) 



whilst the residue at the origin is f(0)!z. The partial fraction 
formula for f(z)lz now becomes 


m^no) y fe. 

and so, finally,! 

/W=/(0)+2s,(j^+i). 

More generally, if the condition (iii) of § 6.8 is replaced by the 
boundedness, as n -> oo, of the upper bound on of \z^^f{z)\^ 
where ^ is a positive integer, the function f(z)/z^+^ satisfies all 
the conditions of § 6.8, and the representation of f(z) as an 
infinite series of partial fractions follows immediately. 


6.83. The representation of an integral function as an 
infinite product 

Let F(z) be an integral function which does not vanish at 
the origin but has simple zeros Zj, Zg, Zg,..., arranged in order of 
increasing modulus. As these zeros can have no limiting point 
of finite affix, |z,J -> oo as n -> oo. 

If we write F(z) = (z— z,.)0(z), then <l>(z) is regular and non- 
zero in a certain neighbourhood of z^. Hence we have 
F'(z) _ 1 <P'(z) 

F(z) “■z~z^'^0(z)’ 


t This series converges uniformly in any bounded closed region which con- 
tains none of the poles of /(z), provided that the terms are arranged in groups 
corresponding to poles of equal modulus. 
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and so the only singularities of F\z)IF(z) are simple poles of 
residue 1 at the points 

Let us now suppose that F\z)IF{z) satisfies the conditions of 
§ 6.8. It follows that 


1 

F{Z) ^^Z-Zr: 

the series being uniformly convergent in any bounded closed 
region which contains none of the zeros of F{z), provided that 
the terms are suitably bracketed. If we now integrate term by 
term, we find that 

logJF’(2) = logf’(0)+ y log[l — - 

n-1 ' 

Hence F(z) = F{0) 

the infinite product being uniformly convergent in any bounded 
closed region which contains none of the zeros of F{z). 

If, however, F'{z)IF(z) satisfies only conditions (i), (ii), (hi) of 
§ 6.8, it follows by § 6.82, that 

F'(z)^r(o) , ^/ 1 ■ i\ 

F(z) F(0)^ Z^\z-^z^~^zJ 

and so 




where -4 is a constant of integration, whose value is easily seen 
to be log J^(0). Finally, taking the exponentials of the expres- 
sions on each side of this equation, we deduce that 


F{z) = 




00 ^ 

Example. Prove that sIuttz = nz 

1 


Let us consider the integral function 



(- 1 )" 


(2n+l)! 
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■which is equal to (8inTr*)/(wa) when * # 0 and to 1 when z = 0. It has 

simple zeros at z = ± 1, ± 2, ± 3 Moreover, its logarithmic derivative 


nz) 


— TTCOtnZ — 


1 

z 


satisfies all the conditions of § 6.8. Hence 


F’jz) 

F(z) 


= y(— +4-) = T^- 

n,-.oo Iz— n z+nj Zw z^— n* 


Integrating, we obtain immediately 

1 

We cannot, however, writef 

- Tl’ {‘-J)’ 

— 00 

since this infinite product diverges. 

Again, by § 6.82, we havej 


■"n*! n=»l 


F(z) 


00 00 



1 1 


each of these series being uniformly and absolutely convergent in any 
bounded closed region which contains none of the zeros of F{z), From 
this it follows at once that 


1 1 

8in« = «| 


and so 

the latter product being absolutely convergent 


REFERENCES 

E. Lindelof, Le Calcul dea Riaidua (Borel tract; Paris, 1905). 

G. N. Watson, Complex Integration and Cauchy'a Theorem (Cambridge, 
1914). 

t The accent indicates that the term corresponding to n = 0 is omitted. 

X F'{0)/F{0) — lim (wcotff* — -) = 0. 

*->o ' * ' 
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MISCELLANEOUS EXAMPLES 

1. If the function f{z) is regular within and on the level curve 
|/(z)| = M, show that Zq is a double point of this curve if and only if 
it is a zero of /'(z). 

2. If C is a simple closed level curve of the function f(z) which 
regular within and on O, show that f{z) has at least one zero within 
Prove also that, if f(z) has m zeros within (7, f'{z) has m— 1. (Mac- 
donald, t) 

3. Show that, if A; > 1, the equation 

z^e^-z = 1 

has n roots in \z\ < 1. 

4. The function /(z) is regular in jz] < 1 where it has only one zero a, 
whose modulus is less than 1. Show that, if |6| < 1, the fimction 

has exactly one zero in |z| < 1, provided that the constant e be suffi- 
ciently small. (Cambridge, 1932.) 

5. Express as a series of powers of w the solution of 

which reduces to fi when w — 0, Hence prove that 

0 

where P(„) ^ -L 

6. Show that the solution of the equation 

z = 

which reduces to a when w; = 0 is 

1 /;* 

the expansion being valid when 

|i(^| < 

t Proc, London Math, Soc, (1), 29 (1898), 676. See also Watson, ibid. (2), 15 
(1916), 227-42. 


•So 
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7. Show that, if |a| < 1, 

2ir 


I 


dB 


27r 


1+a*-— 2acos^ 1— a*' 


and deduce the value of the integral when |a| > 1. 
8. Show that, when R1 a > 0, 


J tBXi(0-\-ai) dB = rri. 


9. Show that, if m be real and — 1 < o < 1, 

2ir 


J 

0 

2ir 


f,incoa0 


l-ho**— 2asin^ 


{cos(msin0)— osin(msin^4-^)} = 27rcos ma. 


^rncoeS 


3 {sin(wisind)-f acos(w8in^4-^)} dB — 27r sin rwa. 


1+a*— 2asind^ 

(Edinburgh, 1931.) 

10. By using Cauchy’s formula for the derivative of sin a or other- 
wise, prove that 

2ir 

•J {cos^sin(a+cos ^)cosh(sin^)-|-sin^co8(a+cos^)sinh(sin^)} dB 
0 

= 277 cos a. 
(Edinburgh, 1930.) 


11. Prove that 


00 


cos a; da; 


+a»)(a;»+6*) 


77 /c-® e“®\ 

“■a*-6*U a) 


when the real parts of a and 6 are positive and a is not equal to 6. Show 
also that oo 

coaxdx 77(1+0) 


/ 


(a?»+o*)* 2a3e» 


when the real part of a is positive. 

12. Show that the Cauchy principal value of 

e<px 




'do;. 


where f, rj, and p are real, is A77t(e<*^f— e<*^)/(f— t^), the value of A being 
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1, 0, or~l according as ^ is greater than, equal to, or less than 
zero. 

Deduce that 


oc 

/ 


sinm{x—^) sinn(x—ri) _ainm{^—7l) 


— 00 

when n > m > 0. 
13. Prove that 


dx — TT. 


C sinTrar 
0 

00 

14. Show that J* (ix = —nip — q) 


(Math. Trip., 1919.) 


when p and q are positive. 

15. Prove that the residue of the function — 2zcosa+ 1)*, 

(n > 0, 0 < a < tt), at the pole which lies in the upper half-plane is 

g-n sin sin a -f 1 ) 


— where 
Hence show that 


oc 

J 


^ 4 sin®a 

x{x^-\-l)aiiinxdx 7rAsin(ncoscx) 


(x^ — 2a:® cos 2a-f-l)^ 


4cos(% 


(Edinburgh, 1930.) 


16. Prove that 


r dx 

I eco8*sin(sinx)~ = J7r(e— 1). (Cauchy.) 


17. By integrating round the rectangle with vertices c±ili, —S±ili, 
where c, B, and S are positive, prove that, when a > 0, 


c+ooi 

J e“^= 2 ma, 

c— ooi 


the path of integration being a straight line parallel to the imaginary 
axis. 

Show also that the integral is zero when a < 0. 


18. Show that, if Rla > 0, llma| < tt, 

c-f-ooi 


/ 


dz 


SinTTZ 


2i 

r+c-“* 


the path of integration being the straight line Rla = c, where 0 < c < 1. 
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19. By integrating e*“**cosech 7 r 2 round the rectangle with vertices 
show that, if 0 < a < ir. 


0 


(Math. Trip., 1932.) 


20. Show that, if — 1 < a < 1 and 0 < a < tt, 
x^dx TTsinaoc 


/ 


l + 2arcosa-f-a;* sinaTrsina 


21. Prove that, if 0 < o < 3,*6 > 0, c > 0, 

on 

dx 


J a:?«-isin(j7ra— 

0 

T dx 

P a:**’”^sin(j7Ta — Jwc® *co8(j7ra-“6c). 

J C — X* 


(Cauchy.) 


22. Prove that, if 0 < a < j8 and 0 < a < 2, 

P 


J Y~otj t sma7r( \oLj 


23. By making the transformation t = e**, show that 

00 

J (logo* 


dt 


l+i* 

U 

24. f{z) is a rational function with no poles on the real axis and is 
such that zf(z) tends to zero as z — oo and also as s -> 0. By integrating 
log 2 /(— 2 ) round an appropriate contour, prove that 
00 00 
J log* {/(*)+/(— a;)} rf* +771 J f{x) dx 

U 0 

is equal to 2iTi times the sum of the residues of log 2 f(—z) at its poles 
in the upper half-plane.f How is this result to be modihed when there 
are simple poles on the real axis? 

t This result is of particular value when/( 2 ) is an odd function, as it enables 

00 

US to evaluate J f{x) dx, whereas the method of § 6.5 falls. 

0 
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25. Show that 




dx * _ . 


26. Find the theorem corresponding to that of Ex. 24, obtained by 
integrating (log 2 )y‘(— 2 ) round the same contour. 

Hence evaluate the integral of Ex. 23. 

27. By integrating 2 /( 1 — ae~**) round the rectangle with vertices at 
±7r, :^7r -j-iR, prove that, if a > 1, . 


w 

/ 


arrsino; 


1 — 2a cos X -fa* 


dx = 7rlog(l-fa~^). 


What is the value of this integral when 0 < a < 1 ? 


(Cauchy.) 


28. Integrate logsinz round the rectangle with vertices at 0, tt, rr-^-iR, 
iRf indented at 0 and tt, and so prove that 


TT 

J logsinrrd.r = — 7rlog2. 


29. By integrating round a suitable contour, prove that 


/ 


sina^ , , , 

^Z i "" jTTCothiTra- Ja. 


30. Prove that, if — TT < a < TT, 

o 

‘ sinh ax 


J; 


dx — tan Ja. 


sinhTra; 

5 

31. The Gamma function is defined by 


r(a) = J 


dx 


when o > 0. Integrate 2 ®“^e“"* round a sector, indented at the origin, 
and so prove that, if a > 0 and — Jtt < a < Jxr, 

00 

/* C03 ^OS 

1 . (xBina)dx — Via) . (aa). 

J sm sin 


Show that this formula still holds when a = if ^ < o < 1. 
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32. Integrate the principal value of round the contour of Fig. 5, 

and so prove that, if 0 < a < 1 and c > 0, 

00 

J di/ = 2e“®sino7rr(o). 



Deduce that 

J cos{tan ^— ( 1 — o)0}8ec'+®^ dS = e~^ sin a7rr(a). 

® (Cauchy.) 

33. By integrating the branch of o—z)”® which is real when 

0 < z < c+a, round the contour of Fig. 5, prove that, if c > 0, a > 0 
and p < 1 < p+q, then 

00 00 
f dy « . r dr 

— 00 0 

34. Prove that secs = 47r2 ( — l)’*(2n + !)/{( 2n-|-l)*7r*-~ 4s*}. 

0 

35. Show that, if A is not an integer or zero, 

00 

sm7r(*+A) = sin 
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36. Prove that tan 2 = 8z^ l/{(2n+l)V— 42 *}. 

0 

00 ^ 

Deduce that cos 2 = 1 I (l — ■; — J . 

1 1\ (n+i)»7rV 

0 

37. Show that, if 0 < a < 1, 


00 

go* 1 2zco8 2n7ra—4n7rsin2n7ra 

e*~T ~ 2 2^ ?-f 4n*w* ’ 

n*=l 

38. Prove that 

00 

1 _ ^ _L 2 ^ (— l)*^co8echn7r 

cosh 2 — cos 2 ~ 2 * ^ ^ (n7r)*-hiz* 

n = l 

39. Prove that, if — tt < oc < n. 


00 

sina 2 _ 2 ^ nsinna 

sin7r2 TT 2 *— n* * 

n = l 

00 

cos 02 1 . 22 COS no 

= > ( — I)** , 

sin7r2 TTZ n ^ z^ — n^ 

n=«l 

40. Prove that, if b is not an integer, 

00 

sin7r2 _ 8in7r6sin7r(2— 6) 1 

2 TT ( 2 — 6— n)(64-n)‘ 

n= — 00 

41. A function f(z) is regular for all finite values of 2 and satisfies the 
inequality |/( 2 ) cosec 7r2| < M on the circles \z\ — n-|- J, where n is an 
integer and M is independent of n. Show that 

1 

F{z) is an integral function such that {F{z)}^ can be expanded in a 
series of the above form for every positive integral value of Jc, Show 
that, if |-F(n)| < K when n = 0, ± 1, ±2,..., K being independent of n, 
then F(z) is a constant. (Cambridge, 1933.) 

42. f{z) is a periodic analytic function of period tt whose only singu- 
larities in the strip 0 < RI 2 < tt are simple poles a^, aj,..., of residue 
Cl, C 2 ,..,, respectively. Show that, if -> Z as y -f 00 and — > V 
as y — > — 00 , uniformly with respect to x, then 

r_z = 2tic,. 

X 

By applying this result to the function /( 2 )cot( 2 — 2 o), where 2 o is not 
a pole of /( 2 ), prove that 

f{z) = J(Z-fZ')+ ic,cot( 2 -o,). 



CHAPTER VII 
INTEGRAL FUNCTIONS 


7.1. The factorization of integral functions 

The most important property of a polynomial is that it can be 
expressed uniquely as a product of linear factors of the form 




where A is a constant, p a positive integer or zero, and Sj, Z 2 ,...y 
the points, other than the origin, at which the polynomial 
vanishes, multiple zeros being repeated in the set according to 
their order. Conversely, if the zeros are given, the polynomial 
is determined apart from an arbitrary constant multiplier. 

Now a polynomial is an integral function of a very simple 
type, its singularity at infinity being a pole. We naturally ask 
whether it is possible to exhibit in a similar manner the way in 
which any integral function depends on its zeros. It has been 
shown in § 6.83 that such a factorization is possible under 
certain circumstances. 

There are, however, two rather serious difficulties to be con- 
sidered. The first is that if an integral function has an infinite 

number of zeros say, it is not necessarily the case 

00 

that the infinite product (1— 2 / 2 ^) converges, much less that 

1 

the value of the product is independent of the order of its 
factors. For example, the function (sin7r2)/(7r2) has zeros ±1, 
±2, ±3,.”; hut the infinite productf 


defined as the limit of 

as M and N tend to infinity independently, diverges. This pro- 
duct can, however, be made to converge by grouping its factors 


t Here and in the sequel, the accent indicates that the infinite term, given 
by n = 0, is to be omitted. 
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suitably, but, even so, the value of the product then depends 
on the mode of grouping.| 

It was shown by Weierstrass that the appropriate method of 
expressing (sin7rz)/(7Tz) as a convergent infinite product whose 
value does not depend on the order of its factors is 

Evidently it will not suffice, in the solution of our problem, to 
consider only simple factors of the form (1— z/ 2 „). 

A second difficulty is due to the fact that there exist integral 
functions which never vanish, being a simple instance of this. 
It follows that a knowledge of the zeros of an integral function 
cannot determine the function save for an arbitrary constant 
multiplier; the multiplier is now an integral function with no 
zeros. 

The most general integral function with no zeros is of the form 
e°^^\ where g(z) is itself an integral function. For if f{z) is an 
integral function which never vanishes, the function 

F(z) =r(z)/f(z) 

is also an integral function. Integrating the expressions on each 
side of this equation along any path from Zq to 2 , we find that 


Iog/(z) == log/(2o)+ I Fiz) dz. 

But as the expression on the right-hand side of this equation 
is an integral function, the result stated is now established. 
Example 1 . Prove that 


^1 + |)(i + |)(i - j)(i + |)(i + |)(i - 1 )... 

We have 


gzlo?2gjji ^2. 


2n n 

1 1 

= ((1 f] ((1 


t See the examples at the end of this section. 
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1^' {(l + 5)e-*/^) 


— 00 

as n->oo. The required result now follows by Weierstrass’s formula 
for sin 772. 

Example 2. Prove that 


7.2. The construction of an integral function with given 
zeros 

If/(z) is an integral function with only a finite number of 
zeros, Zj, Zg,..., function 

/(z)/{z-Zi)(z~22)...(z-Z^) 
is an integral function with no zeros; hence 

f(z) = (z- 2 i)(z-z 2 )...(z-zje^<*> 
where g{z) is an integral function. 

If, however, an integral function has an infinite number of 
zeros, the set of zeros cannot have a limiting point in any finite 
region of the plane, since such a limiting point would be a 
singularity of the function. The only limiting point of the set 
is, therefore, the point at infinity. 

We now prove Weierstrass’s theorem, f that if z^, Zg,..., z,^... 
be any sequence of numbers whose only limiting point is the point 
at infinity, it is possible to construct an integral function which 
vanishes at each of the points z^ and nowhere else. The construc- 
tion involves the use of Weierstrass’s primary factors 
JB(z,0) = 1— z; E(z,p) = (1— z)e*+^/ 2 +-+ 2 *’/p (p > o). 
Each primary factor is an integral function which has but one 
zero, a simple zero at z = 1. 

Now when |z| < 1, we have 


E(z,p) = exp(log(l- 2 )+z+^ + ...+?!\ 
I 2 pf 


= expj- 


2 J >+1 2 P +2 

P+1 P+2 




t Abh. der Preuaa, Akad. Wiss. zu Berlin (Math. Klasse) (1876), 11-60; 
reprinted in Weieratrass’s Werke, 2, 77-124. 
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and so 


\ogE{z,p) = 


INTEGRAL FUNCTIONS 
gP+l ZP+® 


p-\-l ^>+2 

From this it follows that, when |z| < 

|z|P+i 


\\ogE{z,p)\ < 




(i+i+i+...) < 


We may suppose that the origin is not a zero of the integral 
function to be constructed; for if we require a function which 
vanishes at the origin, we need only multiply the function G(z) 
determined below by an appropriate power of z. Let the given 
zeros z^, arranged in order of non-decreasing modulus, 

multiple zeros being supposed to be repeated in the set according 
to their order. Then, since = \z^\ increases indefinitely with 
71, we can always find a sequence of positive integers ^ 2 >***> 
such that the series 


1(0 


converges for all positive values of r. In fact, it suffices to take 
= 71, since for any given value of r the inequality rjr^ < J 
holds for all sufficiently large values of n. 

We next assign arbitrarily a positive number R and then 
choose the integer N such that c, ^v+i- Hence, when 

n > N and \z\ ^ R, we have 


z R 
— < ~ < 


A<1 

2 ’ 


and so 


It follows, by Weierstrass’s iHf -test, that the series 

converges absolutely and uniformly when j^l < JR. This implies 
that the infinite product 


8531451 


M 
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converges uniformly and absolutely in the circle | 2 | < iJ, no 
matter how large R may be, and so represents an integral 
function 0(z), 

With the same value of Jf?, we choose another integer M such 
that Then all the functions of the sequence 




{m = Jlf+1, 


vanish at the points Z 2 ,-; Zjf and nowhere else in \z\ < R. 
Hence, by Hurwitz’s theorem (§ 6.21, Ex. 2), the only zeros of 
0{z) in |z| < JB are since R is arbitrary, this 

means that the only zeros of 0(z) are the points of the sequence 
Zi, Z 2 >*-* • This completes the proof of the theorem. 

Since there are many possible sequences the function G(z) 
is not uniquely determined. But when such a sequence has 
been fixed, the most general integral function with the given 
zeros is G(z) where H(z) is an integral function. 


7.3. The principle of the maximum modulus 

Let f(z) be an analytic function, continuous within and on a 
closed contour G and regular within C, Let M be the upper bound 
of |/(z)l on C. Then the inequality |/(z)l < M holds everywhere 
within C, Moreover, |/(z)l = M at a point within C if and only 
if f{z) is a constant. The following proof of this result, which 
is known as the principle of the maximum modulus, is due to 
Landau. 

If n is any positive integer and a any point within C, we have 

c 

by Cauchy’s integral formula. If a is at a distance 8 from C, 
this equation gives 

i/(«)i” < ^ 


where I is the length of C. Hence 

The expression on the left-hand side of this inequality is 
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independent of n, so that, making n tend to infinity, we 

|/(a)| < M, 

the first result of the theorem. 


Again J 

c 


and so n\f'{a)\ |/(o)|”-i < 

Now if there exists a point a within C such that \f(a)\ = M, 
this inequality gives 


!/'(«)! < 


Ml . 

27TS^n^ 


making -> oo we obtain /'(a) = 0. Similarly we can show that if 
I /(a) I = M, all the derivatives of f(z) vanish at z = a. By 
Taylor’s theorem it follows that/( 2 ) is constant in a neighbour- 
hood of a and hence, by analytical continuation, is constant 
everywhere within and on (7. This completes the proof of the 
theorem. 

It should be observed that the principle of the maximum 
modulus holds also when f(z) is continuous in the closed annulus 
and regular in the open annulus bounded by two non-inter- 
secting closed contours and Cg. For if a is any point of the 
open annulus, we have 

= 2S J J 

c, c. 

and the proof follows the same lines as before, M being now 
the upper bound of \f(z)\ on and 


7.31. The maximum modulus of an integral function 

If f(z) is an integral function, its modulus is continuous on 
the circle \z\ = r and so actually attains its upper bound M(r) 
on that circle. M{r) is a steadily increcLsing unbounded function. 
For, by the principle of the maximum modulus, we have 

|/(rie®OI < M(rz) 
where r, < r,, and hence 

M{r^) < 
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save in the trivial case when f(z) is a constant. Moreover, J!f(r) 
cannot be bounded; for if it were, f(z) would be a constant, by 
Liouville’s theorem. Thus M{r) increases indefinitely with r. 

We can, however, prove very much more than this; in fact, 

= log Jlf(ef) is a amtinuous function of whose graph is convex 
downwards. To prove this, we consider the behaviour of z°^f{z) 
in the annulus ^ 1^1 ^ ^2> where cx is a real constant to be 
fixed later. 

The function z°f{z) is not, in general, one-valued. But if we 
cut the annulus along the negative part of the real axis, we 
obtain a domain in which the principal branch of this function 
is regular. The maximum modulus of this branch in the cut 
annulus is attained on the boundary of the domain. 

Now since a is real, all the branches of z^f{z) have the same 
modulus. If we consider a branch of this function which is 
regular in the part of the annulus for which < argsj < | 7 r, 
we see at once that the principal value cannot attain its maxi- 
mum modulus on the cut, and so must attain it on one of the 
boundary circles of the annulus. We have thus shown that, 
when < 1*1 < r^, 

| 2 «/(Z) I < max (rj)}. 

Using an obvious notation, we deduce at once that 
r“Jf(r) < max{rJJfi, rg Jfg} 
when < r < rg. 

We now choose a so that r^M^ = 7%M^\ thus 

logWJfx) 

log(r2/ri) 

We then have r®-3f(r) < and so 

/ y \ log(MJMi) / TLf \ log(r/r.) 

< lyj iflog(r./r,) ^ JI£log(rJr,)^ 

or, finally, < Jlf Jo«(»*8/»')jif^og(r/ri)^ 

The result contained in this inequality is known as Hadamard^s 
three-circles theorem.^ 

t Bulletin de la Soc. math, de France, 24 (1896), 186. The result obviously 
holds not only for integral functions, but also for any function which is regular 
in an annulus. 
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Since ^ M{r)y we may write this inequality in the form 

^\MJ ^ \mJ ’ 

from which it follows that M{r)-^Mi as r->ri+0. Similarly 
we may show that M(r) -> M 2 as r-^rg— 0. Since, however, 
ri and rg are arbitrary, this implies that M(r) is a continuous 
function of r. 

Finally, if we write r](^) = log Jf(ef), we find that, when 

so that the graph of rj = \ogM(e^) is convex downwards. We 
express this property by saying that log M{r) is a convex func- 
tionf of logr. 

Example. Af(r) is the maximum modulus of the integral function f(z) 
on I*! = r, and A is a constant between 0 and 1. Show that M{Xr)IM(r) 
decreases steadily as r increases, and that 

limJlf(Ar)/M(r) = 0, 

^-►00 

save when f(z) is a polynomial. What is the limit of the quotient in 
this case ? 

7.4. The order of an integral function 

An integral function is said to be of finite order if there exists 
a real number fc, independent of r, such that its maximum 
modulus M{r) on the circle \z\ = r satisfies the inequality 

log Jllf(r) < 

for all sufficiently large values of r. If there exists no such 
number k, the function is said to be of infinite order. 

If f{z) is of finite order, the constant k occurring in the 
inequaUty log Jf(r)< r* 

must be positive. For if it were zero or negative, M(r) would 
be bounded and so f{z) would be a constant, by I^ouville’s 
theorem. Moreover, if the inequality holds for one value of fc, 
it evidently holds for all greater values of k, 

t For an account of the properties of convex functions, see J. L. W. V. 
Jensen, Acta MaAh, 30 (1906), 176, or Hardy, Littlewood, and P61ya, /n- 
equalitiea (Cambridge, 1934), 70~8, 91-6. 
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By means of a Dedekind section of the real numbers, we 
can determine a number p with the property that, for a given 
integral function /( 2 ) of finite order, the inequality 

log M(r) < r* 

holds for all sufficiently large values of r when k > p but not 
when k < p. This number p is called the order of /(e). The 
definition implies that, when k < p, the inequality 

log M(r) > r* 

holds for a sequence of values of r which increase indefinitely. 
In other words. ^ „ loglog Jf(r) 

^ r-*<x> logr 

When f(z) is of infinite order, we have 
g^logto^r) _ 
logr 


Many of the elementary functions of analysis are integral 
functions of finite order. For example, a polynomial is of order 
zero; sinz, and cosz are of order 1; cos Vz is of order On 
the other hand, e®* is of infinite order. 

Example. f(z) is an integral function of finite order p. ’ M^(r) is the 
maximum modulus of f'(z) on \z\ = r. Prove that, if J? > r, 


M{r)-\f(0)\ 


< M^{r) < 


M(R) 

R-r* 


Deduce that f\z) is also of order p. 


7.41. Integral functions of finite order with no zeros 

We shall now show that is an integral function of finite 
order with no zeros if and only if H(z) is a polynomial. We have 
already seen that e^^^^ is an integral function with no zeros if 
and only if H{z) is an integral function; moreover, if H(z) is 
a polynomial of degree fc, is obviously of finite order k. 

To complete the proof of the theorem, it only remains to show 
that if the real part of an integral function H{z) satisfies the 
ineqiwlUy mH(z) < rP+^ 

for every positive value of e and for an indefinitely increasing 
sequence of values of r, H{z) is a polynomial of degree not 
exceeding p. This analogue of Liouville’s theorem is due to 
Hadamard.t 

t Journal de Math. (4) 9 (1893), 186-7. 
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By Taylor’s theorem, we have 

ff(z) = ao+aiZ+a 2 Z^+,. 
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where 


1 C Tjf \ dz 

“ 2^' J 


C being the circle \z\ = r. Now, when w > 0, 


I 


H{z) 

' ^ 2»+l 


- dz 

— -y W? 

^ 2«+l 


C ^ ® 

oo 

= 2 dB 

m = 0 y 


= 0 , 

the term-by-term integration being valid since the series 
2 converges uniformly. By addition, it follows that 

27r 


Hence we have 


0 

2ir 


On the other hand 


c 0 

27r 

Rla^ = ^ r Rl/^(re®') (i0. 
277 J 


and so 
Hence wc sec that 

2it 

2Rlao+K|r« < i J {1R1//|+R1//} 

0 

But the integrand is equal to 2 R1 H or 0 according as R1 II > 
or 0. Since R1 H < we have, therefore, 

2Rlao+KK < ^ 

for every positive value of € and for an indefinitely increasing 
sequence of values of r. 

If we now write this inequality in the form 

l«nl < 2Rlao^“" 
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and then make r -> c», we see that a„ = 0 when n > p, and so 
H(z) is a polynomial of degree not exceeding p. This completes 
the proof of the theorem. 

Example. Prove that, if f(z) is an integral function of finite order, 
it attains any assigned value, with at most one exception, infinitely 
often. Show also that, if the order is a fraction, there is no exceptional 

value, t 


7.42. Jensen^s inequality 

Let f{z) be an integral function which does not vanish at the 
origin. Let its zeros, arranged in order of increasing modulus, be 
Zi, Z2, Zq,,.,, multiple zeros being repeated. Then if 

\Zi^\ < B ^ 

we have ii^|/(0)| < M(R)\z^Z 2 — ZnV 


For the function 


n—l 


-8(2— 2n) 


is also an integral function, and \F{z)\ = \f{z)\ when \z\ = B. 
Hence when |z| < i?, we have, by the principle of the maximum 
modulus, ^ 


where M(R) is the maximum modulus of f{z) on 
Putting z = 0, we find that 


B^ifm 

\ZiZ2.„Z^\ 


< M(R), 


|z| = R, 


as stated above. This result^ is known as Jensen’s inequality .§ 
Let us now denote by n(r) the number of zeros of f{z) in 
\z\ ^r; evidently n(r) is a non-decreasing function of r which 
is constant in any interval which does not contain the modulus 
of a zero of f(z). Then 

fj R R 

, R^ sr f dz r n(z) , 


t The result contained in this example is a particular case of Picard’s 
theorem, to which reference was made in § 4.66. 

f The inequality evidently also holds if/(z) is not an integral function, but 
is regular when \z\ < B, See also p. 90, Ex. 15, for a more general result. 

§ Acta Math. 22 (1899), 359-64. 
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Accordingly Jensen’s inequality can be written in the form 

R 

J dx < logJtf(l?)— log |/(0)|. 

» V 

From this we deduce that if f(z) is an integral function of 
finite order p, then n(r) = 0(r^+^) for every positive value of e and 
all sufficiently large values of r. 

For if we put R = 2r, we have 

2r 

dx < log Jf(2r)— log 1/(0) I < ArP-^^ 

X 

0 

for every positive value of e and all sufficiently large values of r, 
A being a finite constant independent of r. But since n{x) is 
a non-decreasing function, we have 

dx < J dx < 

r 0 

and so n(r) = 


w(r)log2 < J 


7.43. The exponent of convergence of the zeros of f{z) 
Let/( 2 :) be an integral function with zeros arranged 

in order of increasing modulus. We associate with this sequence 
of zeros a number defined by the equation 


Pi 


1 . log7i 
hm ^ , 

n-^oologr,, 


where r^ = \z.j^\. This number p^ is called the exponent of con- 
vergence of the zeros oif{z), since it has the following important 
property. If p^ is finite^ the series 2 converges when r > pi 
and diverges when t < ; but if p^ is infinite, the series diverges 

for every real value of r. 

For if Pi is finite and r > pi, the inequality 


log 71 


< i(T+Pi) 


holds for all sufficiently large values of w, and so 
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where p = *Pi)/(t+/>i) > 0. Hence 2 ^ converges when 


r> pi. 

On the other hand, if is finite and r < pi, or if pi is infinite 
and T has any real value, there exists a sequence of integers for 
which rj < n. Let N be such a value of n and let m be the 
least integer greater than ^N. Then since increases with n, 
we have 


N 


m l 
rlf" 2' 




But as there are values of N as large as we please, this implies 
that 2 ^ diverges. 

If Pi is finite, the series 2 ^ may be cither convergent or 

divergent. For example, if = n, we have Pi = 1 and 2 
diverges; but if = /i(logn)2, we again have p^ = 1, but 
in this case the series converges. 

Finally, if f(z) is an integral function of finite order p, p^ is 
finite and does not exceed p. For, by § 7.42, 


ft = _ P+,, 

n-»-oologr^ ,^00 logr rH.oo logr 
for every positive value of c, and so p^ < p. 

00 

Example. Show that the series 2 and the integral j n(x)x~^~'^ dx 

0 

converge or diverge together. 


7.5. Canonical products 

If f(z) is an integral function of finite order p with an infinite 
number of zeros z^, there exists a least integer p such that 

the series 2 is convergent. If p^ is not an integer, p is the 
greatest integer less than p^; if p^ is an integer, p may be either 
Pi or pi— 1. But, in any case, pi— 1 < p < pi < p. By § 7.2, 




converges uniformly and absolutely in any bounded closed 
region of the plane which contains none of the points and 
represents an integral function which vanishes if and only if z 
is a zero of f{z). We call it the canonical product formed with 
the zeros of /(z); the integer p is called its genus. 
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7.51. Borel’s theorems on canonical products 

Borelf has proved two fundamental theorems on canonieal 
produets which we shall deduce from the following lemma4 
If 0{z) is a canonical product of genus p vnth zeros z^, Zg,..., 
and if N is a positive integer such that |zjv| ^ 2|z| < Iz^t+iIj 



z 


— I < log|G'(z)| < I 


where I is equal to 


N / \ 00 

2log(l+|-) + 2 2 

1 ' 


or 




iV + l* ^ 


P+1 


(f = 0 ), 
{p > 0 ). 


A being independent of z. 
The canonical product is 


say. We shall denote lz|, lz„i, |z/z„l by r, r„, «„ respectively. 
In Ilg, we have m„ < ^ and so 

|iog|ngiK|iogngi<T iogE(^,p\ <2f 


by the inequality of § 7.2. 

To obtain inequalities satisfied by Hi we have to consider 
separately the cases p > 0 and p — 0, Now when > 0 and 
1^1 we have 

\E{z,p)\ < (l + |z|)exp(|z|+i|z|2+...+ l|z|*'j, 

and so 

log\E{z,p)\ ^log(l+\z\) + \z\+m^+-+^\^\’^ < A\z\P 


t Acta Math. 20 (1897), 357-96. 

t The proof of this lemma is a modification of that of Valiron, Integral 
Functions (Toulouse, 1923), 53-8. 
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where A is independent of z; similarly 


1 


log \E(z,p)\ > log|l- 2 |--| 2 ;|-J| 2 ;| 2 -... — 

^ log |1-— 25|— 

Since ^ in Hi, we deduce from these inequalities that 


N 

2 log 


N 


1 -— log I nj < ^ 2 


when p > 0. If we combine this with the other inequaUty 

-2 1 < loginj,! <22 

nTi N+1 

the result stated in the lemma for p > 0 follows at once. 
When p = 0, we have 

logl<?(*)l = loginil+loglllal 

N 


1 

N 




and also 


iog(i+«j4-2 = I, 


Iog|(?(z)| >2 log 
1 

N 

= 2 log 


1 — 


-2 2 
iV + l 


1 
N 

^2 log 


N 


1-H+ 2log(l+Wn)~^ 


1-- 


-L 


This completes the proof of the lemma. 

We shall now prove the first of BoreFs theorems, that the 
order of a canonical product is equal to the exponent of convergence 
of its zeros. 

Let /Lt be a number such that < /ti < ^9+ 1 and also such that 
2 ^ is convergent. Then, when > 0, we have 

7 = ^1 «'^+2 I 


N + l 
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since ^ J when n ^ N, and «„ < J when n > N. This gives 

I < = 0{ri^). 

A similar proof can be given when p = 0 and leads to the same 
result. 

Let the exponent of convergence of the zeros of 0{z) be pi. 
It follows from the lemma that, when /i > p^, the inequality 

\G(z)\ < 

holds for all sufficiently large values of r, and so the order p of 0(z) 
cannot exceed pi. Since p is any number greater than this im- 
plies that p < pi. We have, however, already proved that Pi < p 
for any integral function. Hence, for a canonical product, pj = p. 

From this theorem, in conjunction with the lemma, we deduce 
that, given a canonical product G{z) of order p and an arbitrary 
positive number €, there exists an infinite number of circles of 
arbitrarily large radius on each of which holds the inequality 

\G(z)\ > 

This theorem sets a lower bound to the minimum value, m(r) 
say, of \G{z)\ on \z\ = r. 

Since m(r) vanishes whenever r is the modulus of a zero of 
G{z), we cannot expect that m{r) will behave quite as simply as 
M{r), To overcome this difficulty, we describe a circle 
12 — 2^1 = r~^ about each zero for which = \zj > 1, 
h being any real number greater than p. Since 2 is 
vergent, these circles do not cover the whole plane, and so there 
exists an infinite number of circles |z| = r of arbitrarily large 
radius which do not intersect any of the small circles having 
zeros of G(z) as centre. It will, therefore, suffice to prove that 
the inequality in question holds for all sufficiently large values 
of |z|, provided that z lies outside all these small circles. 

The proof of the theorem depends on the inequality 

log|(?(z)|^logff l-^-I 

established in the lemma. As we have shown, 

I < 

for all sufficiently large values of r. 



174 INTEGRAIi FUNCTIONS 

It will be recalled that the integer N was defined by the 
inequality < 2r < Now when r„ < 1, we have 

\l-2/zJ > 1 provided that r > 2, and so 



> 0 . 


But when 1 < < 2r and z lies outside all the small circles, 

we have 


Hence 


I-- 


log n 


|2-2n! > 1 > 1 


rl+h 


(2r)l+^‘ 


l<rn<2r 


1- — 


> —N(\-{-h)\og2r, 


We have, however, shown in § 7.42 that, for all sufficiently large 
values of r, ^ ^ 


Combining these results, we find that . 

> -.4(l+A)log(2r)r^+i^ 


N 


n 

1 

1-- 

2n 


It follows that, when z lies outside all the small circles and 
r is sufficiently large, 

log 1 0(2) I > — rP+^^{l-{-{A-\-h)log(2r)} > — 

This result is due to Borel. 


7.6. Hadamard's factorization theorem 

If f(z) is an integral function of finite order p which has zeros 
Zi, Zgs-.- does not vanish at the origin, it can he factorized in 
the form ^ G!(z)e»W, 

where 0(z) is the canonical product formed with the zeros of f{z) 
and H(z) is a polynomial of degree not exceeding p. 

It has already been proved that such a factorization is pos- 
sible, H(z) being an integral function. It remains to show that 
H(z) is a polynomial. 

Let Pi be the exponent of convergence of the zeros of f{z). 
Then the canonical product G(z) is of order pi, and pi does not 
exceed p. If e denotes an arbitrary positive number, there exists, 



INTEGRAL FUNCTIONS 175 

as we have just seen, an infinite number of circles | 2 | = r of 
arbitrarily large radius on which the inequality 


\0(z)\ > 

is satisfied. But since f(z) is of order p, the inequality 

1/(2) I < 

holds for all sufficiently large values of r. 

From these two inequalities it follows that 




0(z) 






on a sequence of eircles \z\ — r of indefinitely increasing radii. 
mH(z) < 2rP+» 

for every positive value of € and for an indefinitely increasing 
sequence of values of r. By § 7.41, H{z) is a polynomial whose 
degree does not exceed p. This completes the proof of 
Hadamard’s factorization theorem. 

If G(z) is of genus p and H{z) of degree g, the greater of the 
integers p and q is called the genus of f(z). Since p ^ p and g < p, 
the genus of an integral function does not exceed its order. It 
can be shown that, when p is not an integer, the genus is the 
greatest integer less than p. But when p is an integer, the genus 
is either p or p— 1, the actual determination in any particular 
case being sometimes difficult. 


7.7. The Taylor coefficients of an integral function of 
finite order 

The necessary and sufficient condition for 
f(z) = 

to be an integral function of finite order is that 
7 ^=;:^ nlogn 
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The condition is necessary. For suppose that f{z) is of finite 
order p. Then, when k > p, the inequality 

M{r) < e** 

is satisfied by the maximum modulus of f{z) for all sufficiently 
large values of r. Hence we have, by Cauchy’s inequality, 

I«nl < 

The expression on the right-hand side of this inequality has 
a maximum value attained when = n/k, and so 

Kl<(-) . 

From this it follows that 


n log n k 

so that the condition is necessary. 

It remains to show that, if 


> 0 , 


71 log 71 

is positive, f(z) is an integral function of finite order. We con- 
sider separately the two cases, (i) p, finite, (ii) p infinite. 

Let us suppose that p is finite. The definition of p implies 
that, if € is an arbitrary positive number less than p, there exists 
an integer N such that the inequality 

log(VKI) > (p—€)nloen 

holds whenever n > N, This inequality may be written 


\aj < 

But since p—e is positive, this implies that tends to zero 
as 71 00 and hence that f(z) is an integral function. 

Now, when r > 1, we have 

\f{z)\ < I Jjajr" < 

where is a constant. Let us choose an integer M such that 

< 2r < 

If r is sufficiently large, M will be greater than N. When 
N+l < 71 < Jf, we have 

|.n ^ yiu ^ exp{(2r)'^^~*^logr} 
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/ 

and so 

n M 

I ^ exp{(2r)^^^^~^^logr} ^ 

< exp{(2r)i^^A^“^)logr} 

1 

= J5exp{(2r)^/^/^~^Uogr} 
where B is independent of r. Also 



2(^r<2(p^M”<Z^. 

M + 1^ ' M + 1^^ ‘ ' J»/ + l 


< 1 . 


Combining these inequalities, we find that 

1 /( 2 )! < Ar-^+J5exp{(2r)^^^^“'^logr}+l, 
from which it follows that 
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M{r) < exp{2(2r)^/^^'^^logr} 

for all sufficiently large values of r. Let us now denote the order 
of f{z) hyp. Then we have 

p = iim ^ lim ^ + log(2r)*^<<"-">+IogIogr 

" r->co logr logr 


and so p ^ 1 /(f— «)• 

Again, it also follows from the definition of /x that there exists 
an infinite number of positive integers n such that 

log(VKI) < (/i+€)nlogw, 

or |a,J > 

Using Cauchy’s inequality we find that, for each such value of ti, 

mr) > l«Jr» > (^re)” 

If we take r = 2w^^^, we now have 


M(r) > 2^*^ = exp{(Jr)^^^/^^^Mog2} 
for certain arbitrarily large values of r. This, however, implies 
that p ^ l/(p<-[-e). 

We have thus shown that the order p of /(s:) satisfies the 
inequality ^ ^ 

P ^ 

p, + € p. — € 

for all positive values of e less than p. Making € tend to zero, 
we find that f(z) is of finite order 1/p. 

N 


8531451 
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To deal with the case when /n is infinite, we observe that the 
inequality log(l/K|) > ifn log n 

holds for any given positive value of K and all sufficiently large 
values of n. A repetition of the first part of the previous argu- 
ment shows that f{z) is an integral function of order not exceed- 
ing l/K, Since K can be as large as we please, the order of f{z) 
must be zero. This completes the proof of the theorem. 

It should be observed that we have proved incidentally that 

ns 

„-oo log(l/|a„|) 

is the order of the integral function f{z). 
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MISCELLANEOUS EXAMPLES 
1. Prove that, if |a| > 1, the integral function 


n(‘-a 


is of order zero. 

2. Show that, if a > 1, the integral function 


n (■-»-) 


is of order 1/a. 

3. Prove that,t if 


— logn 


the function is integral function of order not exceeding I/k. 

0 

Show also that the order is I/k if 

logn 

t Use Stirling’s approximation to the Gamma function, that when x is large 


and positive. 


r(l+a?) = e-^a^yl{ 27 rx)[l’^o{l)}. 
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4 . Determine the orders of the following integral functions: 
(i) cos Vz; 


"" 2 m- 


(iiii 2 


4 r(l+an) 

00 

-j'.cvz) = 2 


(a > 0); 

_ 

2*'+2«n!r(i;+n-f 1)* 


5 . f{z) is an integral function of finite order p. Show that, corre- 
sponding to any positive number c, there exists an infinite number of 
circles \z\ = r of arbitrarily large radius on which the lower bound m(r) 
of 1/(2) I satisfies the inequality 

m(r) > 

6 . Prove that, if the order of an integral function is not an integer 
or zero, it is equal to the exponent of convergence of its zeros. Deduce 
that such a function has an infinite number of zeros. 

7 . By means of Hadamard’s factorization theorem prove that, if h is 
not an integer or zero. 


sin 77(2 +/i) = e’'*oo^’^*sin 7 r/t 

— 00 
00 


and also that 



CHAPTER VIII 


CONFORMAL REPRESENTATION 

8.1. Isogonal mapping 

Let us suppose that the functions u(x,y) and v{x,y) are con- 
tinuous and possess continuous partial derivatives of the first 
order at each point of a domain /S in a plane in which x and y are 
rectangular Cartesian coordinates. The equations u == u{x,y), 
V = v(x, y) set up a correspondence between the points of S and 
the points of a set 2 in the v)-plane. The set 2 is evidently 
a domain and is called a map of S, Moreover, since the partial 
derivatives of the first order of u and v are continuous, a curve 
in 8 which has a continuously turning tangent is mapped on 
a curve with the same property in 2. The correspondence 
between the two domains is not, however, necessarily a one-to- 
one correspondence. 

A simple example of this is given by taking u ~ x^^ v = y^. 
The domain < 1 is mapped on the triangle bounded by 

^ = 0, = 0, u-\-v = 1, but there are four points of the circle 

corresponding to each point of the triangle. 

A method of mapping on 2 is said to be isogonal if it 
is a one-to-one transformation which turns any two intersecting 
curves of 8 into two curves of 2 which cut at the same angle. In 
order that the correspondence may conserve angle in the sense 
just defined, it is both necessary and sufficient that the involution 
of orthogonal directions at each point of 8 be transformed into 
the involution of orthogonal directions at the corresponding 
point of 2. This is equivalent to saying that the isotropic 
directions at each point of 8 transform into the isotropic direc- 
tions at the corresponding point of 2, and conversely. 

Now the differential equation of the isotropic directions in 
the {X, y)-plane is {dxf^{dyf = 0. 

Hence (duY-\-(dvY = l^mdxY-{-{dyY) 

where h depends only on x and y and is not zero. 

To determine the properties of the functions u and v for which 
this equation holds, we make the substitution 

du = Uj.dx -\-Uydy, dv = Vj,dx +Vydy, 



CONFORMAL REPRESENTATION 181 

where suffixes denote partial differentiation, and then equate 
coefficients. It follows that the functions u and v satisfy the 
partial differential equations 

ul+v% = ul+vl = A2, u^Uy+v^Vy = 0. 

If we satisfy the first two equations by putting 
u^ = hcos(x, i;^ = Asina, Uy = hcospy Vy = AsinjS, 
we find that the third equation is also satisfied if a— jS = ±^7r. 

Hence, if the correspondence m == u{x, y), v == v{x, y) is one- 
to-one, it is also isogonal if and only if, at each point of 8, the 
four first-order partial derivatives satisfy one of the following 
sets of equations: 

(a) = Vy, Uy = (b) Uj. =- —Vy, Uy = 

and do not vanish simultaneously 

The equations (a) are, however, the well-known Cauchy- 
Riemann differential equations. In virtue of the initial restric- 
tions on u and v, the conditions (a) and (b) are, therefore, 
equivalent to 

(a') u-\-iv ^ f{x+iy), (b') = /(x-f ij/), 

where f{x-\-iy) is an analytic function, regular in 8, Moreover, 
since \f(x-\-iy)\^ = the derivative f'(x-{-iy) vanishes 

nowhere in 8. In other words, the only isogonal transformations 
of a domain 8 of the z-plane into a domain 2 of the t^;-plane 
are of the form w = f{z) or w = f^z), where f{z) is an analytic 
function whose derivative is finite and non-zero at each point 
of 8. Actually it suffices to consider only isogonal transforma- 
tions of the former type, since the transformation w = f{z) is 
equivalent to w — f(z) followed by a reflection in the real axis 
of the it’-plane. 

Now if/(2) is an analytic function, regular in a neighbourhood 
of the point Zq at which f{z) does not vanish, we know, by the 
inverse-function theorem (§6.22), that the equation ^ — ff^z) 
sets up a one-to-one correspondence between a certain neighbour- 
hood of Zq in which f(z) does not vanish and the region within 
a certain closed contour within which the point Wq = /{Zq) lies. 
Thus the neighbourhood of Zq is mapped isogonally on the region 
within the closed contour. 

It must not, however, be supposed that, if/'( 2 :) is finite and 
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non-zero at each point of a domain /S, then w = /(«) necessarily 
maps S isogonally on a domain S of the t^;-plane. For, although 
a neighbourhood of each point of 8 is mapped isogonally, it is 
not necessarily the case that the mapping of the whole of 8 
is a one-to-one correspondence. For example, the function has 
a derivative which is finite and non-zero when 1 < l^;] < 2, 
— Itt < SLTgz < Itt; yet w z^ maps this domain on an over- 
lapping region 1 < |w’| < 4, ^ argt«; < |7r, and so the 

transformation is not one-to-one. 

Example. Show that w = 2/(1— 2 )® maps |2| < 1 isogonally on the 
whole t^;-plane, supposed cut along the real axis from —00 to — J. 

8.11. Conformal mapping 

Let us suppose that w = /(z), where f{z) is an analytic func- 
tion, maps a domain 8 of the a;-plane isogonally on a certain 
domain 2 of the t(;-plane. If C is a regular arc z = xit)-\-iy{t) 
in /8, the equation of its map is 

SO that C is mapped on a regular arc F, say. 

Let us now denote by <f} and ^ respectively the angles which 
the tangents to C and F at the points of the same parameter t 
make with the real axis. Then we have 

^ == 

and r 1 -1 

= ^+arg/'( 2 ;). 

Thus is equal to arg/'( 2 ;) and so depends only on the affix 
of the point z and not on the particular curve through that 
point. This, however, implies that the transformation conserves 
not only the magnitude of the angle of intersection of two curves 
but also the sense of the angle. 

But since the transformation w — f{z) is equivalent to 
w = f{z) followed by a reflection in the real axis of the ii;-plane, 
this transformation conserves the magnitude of the angle of 
intersection of two curves but reverses its sense. 

A conformal transformation is defined to be an isogonal trans- 
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formation which conserves the sense of an angle as well as its 
magnitude. It follows that the only conformal transformations 
of a domain of the 2 ;-plane into a domain of the 2 i;-plane are of 
the form w = /(z), where f{z) is an analytic function. 

Returning now to the regular arc C and its map F, let us 
denote by s and o* the lengths of C and F respectively up to 
the point of parameter t. Then we have 

^ = \m+im 

and j^f{x(t)+iy(t)} == \f'(z){x{t)+iy(t)}\; 

hence we see that ^ = \f'{z)\^. 

(It dt 

We have thus shown that the conformal transformation 
w = f{z) maps a small neighbourhood of a point z^ on a neigh- 
bourhood of the corresponding point which, correct to the 
first order, is obtained by a magnification in the ratio |/'(2o)l • ^ 
and a rotation through the angle arg/'(2o). 

Example 1 . The domain S of the 2 -plane is mapped conformally on 
the domain S of the tc;-plane by w ~ ~ f(z). Show that the curves in E 
corresponding to x -= constant and y = constant form two orthogonal 
families. Verify that this is the case when (i) w — cosh 2 , (ii) w = 2 ®. 
Explain the apparent contradiction in (ii) when a; — 0 and i/ — 0. 

Example 2. Prove that, in the notation of Ex. 1, the area of E is 

JJ \f'(z)\* dxdy. 

8 

Example 3. The function w — f(z) maps | 2 | < i? conformally on a 
domain of area A, Prove that A > 7r|/'(0)|*i2®. 

Example 4. Prove; that the quadrant \z\ < 1, 0 < arg 2 < Jtt is 
mapped conformally on a domain S in the ii;-plane by t/; = 4/(2+ !)*• 
Find E and determine the length of its boundary. 

The derivative of the function 4/(2+!)® is finite and non-zero at each 
point of the quadrant. Accordingly w = 4/(2+!)® maps the quadrant 
conformally on a domain E provided that w does not take any value 
twice in the quadrant. Now if 

4/(2+!)® = 4/(2i+1)®, 

then either z Zj or 2 = — Zj— 2. But if z^ is a point of the quadrant, 
— Zj — 2 certainly is not. Hence w -- 4/(2+!)® maps the quadrant con- 
formally on a domain E in the w-plane. 
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The boundary of E is evidently a closed contour F. But since w is 
infinite only when z = — 1, the quadrant is mapped on the domain 
within F. 

When z moves along the real axis from 0 to 1, w moves along the 
real axis from 4 to 1, cmd so the length of this part of F is 3. 

When z moves from 1 to t along an arc of |z| = 1, we have z = 
where t increases from 0 to Jtt. ThA w moves from 1 to — 2i along the 
arc whose parametric equation is sec*ie~*^. From this we deduce 
that \w\ — 2-'Rlt(;, so that the path is an arc of the parabola with 
focus at the origin and directrix Rlti; 2. The length of this part 
of F is „/4 „/4 

2secHdt= V2-f-log(l-f V2). 

0 0 

Finally when z moves along the imaginary axis from i to 0, w goes 
from — 2t to 4. If we write z — —iteint, where t increases from — Jtt 
to 0, we find that the parametric equation of this portion of F is 
w = 4cos*ie*^. This curve is, however, the inverse of the parabola 
w = sec*<e"*^ with respect to the circle \w\ = 2, and so is a cardioid 
with cusp at the origin. The length of this portion of F is 
0 0 

S cos tdt = 4V2. 

— ff/4 — w/4 

Combining these results, we see that the length of F is 
3 + 5V2-flog(l-f-V2). 

8.12. Simple functions 

lfw= f{z) maps a domain S conformally on a certain domain 
2 of the i6;-plane, we say that f(z) is simple’\ in S, The charac- 
teristic property of such a function is that it takes no value 
more than once in 8. The general theory of simple functions 
is too difficult to be included in the present book. J It is, how- 
ever, quite easy to show that if f(z) is regular within and on 
a closed contour C and takes no value more than once on C, then 
f(z) is simple within and on C, 

The relation w = f(z) evidently sets up a continuous one-to- 
one correspondence between the points of C and the points of a 

t The Froutjh and German words are univalente and schlicht respectively, 
t For an account of work on this subject, see, for example, L. Bieberbach, 
Lehrbttch der FunktionenthcoriCf 2 (1927), 82-94; P. Dienes, The Taylor Series 
(1931), Chap. VlII; E. Landau, Darstellung und Begrundung einiger neuerer 
Ergebnisae der Funktionentheorie (1929), 107-14. 
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closed contour F. If Wq is any point of the i6?-plane which does 
not lie on F, the number of zeros of f{z)—WQ within C is 

»= > f ■, f 

2^^ J 27^^ J w—Wq 

C T 

the direction of integration round F being that which corre- 
sponds to the positive sense of description of C, 

If Wq lies outside F, then m — 0, and so no point within C is 
mapped on a point outside F. But when Wq lies within C, 
we have m = ±1- Since m cannot be negative,! the equa- 
tion f{z) = Wq has precisely one root within C when Wq lies 
within F. 

To complete the proof of the theorem it only remains to show 
that f(z) cannot take a value on F at any point z^ within C. 
If this were the case, a neighbourhood of z^ would be mapped 
conformally on a neighbourhood of this is impossible since 
the neighbourhood of contains points outside F. 

8.2. Riemann’s theorem on conformal mapping 

The fundamental problem in the theory of conformal mapping 
is concerned with the possibility of transforming conformally 
a given domain 8 of the 2 -plane into any given domain 2 of 
the ii;-plane. Actually it suffices to consider whether it is pos- 
sible to map conformally any given domain on the interior of 
a circle. For if ^ = f(z) maps 8 on |^| < 1 and w = g{^) maps 
2 on 1^ <C 1> then the equation w — provides a con- 

formal transformation of 8 into 2. 

It is not, however, possible to map a completely arbitrary 
domain on the interior of a circle ; there must be some restriction 
on the nature of the boundary. For example, we cannot map 
a domain whose boundary consists of a single point conformally 
on 1^1 < 1; for if the domain had a single boundary point, 
which we may take to be the point at infinity,! mapping 
function ^ = f{z) would be an integral function which satisfied 
everywhere the inequality \f(z)\ < 1 and so, by Liouville’s 
theorem, would be a constant. Thus, in order that a domain 

t This implies that the sense of description of V is the positive one. 

X If 2 = a is the boundary point, it can be transformed into the point at 
infinity by = 1 /( 2 — a). 



186 CONFORMAL REPRESENTATION 

may be mapped conformally on a circle, it must possess more 

than one boundary point. 

The simplest case occurs when the boundary is a simple closed 
Jordan curve. It can be shown that if S is the domain bounded 
by a simple closed Jordan curve C, there exists a unique analytic 
function f{z), regular in S, such that w — f{z) maps 8 conformally 
on \w\ < \ and also transforms a point z = a within C into the 
origin and a given direction at z = a into the positive direction 
of the real axis. This theorem was first stated by Riemann in 
his inaugural dissertationf at Gottingen in 1851, but his proof, 
which depended on the Calculus of Variations, was shown by 
Weierstrass to be incomplete. 

Whilst it is difficult to give a rigorous proof of this theorem, 
its truth will become obvious to the reader who is content to 
rely on physical intuition. Let us suppose that such a function 
does exist and consider what properties it must have. 

In the first place, f{z)l(z—a) is regular and non-zero in 8 and 
so is of the form e^^^^ where <f)(z) is regular within C, Thus 

f(z) = {z^a)e^(^. 


Moreover, since |/(a:)l = 1 on (7, the function (f>(z) satisfies there 
the condition log\z-a\+nH(z) = 0 . 

Now the real part of an analytic function satisfies Laplace’s 
equation ^27 


dx^'^'dy'^ 


0 , 


where z = x-{-iy. If, therefore, it could be shown that there 
exists a unique real solution of Laplace’s equation, V say, which 
vanishes on C and is finite within C save at the point 2 ; = a, in 
whose neighbourhood it behaves like log \z—a\f the real part of 
(f>(z) would be given by the equation 

V = log \z—a\+B\(j}{z), 


The Cauchy-Riemann differential equations would then enable 
us to find the imaginary part of ^( 2 ;), save for an additive 
constant. 

A physical arguijient renders intuitive the existence of such 


t See Riemann’s Qes, Werke (1876), 3-43. 
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a solution of Laplace’s equation. For consider an earthed 
cylindrical conductor of infinite length whose cross-section is 
the curve C, Then V is uniquely determined as being the 
electrostatic potential within this cylinder due to a line-charge 
of density — which is parallel to the axis of the cylinder and 
passes through the point of affix a. Unfortunately, however, it 
is just as difficult to give a rigorous proof of the existence and 
uniqueness of the electrostatic potential! as it is to prove Rie- 
mann’s theorem on conformal representation. 

If the reader is prepared to accept this argument from physi- 
cal intuition, it is easy to complete the ‘proof’ of Riemann’s 
theorem. It only remains to choose the arbitrary additive con- 
stant occurring in the imaginary part of ^{z) so as to make the 
given direction at 2 ; = a correspond to the real axis in the 
ii;-plane. We shall not attempt to give here an adequate proof 
of Riemann’s theorem, which can be found in various easily 
accessible works. J 

8.3. Homographic transformations 

We shall now consider whether it is possible to map con- 
formally the complete z-plane, apart from a finite number of 
exceptional jioints, on the complete t^-plane. If it is possible, 
it will be effected by a relation w — /(z), where /(s) is an analytic 
function which has only a finite number of singularities. 

The function f{z) cannot possess an isolated essential singu- 
larity; for, by Weierstrass’s theorem (§ 4.55), a function ap- 
proaches as near as we please to any assigned value in every 
neighbourhood of an essential singularity, and this is clearly 
inadmissible here. The only singularities of f{z) are, therefore, 
poles, of which the point at infinity may be one, and so f{z) is 
a rational function (§ 4.56). 

But, by § 6.21, Ex. 1, a rational function takes any assigned 
value p times, where p is the number of its poles. Hence the 
function /( 2 ) has but one singularity, a simple pole, since a con- 
formal transformation is one-to-one. If the singular point is at 

t Soe O. D. Kellogg, Foundations of Potential Theory (Berlin, 1929). 

X See, for example, C. Caratheodory, Conformal Representation (Cambridge, 
1932), Chap. V; L. R. Ford, Automorphic Functions (New York, 1929), 
Chap. VIII; G. Julia, Leqona sur la repr4serUation conforme (Paris, 1931), 
Chap. III. 
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a finite distance, the transformation is of the form 

w = {az-\-b)l{cz-\-d)y 

where a, 6, c, and d are constants such that ad— be ^ 0; but 
if the singularity is at infinity, then 

w = Az-\-By 

where ^ 0) and B arc constants. In either case the trans- 

formation is homographic. t 


8.31. Homographic transformations which leave the unit 
circle invariant 

Homographic transformations which map the circle |z| = 1 
on = 1 are of particular importance in the theory of func- 
tions. The transformation w = (az-\-b)l(cz-\-d) will be of this 
type if 


az-{-b 


cz+d 


= 1 


whenever | 2 | = 1 ; using conjugate complex numbers, we require 
(az-\-b){dz-\-b) — {cz-{-d)(cz-\-d). 


The constants a, 6, c, and d must, therefore, satisfy the equations 
ad-\-bb = cc-\-dd, ab = cd. 


as well as the inequality ad ^ be. 

Now, if a is not zero, the second equation gives b = edja and 
hence b — cdjd. Substituting these values in the first equation, 
we find that (au-cc)(au-dd) = 0, 


and so la| = |c| or \a\ = \d\. 

When \a\ = |cl, we can write c = where y is real. Sub- 
stituting this in the equation ab = cJ, we deduce that d = be^^. 
Hence, when \a\ — |c|, the transformation degenerates into 
w = e~y\ which is not a homographic transformation. 

To deal with the case \a\ = |d|, we write d = where 

S is real. We easily find that c = be-^\ so that the transforma- 


I For an account of tho elomontary properties of homographic transforma- 
tions, see G. H. Hanly, Pure Mathematics (Cambridge, 1946), 97-9. Some of 
these properties are given in exainjilcs 6, 7, 8, 9 at tho end of Chapter I of the 
present book. 
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tion is of the form 


w — 


3.^2+ 6 
d-\-bz' 


{A) 


where \a\ ^ |6|. A similar investigation shows that this formula 
also holds when a = 0, the transformation then taking the 
particularly simple form w — where oc is real. 

When w and z are connected by the homographic transforma- 
tion (-4), it can be shown without difficulty that 


= {\—zz)((m—bb). 


Hence when |z| < 1, we have < 1 or > 1 according as 
|a| > |6| or |a| < |6|. Thus the homographic transformation 
{A) maps l^l < 1 conformally on |i/)l < 1 only if |a| > |6|. 
In § 8.33 we show that no other conformal transformation has 
this property. 


8.32. Schwarz’s lemma 

The proof of the result stated at the end of the previous 
section depends on the following lemma due to Schwarz. f If 
f(z) is regular in | 2 :| < Jf?, where it satisfies the inequality 
\f(z)\ < M, and iff(0) — 0, then the inequality \f(z)\ < M\z\/R 
holds whenever \z\ <i R. Moreover, equality can occur only when 
f{z) = Mze^^jR, where a is a real constant. 

It follows from the data of the lemma that/( 2 ) is expansible 
as a power series a^z-\-a 2 Z^-\-..., whose radius of convergence is 
not less than R, The function <l>{z) = f{z)lz is, therefore, regular 
when | 2 ;| < jB. 

Let a be any number whose modulus is less than R. If we 
choose r so that \a\ <, r <. R, then, by the principle of the 
maximum modulus, the function <j){z) attains its maximum 
modulus in l 2 ;l < r at some point on the circle \z\ — r. Hence 
we have x , 

\<f>(a)\ ^ max = -max \f(z)\ 

\z\^r Z r 

and so \<f){a) | < Mjr. 

This last inequality holds no matter how near r is to R, and 
<^(a) is independent of r. Making r-> R, we deduce that 
\<f>{a)\ ^ MjR, the first result of the lemma. 

t H. A. Schwarz (1869), Oes. Math. Abhandlungen, 2, 109-10. 
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If there exists a number a of modulus less than JB, such that 
\(f>(a)\ = MIRy we know that ^(z) is a constant of modulus 
MjE. Hence we have f{z) = Mze^^jR, where a is a real con- 
stant. This completes the proof of the lemma. 

Example. Provo that, if f(z) satisfies the conditions of Schwarz’s 
lemma, |/'(0)| < MIR. Show also that equality occurs only when 
J(z) = Mze^^^jRy where a is a real constant. 

8.33. Riemann’s theorem for a circle 

Let us suppose that w == f(z) maps | 2 :| < 1 conformally on 
\w\ ^ 1 and turns the interior point z = c into the origin. We 
shall now show that such a transformation is necessarily homo- 
graphic. 

We know that ^ = ( 2 — c)/(l — cz) maps | 2 :| ^ 1 conformally 
on |i^| < 1 and transforms 2 ; — c into the origin. Eliminating 
Zy we obtain a transformation w = <^(^) which maps < 1 on 
|t«;| < 1 and conserves the origin. This function satisfies 
all the conditions of Schwarz’s lemma, and so 

kl < ICI 

when 151 < 1 . 

But we can also write this transformation in the form 
5 = where ^{w) again satisfies the conditions of Schwarz’s 
lemma. Hence we have 

\U < IM'I 

when < 1 . Combining these two inequalities, we find that 

ici < < la 

when 151 ^ 1 , and so \w\ == |5|. The second part of Schwarz’s 
lemma now gives w = 5^“S where « is a real constant. Thus 
the transformation w = f(z) is of the form 


and so is homographic. 

If, in addition, we require that the direction arg( 2 ;— c) = j 8 at 
c is to be transformed into the iiositive direction of the real axis, 
we must take oc == —p. 

We can now show that there is a unique function w = f{z) 
which maps \z—a\ < R conformally on |u?| < 1 and also trans- 
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forms an interior point 2 = c into the origin and a given direc- 
tion at c into the positive direction of the real axis. For the 
transformation 2 ' = ( 2 — a)/i? maps \z—a\ < i? on \z'\ ^ 1, 
transforms 2 = c into an interior point z' = c\ and leaves the 
prescribed direction unaltered. We have only to apply a 
homographic transformation to get the result stated. This com- 
pletes the proof of Riemann’s theorem for a circle. 

Example. Show that the region | 2 — a| < R is mapped conformally 
on 1«>1 < 1 by 

whore a is real and z — c is the point which is transformed into the origin. 

8.34. The conformal representation of a half -plane on 
a circle 

We shall now consider the problem of mapping the half-plane 
Im 2 > 0 conformally on < 1 and simultaneously trans- 
forming a given point c of that half-plane into the origin w == 0. 
By choosing R sufficiently large, we can make c lie within the 
circle \z—iR\ = i?. As i? tends to infinity, the interior of this 
circle increases until it fills up the whole half-plane. 

Now the transformation 

Re^Hz—c) 

w — ^ ' 

R^—(z—iR)(c-\-iR) 

maps \z--iR\ ^ R conformally on 1 and turns 2 = c into 

w = 0, If we write this transformation in the form 

_ ie®^(2— c) 

(i--ic/i?) 2 — c 

and then make i? 00 , we find that 

. 2 — c 
w = A 

2 — c 

where |A| = 1, maps the half-plane Im 2 > 0 conformally on 
|t^;| < 1 and turns 2 == c into = 0, as can be readily verified. 

It should be observed that, by suitably choosing A, we can 
make any prescribed direction at 2 = c correspond to the 
positive direction of the real axis at ti? = 0. Making the appro- 
priate changes in the argument of § 8.33, we easily show that 
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Riemann’s theorem on conformal representation is also true for 

a half-plane. 

Finally, by making a preliminary translation and rotation, 
any half-plane can be mapped conformally on the interior of 
a circle. 

Example 1. Show that Im 2 > 0 is mapped conformally on Imw > 0 
hy w ~ (az-\-b)l{cz-\-d)y provided that a, 6, c, and d are real and 
ad— he > 0. What happens if od— 6c < 0? 

Example 2. Show that w = (l—z)/(l-f «) maps |2| < 1 conformally 
on R1 tc > 0. Determine the enrves in the ic-plano which correspond to 
\z\ — r and to argz ~ a. 


8.4. Schwarz’s principle of symmetry 

Let r be a closed contour consisting of a segment AB oi the 
real axis and a curve in the upper half-plane joining the ends 
of that segment. Let f(z) be an analytic function which is 
regular within F and continuous within and on F, and which 
also takes real values on AB. We shall now show that we can 
continue /(») analytically across by means of the equation 
f{z)==f{z). This result is known as Schwarz's principle of 
symmetry.! 

If we reflect F in the real axis, we obtain a closed contour 
Fi consisting of the segment AB and a curve in the lower half- 
plane. We define the function <f>{z) by the equation <f>(z) = f(z) 
when z is within or on F, and by <f>(z) — f(z) when z is within or 
on Fj. By hypothesis, <f){z) is regular within F. It is also regular 
within l\; for when z and z+A lie within l\, z and lie 
within F and so 

^ h -*0 ^ 


h->ol h J 

If we denote by C the closed contour formed by the curved 
parts of F and F^, ^(z) is evidently continuous within and on C. 
Hence, by § 5.5, the function 


F(z) = 


±. (Mat 

27rtJ t—z 


t Journal jar Math. 70 (1869), 106-7. 
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is regular within C. But, when z lies within F, we have 

m = p- 

ZTTl J t—z 27^^ J t — z 
r i\ 

the value of the first integral is (f>{z) and the second integral 
vanishes. Hence we see that F{z) = <f>(z) when z lies within F, 
and, similarly, also when z lies within F^. Finally, by continuity, 
it follows that this equation holds also when z is an interior 
point of the segment AB^ but not necessarily when z is an end- 
point of that segment. 

We have thus shown that the function (f>{z) is regular within 
C. Since it is equal to f(z) within F, it provides the required 
analytical continuation of f(z) across AB. This completes the 
proof of the principle of symmetry. 


Example 1, F is a closed contour consisting of an arc AB oi the 
circle | 2 | = 1 and a curve within that circle joining A to B. The func- 
tion J(z) is regular within F and continuous within and on F. By 
mapping the arc .4B on a segment of the real axis, prove that, if f(z) is 
real on AB, it can be continued analytically across AB hy means of the 
relation f(z) = /( Iji), 

Example 2. The function f(z) satisfies the conditions of Ex. 1, save 
that it now takes values of modulus 1 on the arc AB, Show that the 
analytical continuation of f(z) across .4B is given by f(z) = l//(l/ 2 ). 

Example 3. Show that, if 0 < a < 1, the angular region 
—om < arg 2 < oltt 

is mapped conformally on the right-hand half-plane hy w — 


8.5. The conformal representation of a polygon on a half- 
plane 

Let us suppose that the relation w = f{z) enables us to map 
the domain within a closed polygon F in the z-plane conformally 
on the region Imii; > 0. We propose to investigate the pro- 
perties of this function f{z). Actually it turns out to be more 
convenient to consider, not f{z), but the inverse function 
z — F(w), 

Now the function F{w) is regular and F\w) does not vanish 
when Im w > 0. From this it follows that 


dw 


log F'{w) 


F’\w) 

F[(w) 


s:.:n4:ii 


O 
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is regular in the upper half-plane. We next show that this is 
also true at any point on the line Imii; = 0 which does not 
correspond to a vertex of F. 

Let L be a side of F making an angle 6 with the real axis. 
Then if b is any point of L which is not a vertex of F, ( 2 — 
is real on L. Hence if ii; = j3 is the point corresponding to 2 = 6, 
the function is real and continuous on the segment 

A of the real axis corresponding to L, and is regular when 
Imw > 0. By Schwarz’s principle of symmetry, this function 
can be continued analytically across A ; it is, therefore, regular 
in a neighbourhood of j3 and can be expressed as a Taylor series 
of the form oo 

{F{w)—b}e-^^ = 2 Or(^—^Y, 

r=l 

where the coefficients a^. are real. Now if the first non-zero 
coefficient in this expansion were this would imply that the 
two segments into which L is divided by the point h intersect 
at an angle Trjp. Hence is not zero, and so d\ogF\w)ldv) is 
regular in a neighbourhood of j3 and is real when w is real. 

When the point corresponding to 2 = 6 is the point at in- 
finity ,t we have similarly 

r«l 

where the coefficients are real and ^ 0. This gives 
F'iw) V)' ^ vf 

Hence. in this case d\ogF\w)ldw is regular in a neighbourhood 
of the point at infinity and is real when w is real. 

Next, let us suppose that L and U are consecutive sides of 
F intersecting in the vertex 2 ' where F has an angle oltt. The 
function F{w) cannot be regular in a neighbourhood of the point 
w* corresponding to 2 = 2 ', since an angle om at 2 ' is mapped 
on an angle ir Sitw\ But since arg{( 2 '— 2 )c-^^} is equal to zero 
and <x7T on L and L' respectively, the function [{ 2 '— 
is real and continuous on the segment of the real axis corre- 
sponding to the consecutive sides L and L\ Moreover, this 

t In this case A consists of two segments of the real axis, each of infinite 
length. 
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function is regular when Imt^; > 0, since F{w)—z' is regular 
and does not vanish there. Applying the same argument as 
before, we see that 

is regular in a neighbourhood of w' and can be expressed as 
a Taylor series of the form 

\{z^ — F{w)}e-^^Y^^ = 2 

r=»l 

where the coefficients are real and is not zero. But this 
gives 

F{w) = z * 2 b!^{w—w'Y, 

r=0 

where b^ is not zero. Hence we have 


F\w) — 


where is regular and does not vanish in a neighbourhood 
of w\ and so 


A 

dw 


log F\w) 


a— 1 , 


Hence if w' corresponds to a point at which F has an angle ck^t, 
the function d\ogF\w)ldw has there a simple pole of residue 
OL 1 . 

In a similar manner the reader will readily show that, if the 
point at infinity corresponds to a vertex of F of angle oltt, then 


A 

dw 


\ogF'{w) = 


vir. 

w vf' 


Now suppose that the points a, 6, c,..., I (all of finite affix) lie 
on the real axis of the it?-plane and correspond to the vertices 


of F, and let 


OCTT, jSTT, yTT,..., AtT 


be the corresponding angles of F. Then the function 

dlog F\w)ldw 


must satisfy the following conditions; 

(i) It is regular when Imii; ^ 0 save for simple poles of 

residue a— 1, 1, y—l,..., A— 1 at the points a, 6, 

c,..., I respectively. 

(ii) It is real when w is real. 
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(iii) It possesses an expansion of the form 


A 

dw 


log r{w) = 


h T ^ 

w 


valid in a neighbourhood of the point at infinity. 

Since the function is regular when Imti; > 0 and real when 
Im 1 /; = 0, we can continue it analytically across the real axis 
by Schwarz’s principle of symmetry, and we find that the only 
singularities of the function in the complete ii;-plane are the 
prescribed poles on the real axis. Hence, by § 4.56, the function 
is a rational function and so is of the form 




a — 
w— 


a w—b w—l 




where 0{w) is a polynomial. 

Now when \w\ is large, we have 

A log = 0(0,)+ 2 ^ 

r=l 

where c[ = (ot— 1)+(^— l)+(y— l)+...+(A— 1). 

But since aTr, /Stt, are the internal angles of a closed 

(1 — a)77'-|-(l — j3)7r + (1 — A)7r = 27r 

and so = — 2. Hence in order to satisfy condition (iii), <t>(w) 
must be identically zero. 

We have thus shown that the mapping function F(w) satisfies 
the differential equation 


dw 




w—b 


+...+ 


A~1 

w-V 


Integrating this equation, we deduce that 

F{;w) = J (w—a)^-\w—b)^-^,,,{w—l)^'-^ dw +B, 

where A and B are constants of integration. The integrand is 
not one-valued in the complete w;-plane, but has branch-points 
a, 6, c,..., I on the real axis. But if we take a definite branch of 
the integrand and suppose that the path of integration never 
passes below a branch-point, F{w) is regular when Imw 0, 
save at the points corresponding to the vertices of F. 

It remains to show that the constants A, B, a, 6,..., I can be 
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suitably determined. Now, with any set of real numbers a, 6, 
c,..., I in the correct order, the relation z = F{w) maps the line 
Imw = 0 on a closed polygon F', not necessarily simple, whose 
angles are the same as those of F. But, in order to construct 
a polygon similar to a given polygon of n sides, it does not 
suffice to make corresponding angles equal; there are n— 3 other 
conditions to be satisfied. We can, therefore, choose three of 
the numbers a, 6, c,..., I arbitrarily and then choose the rest to 
make F' similar to F. This done, the scale, orientation, and 
position of F' are determined by \A\,argA, and B respec- 
tively. We can therefore choose A and B to make F' coincide 
with F. 

Let us denote by C the closed contour in the i/;-plane which 
consists of the segment of the real axis from —RtoR, indented 
at the points a, 6, c,..., Z, and the semicircle in the upper half- 
plane on this segment as diameter. The function 

z = A J (t<;— Z)^-^ dw +B 

is regular within and on C, Moreover, when w goes round C, 
z describes the polygon F, indented at the vertices and also at 
the point corresponding to == cx). It follows, by § 8.12, that 
the region within C is mapped conformally on the region 
within F. If we now make R tend to infinity and the radius 
of each indentation of C tend to zero, we find that the region 
Imw > 0 is mapped conformally on the interior of the closed 
polygon F of angles an, /Stt,..., Att, by the relation 

z = A j (W'—a)°^-^{w—b)P-^,..(w—l)^-^ dw +J5, 


provided that the constants are suitably determined. This result 
was discovered independently by Schwarz^j* and Christoffel.J 
It is often convenient to suppose that a is the point at infinity. 
In this case, condition (iii) has to be modified; we now require 
that the expansion 




w Z^vf 
2 


t Journal fur Math. 70 (1869), 106-20, 
t Annali di Math. (2) 1 (1867), 96-103; 4 (1871), 1-9. 
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should hold near the point at infinity. Making this change, the 

reader will readily prove that 

J’(w) = ^ J {w-b)P-Hw-c)Y-^...{w-i)>^-^ dw +B. 

8.51. Examples of the use of the Schwarz -Ghristoflfel 
formula 

The region within a triangle ABC, of angles oltt, yrr where 
a+jS+y = 1, is mapped conformally on the upper half of the ti;-plane 
by taking . 

2 = X) {w—aY~^w—b)^^w—cy^^dw +X7. 

The constants a, 6, c can be chosen arbitrarily, and D and E are then 
fixed by the scale, orientation, and position of the triangle. In particular, 
if we take h at infinity, the relation connecting w and z becomes 

z — D j dw -\~E, 

The only non-degenerate triangles for which this integral can be 
simply evaluatedf are the equilateral triangle, the right-angled isosceles 
triangle, and the right-angled triangle with one angle Jtt. In each of 
these cases w is an elliptic function of z. 

There are, however, certain interesting degenerate triangles for which 
the integral can be easily evaluated. These are discussed below. 

(i) Let us keep A and C and the direction oi AB fixed and make y 

tend to 1. The triangle becomes the region between two straight lines 
intersecting at A at an angle oltt. Taking a = 0, the relation connecting 
w and * becomes z^Fv^^+E. 

The reader will easily verify that this relation enables us to map the 
angle 0 < arg{(z— < oltt conformally on Imt^ > 0. 

(ii) Let us keep A and C fixed and make tend to zero. The triangle 
becomes the region between two parallel lines on one side of a trans- 
versal ; the corresponding relation between w and z is 

z = 2 > J (w—aY'’\W’—cy~^ dw + J&, 

where a+y = 1. 

The simplest case occurs when the transversal cuts the parallel lines 
at right angles, so that « = y = J. Taking c = — 1, o = 1, we then have 

- + JS? = D cosh“^ W’\-E. 


-“j. 


To verify that this is the case, we take i> = 1, == 0, so 

w = coshz. Writing z = a?+ty, w = w-f we find that 
u = cosh a: cosy, v = sinhasiny. 

t See Love, American Journal of Math. 11 (1889), 168-71. 


that 
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Keeping the positive number x fixed, let y vary from 0 to Then w 
evidently moves round the upper half of the ellipse 

= 1 . 

cosh*a; sinh*a? 

Moreover, as x increases from 0 to oo, this arc of the ellipse sweeps out 
the upper half of the i/;-plane. Thus w = cosh 2 maps the half-strip 
RI 2 > 0, 0 < Im 2 < TT conformally on Im 11 ; > 0. The discussion of the 
correspondence of the boundaries of the two regions is simple and is left 
to the reader. 

(iii) Let us keep C and the direction AB fixed, and then make oe and p 
tend to zero and y tend to 1. In this way the triangle degenerates into 
the strip between two parallel lines, which is mapped conformally on the 
upper half of the t/;-plane by taking 

z = D j dw -f E. 

As a verification, let us consider the case when D = 1,E = 0, a = 0, 
so that w — e*. If RI 2 is kept fixed and Imz increases from 0 to tt, 
w moves roimd the upper half of the circle \w\ = Moreover, as 

Rlz increases from —00 to 00 , this circular arc sweeps out the upper 
half of the w-plane. Thus = e* maps the strip 0 < Imz < n con- 
formally on Im to > 0. 

8.52. The conformal representation of a rectangle on a 
half-plane 

The theorem of Schwarz and Christoff el shows that it is possible to 
map the interior of a rectangle conformally on the upper half of the 
to-plane by a transformation of the form 

z — D j [{w—a)(w—b)(w—c){w—d)]~^l^dw +E. 

We shall now consider the particular transformation of this type 
w 

z = J [(1— dw, 

0 

where 0 < A: < 1. 

This integral is an elliptic integral and its value cannot be expressed 
in terms of the elementary functions of analysis. At the present stage 
we cannot discuss the transformation by expressing w explicitly in terms 
of 2 , as this involves a knowledge of the theory of elliptic functions. 

Let us suppose that the integrand is positive on the real axis when 
— 1 < w < 1, and that it is defined elsewhere on the real axis by con- 
tinuation along a path in the upper half -plane. It is easily seen that the 
integrand is equal to 1)(1— when I < w < l/k, and is 

equal to — [(ti;*— 1)]“^/* when w > l/k. We now consider how 2 
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behaves when w describes the complete boundary of the positive quadrant 

of ltij| < iJ, where > \jk. 

As w moves along the real axis from 0 to 1, 2 ; moves along the real 
axis from 0 to Ky where 

1 

0 

This integral converges, and so K is finite and positive. 

When 1 < < Ijky the corresponding path of z is given by 

1 to 

Z = j +i J [(«>*- 

0 1 

The first integral is equal to K, whilst the second is real and increases 
from 0 to K' as w increases from 1 to 1/A;, where 
Ilk 

K' = j 

X 

The number K' is evidently finite. Thus as w moves along the real axis 
from I to l/k, 2 moves along the line R1 a = iC from K to 
When w > l/k, the path of z is given by 

10 

z = K+iK'- j 

Ilk 

But if we write kiu = 1/^ in this integral, we find that 
to 1 

f [(v;2-l)(^'2t4;2-l)]-V2dw; == f [(1-«*)(1- 
1/* l/Jfcio 

Hkw 

= J [(l-««)(l-W)]-»/*d<, 

0 

llkw 

and so a = J [(!-(*)( !-*:*«*)]-»/“ d<. (A) 

0 

Hence as w moves along the real axis from l/k to E, z moves along the 
line Imz = K' from to the point of affix 

llkB 

iK'+ J [(l-«»)(l-W)]->/»*, 

0 

By analytical continuation, the formula (A) holds everywhere in 
\w\ > l/k. Hence z is regular there and can be represented by a con- 
vergent series of inverse powers of w ; in fact, if wo expand the integrand 
and integrate term by term, we obtain 

1 (l+A:*) 
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This shows that = 

when \w\ is large, and so the path of 2 , as tt; moves from R to iR, lies 
within a circle of centre iK* whose radius tends to zero as 
Moreover, the argument of z^iK' decreases by Jtr in moving along this 
path. 

Finally when w iv where v is positive, we have 

z = i j [(H-v*)(l+ JbV)]-V* dv. 

0 

Since this integral is real and positive and decreases as v decreases, 
z moves along the imaginary axis from the point near iK' to the origin 
as w moves along the imaginary axis from iR to 0. We have thus 
shown that, as w moves rovind the complete boundary of the positive 
quadrant of |t(;| < i?, z moves round the rectangle with vertices 0, K, 
iK\ indented at iK\ and that the radius of the indentation 
tends to zero as i? -> 00 . From this it follows, by § 8.12, that the region 
0 < arg < Jtt is mapped conformally on the interior of this rectangle. 

Now z is purely imaginary when Rlti; == 0. By using Schwarz’s prin- 
ciple of symmetry, we find that the region < argi^; < tt is mapped 
conformally on the interior of the rectangle with vertices 0, iK\ 
—K, Combining these two results, we see that the relation 

VO 

0 

enables us to map the interior of the rectangle with vertices X, K-\-iK\ 
— iC conformally on the upper half of the ty-plane. 
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MISCELLANEOUS EXAMPLES 

1. Show that stereographic projection maps the surface of a sphere 
conformally on a plane. 

2. Prove that it is possible to map a surface of revolution conformally 
on a plane in such a manner that the meridians and parallels on the 
surface correspond to lines parallel to the axes of coordinates. 

Show that, in the case of the sphere 

X = jRsin^cos^, Y = l^sin^sin^, Z = RcosB, 

where O<0<7r, 0<^< 27r, a conformal mapping of this type is 
provided by Mercator’s projection a; = y = logtan^^. 

3. Prove that, when w = tanhz, the curves corresponding to lines 
parallel to the real and imaginary axes in the z-plane form two families 
of coaxal circles. 

Show that this relation maps the strip 0 < Im z < Jtt conformally on 
the upper half of the ly-plane. 

4. Prove that w = cos z maps the strip 0 < R1 z < tt conformally on 
the whole t6;-plane, supposed cut along the real axis from — oo to — 1 
and from -f- 1 to -f oo. 

6. The circles |z~-ll = V2, l2+l| = V2 divide the z-plane into four 
domains, of which one contains the origin; show that this domain is 
mapped conformally on \w\ < \hy w 2z/(l— z*). 

(Math. Tripos, 1932.) 

6. Find a function w = /(z) which maps |z| < 1 conformally on the 
exterior of the parabola = — 4t4, where w = u-\-iv, with z = 0 corre- 
sponding to ti; = 3 and the positive directions of the real axes at these 
points corresponding to one euiother. (Math. Tripos, 1932.) 

7. Prove that, if a > 6 > 0, the equation 

(a-\-h)z^—2wz-\-(a—h) = 0 

provides a conformal map of the annulus ^{(a—b)l(a-\-h)} < |z| < 1 
on the interior of the ellipse along the real axis 

between its foci. 

Discuss the representation in the tx;-plane of the curves |z| = r, 
argz = a, and, in particular, the behaviour of the transformation at 
points on the boundary of the annulus. 


8. Prove that 


(l+z8)*-i(l-z3)* 


maps the region |z| < 1, 0 < argz < Jtt conformally on |ti;l < 1. Dis- 
cuss the correspondence between the boundaries of the two regions. 

(Edinburgh, 1932.) 
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9. A domain S containing the circle | 2 | = 1 is mapped conformally 
on a region ^hyw— /(«), the circle being transformed into a curve T. 
Show that the curvature of F is 


to 

10. Show that * = J dw 

0 

maps the upper half of the w;-plane conformally on the interior of a 

square of side J ^{cosec 6) dd. 

0 

to 

11 . Prove that ^ ” J 

0 

maps < 1 conformally on the interior of a square of diagonal 

2 J dw. 

0 

12. Show that the region outside a square in the 2 -plane can be 
mapped conformally on \w\ < 1 by 



(}-^dw. 


13. The function f{z) is regular in | 2 | < J?, where it satisfies the 
inequality \f(z)\ < M; moreover, /(O) = c. By applying Schwarz’s lemma 
to the function M{f(z)-c) 


prove that 


M~|/(2)| Af(Jf-|c |) 
B-p ^ MB-^-plcl 


when |z| < p < JR. (Cabath^jodoby.) 

14. Show that, if ^ > 0, the relation iriw = 2^ log 2 maps the half- 
plane RI 2 > 0 conformally on the strip —h < Rlti^ < h. Deduce that 

mw =2^1og J— - 


maps |2| < 1 conformally on — ^ <B\w <h. 

16. The function J(z) is regular in \z\ < R, where its real part 
satisfies an inequality |R1/(2)| < h\ moreover, /(O) = 0. Show that the 
inequality ^ , 


holds when I 2 I < R. (CabathAodoby.) 
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16. The function f{z) is regular in |«| < J?, where its real part is never 
negative; moreover, /(O) = 1. By considering the function 


show that the inequalities 


F(z)=^ 


l+f(zy 


l?+|z ^ ^ R-\z ' 


hold when |z| < R. (LiNDELdF.) 


2R\z\ 

J«*-|*|* 



CHAPTER IX 

THE GAMMA FUNCTION 


9.1. The definition of r(z) 

The problem of finding a function of a real variable x which is 
continuous when x is positive and reduces to x\ when x is 
a positive integer, was first solved by Eulerj* in 1729, when he 
showed that the limiting function J n(a:) of the sequence 


l{(x,n) = 


nln^ 


(n= 1,2,3,...) 


(x+l)(x+2)...(x+n) 

has the desired property. To prove this we observe that, when 

a; is a positive integer and n > a:, 

. n\x\ ^ xln^ 

n(x,n) = - — : — -n^ = 


(n+x)! (n+l)(n+2).,.(n+x) 


•a;! 


as n -> 00 . 

Euler also gave a definite integral formula for this function 
n(a;), which is most simply obtained by considering the expres- 
sion 1 

J (1— t)»-V dr, 

0 

which is now called an Eulerian integral of the first kind. When 
n is a positive integer and a; > —1, it is easily shown, by in- 
tegration by parts, that the value of this integral is 11 (a:, 

Writing t = nr, we deduce that 

n{a:,n) == J 

0 

from which it follows (cf. § 9.21) that 

00 

U(x) = J e-^Fdt. 

0 


t He announced his discoveries in two letters addressed to Goldbach. These 
are printed in Correapondxince mathimatique et physique de quelquea dUbrea 
giomitrea du XVIIl^^ sidle (Saint-P^tersbourg, 1843), 1 , 1~18. 
t This notation is due to Gauss. 



206 THE GAMMA FUNCTION 

This infinite integral is called the Eulerian integral of the 

second kind. 

In the present chapter we consider the properties of the 
Gamma functionf of a complex variable, defined by the 
Eulerian integral of the second kind 

00 

r(2) = J dt 
0 

whenever this integral converges (it being understood that 
has its principal value), and defined by analytical continuation 
elsewhere. 

Example. Show that T{n) — (n—l)! when n is a positive integer. 

9.11. The analytical character of r(2;) 

To discuss the convergence of the integral defining T{z), it is 
most convenient to write 

r(z) == <I>{z)+Y(z), 

1 00 

where 4>(2) = J dt, T( 2 ) = J dt, 

0 1 
We consider the function T( 2 ;) first. 

Let us suppose that z lies in a quite arbitrary bounded closed 
domain. Then there exists a constant A such that Rlz < A 
when z lies in this domain, and so 

^ <A-i 

when t^ I, But since tends to zero as < -> +oo, there 

exists a constant C, depending on A, such that t^^^ < when 
^ > 1. Hence we have 

when z lies in the given domain, and so, by the M-test (§ 5.52), 
the integral defining ^(z) is uniformly and absolutely con- 
vergent. It follows, by § 5.51, that Y(z) is an analytic function, 
regular in every bounded closed domain, and so is an integral 
function. 

t The notation r(z) is due to Legendre. For some purposes it is still found 
more convenient to use the older notation of Gauss and write 11(2—1) for the 
function denoted here by T{z)m 
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To deal with the integral for 0{z), it is simplest to make the 
transformation t = l/u, which gives 

00 

0(25) = J du. 

1 

This integral obviously does not converge when RI2 < 0 . It is, 
however, uniformly and absolutely convergent in any bounded 
closed domain which lies definitely to the right of the imaginary 
axis. For in such a domain an inequaUty Rlz ^ S, where 8 > 0 , 
is satisfied, and hence 

when u ^ 1 . The result stated follows immediately by the 
Jlf-test, and implies that 0(25) is an analytic function, regular 
when RI2; > 0 . 

We have thus shown that r(2:) is the sum of an integral func- 
tion T(2:) and an analytic function 0(25) which is regular to the 
right of the imaginary axis. We next show how to continue 
0(25) analytically across the imaginary axis. If in the formula 

1 

<I>(2;) = J dt 

0 

we replace by its Taylor series and then integrate term by 
term, as we obviously may when Rlz > 0 , we find that 

^ ’ J^n\ (z+n) 

But this series is uniformly and absolutely convergent in any 
closed domain which contains none of the points 0 , —I, — 2 ,..., 
and so provides the analytical continuation of 0(2). 

The Gamma function is therefore of the form 

where ^(z) is an integral function. The only singularities of 
r(2) are thus simple poles at the points 0 , — 1 ,- 2 ,..., the residue 
at 2 = — n being (— l)^/w! . 

9.2. Tannery’s theorem 

In order to prove the identity of the Gamma function and 
Euler’s limit (§ 9 . 1 ), we need the following lemma, which is the 
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analogue of a well-known theorem concerning series, due to 
Tannery .f 

If lim/(/,n) = g(t)y limA^ = +oo, 


then lim f f(t, n)dt f g{t) dt, 

n—*‘Oo J J 

a a 

provided that f{t, n) tends to its limit g{t) uniformly in any fixed 
interval, and provided also that there exists a positive function M(t) 

such that \f{t,n)\ < M{t) for all values of n and t, and also such 
00 

that J M{t) dt is convergent. 

a 

Let T be any number greater than a. Then if n is chosen 
large enough to make A„ > r, we have 

An 00 

I f(t,n) dt— j g(t) dt 

a a 

= J if—g) dt + ^ fdt — jgdt 

a T r 

T An 00 

< J {f{t,n)—g{t)} dt + j \f{t,n)\ dt + j \g{t)\ dt. 

it T T 

But since \f(t,n)\ < M{t) for all values of n, we also have 
\g{t)\ < .M{t). This gives 

An 00 

J f(t,n)dt — J g{t)dt 

a a 

r 00 

< J {f{t,n)-g{t)} dt + 2 j M{t) dt. 

a T 

Now f{t, n) converges uniformly to g{t) in the fixed interval 
a ^t^r, and so the first term on the right-hand side of this 
inequality tends to zero. Hence we have 

An 00 00 

lim J* f(t,n) dt j g(t) dt ^ 2 j M(t) dt. 


t See Bromwich, Infinite Series (2nd edition), §§ 49, 172. 
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00 

Since the integral J M(t) dt converges, we can make the expres- 

a 

sion on the right-hand side of this inequality as small as we 
please by making t sufficiently large. But as the expression on 
the left-hand side of the inequality does not involve r, this 
implies that 

An 00 

lim r fit, n)dt — f g(t) dt = 0, 

n— *-00 J J 

a a 

and so the lemma is proved. 

V 

Example. Let F(n) = 2 Vr(n), where p tends steadily to infinity 

r=0 

with n. Then if Vf(n) — > t/;,. as n oo for each fixed value of r, prove that 

lim F(n) = 2 Wy, 

n— *-00 r=sO 

provided that \Vr(n) | < ilf,, where ikf, is independent of n and 2 
converges. (Tannery.) 


9.21. Euler’s limit formula for r( 2 ;) 
We shall now show that, if 


r(z,n) 


1,2,3,...), 


' ’ ' 2(z+1)(z+2)...(z+w) ' > > - - 

then r(z, n) tends to r( 2 ) as w oo, the convergence being uni- 
form in any bounded closed domain D which contains none of 
the singularities of r(z). The proof falls into two parts. 

In the first place, we have 


But since 


large, the infinite product 

IniH’Hl 


+ 0 -, 


when r is large, the infinite product 


converges uniformly and absolutely in D to an analytic function 
^(z), say. This, however, implies that r(z,w) tends uniformly 
to F(z) in It only remains to show that F(z) is identical with 
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r(2); moreover, by the theory of analytical continuation, it 

suffices to prove this when RI2; > 1 . 

Now if n is a positive integer and Biz > 1 , it is easily shown 
by integration by parts that 

1 n 

r(z,n) = w* J (1— = J |i— dt. 

0 0 

It will follow that 

00 

r(z, w) J dt = r(2), 

0 

provided that we can show that the conditions of Tannery’s 
theorem are satisfied. 

From the equation 

0 


nj n 


it follows that, when 0 < < < w. 


t 



0 


Hence, if x denotes the real part of z, 




P+1 

2n' 


and so 


(- 3 - 


-1 -> 


as n -> 00, uniformly with respect to t in any fixed interval. The 
first condition of Tannery’s theorem is thus satisfied. 

Again, we also have 




But since a; > 1 , J dt converges and the second condition 
0 

of Tannery’s theorem is satisfied. This completes the proof f of 
Euler’s limit formula for r(2). 

t The argument is much simplified if one uses Lobesgue*s theory of integra- 
tion. See Burkhill, The Lehesgtte Integral (Cambridge, 1951), p. 42 Ex. 4, and 

p. 82. 
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It should be observed that we have shown incidentally that 

This formula is also due to Euler. 

Example. Show, by using Hurwitz’s theorem (§ 6.21, Ex. 2), that 
V(z) never vanishes. 


9.22. Two important identities 

We shall now deduce from Euler’s limit formula the two 
important identities 

r(z+i) = zr(z) 

and r(2;)r(l— 2) = tt cosec 7725 . 

To prove the first identity, we observe that 

7i!n^ n 

= 2hm — — 

n-^9iZ{z-\-\){z-\-2),,\z-\-n) z-\~u-\-\ 

^zr{z). 

From this it follows immediately that, when n is a positive 
integer, ^ (n-1)! r(l) = («-!)! 


Again, we also have 
r( 2 ;)r(l— 2 ) = lim 




n\n 


lim 


! 


m\m 


z{z+l),..(z+n)m->oo(l—z)(2--z).„(m+l—z) 
n\ n\ n 


= lim 


n-^oo2(P— 22)(22— 22)...(7i2 — 


=V('n(-5))- 


Hence, by the example of § 6.83, 

r(2)r(l — 2 ) = 77 cosec 772. 


Example 1. Prove that TH) == V77. 
Example 2. Show that 

(2n)l = 2*»*n!r(n+J)/V7r. 
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Example 3. Show that, if a; is real, 

- ytsKs)- 

Example 4. Prove that r(2,n) = n*r(n+l)r(a)/r(n+2+l)« 
duce that n*V(n)IV(n-^z) -> 1 as n -> oo. 

Example 5. If ijt(z) denotes the derivative of log r( 2 ), show that 
ilf(l—z)—ip{z) = TTCoinz, 


9.23. Legendre’s duplication formula 

It was shown by Legendre that r{2z) can be simply expressed 
in terms of r(z) and r(z+ J). To prove this result, we observe 
that, by § 9.22, Ex. 2, 


r( 22 ;, 2n) = 


(2n)\ (2np 


22(22+ l)(22;+2)...(22;+2n) 


__ r(n+ J) 

” V 7 rz(z+l)(a+ 2 ).,.(z+«)(z+|){ 2 +|)...{z+w— i) 

2^*"^ ri/ XTH/ I 1 \ ^+i’ + ^ 

“ -V. 

If we now make n oo and use the result of § 9.22, Ex. 4, we 
find that „ir(2z) = 22*-ir(z)r(z+^). 

This is Legendre’s duplication formula. 


9.3. The Eulerian integral of the first kind 

The Beta function B{p,q) is a function of two complex 
variables p and q, defined by the Eulerian integral of the first 
kind 1 

0 

whenever this integral converges, it being understood that 

tP-l = ^ _ g(fl-l)lofir(l-<) 

where the logarithms have their principal values. This equation 
defines B(p, q) when the real parts of p and q are positive. For 
other values of the variables, the Beta function is defined by 
analytical continuation. 

As we have just seen, there is a close connexion between the 
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Eulerian integral of the first kind and the Gamma function. We 
shall now exhibit this connexion more fully by showing that 




r(y)r(g) 
r(i)+g) ■ 


For simplicity of proof, we assume temporarily that the real 
parts of p and q exceed unity. 

Let us denote by 8ji the square bounded by the lines a; = 0, 
a: = i?, y == 0, 2/ = i2. We then have 


r{p)r(g) = J e~^a:^“^ da; X J dy 
0 0 


= lim 

R-^co 


R R 

J dx j dy 
0 0 


^-X^y^p-lyq-l 



dxdy, 


the double integral being equal to the repeated integral since 
the integrand is a continuous function of both variables. We 
next show that 

r(^)r(g') == lim f r dxdy, 


where denotes the triangle bounded by the axes and the line 
x+y — R. 

For, if we call the integrand f(x, y), we have 


IJ dxdy — JJ f{x,y) dxdy\ 

Sk Tr 


= j| f{x,y)dxdy 

<: ff l/(^,y)ldxdy c 

Sr-Tr 

< jj 1/1 — JJ Ifl^xdy. 

Sjt SrI2 

But this last expression tends to zero as ii -> cx), since 

I/I dxdy “ JJ dxdy-> r(Rl2?)r(Rl3'). 

Sm 


// 

Sb 
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r( 3 >)r(g') = lim f f dxdy. 

If in this last equation we now make the substitution 
x-\-y = $,y = ^ 1 }, we obtain 

R 1 

r(2))r(g) = lim f di X f drf 

0 

oo 1 

= J e-i^p+<t-i di X J 0«-^ dt 


= r(j)+g)B(p,g). 

This proves the theorem when the real parts of p and g exceed 
unity. The result still holds, however, whenever the integral 
defining B(p, q) converges, that is, when the real parts of p and 
q are positive. For the expressions on each side of the equation 
are regular analytic functions of each variable. 

We have thus proved that 


r(j)+9) 

when the real parts of p and q are positive. For other values 
of p and q, this equation is to be regarded as the definition of 
the Beta function. 

An important generalization of the Eulerian integral of the 
first kind is due to Pochhammer,t who showed that, with this 
general definition of the Beta function, 


J dz = — 4e<^+ff>’^^sin772?sin7rgB(2>,3^), 

c 

where C denotes a rather complicated contour encircling each 
of the points 0 and 1 twice in opposite directions. For the 
details of this we refer the reader to Pochhammer’s original 
memoir. 


9.4. Euler’s constant 

We now show that the numbers 

«„= l+^+^ + ...+i-log» (»= 1,2,3,...) 
z o n 

t Math, Annalen, 35 (1890), 495. See also Whittaker and Watson, Modem 
Anodyoia (1920), 256-7. 
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form a convergent sequence whose limit y lies between 0 and 1. 
This constant y, which is approximately equal to 0*5772, is of 
great importance in the theory of the Gamma function and is 
usually known as Euler’s constant. 

To prove this, we observe, in the first place, that the sequence 
is a steadily decreasing one: For 

On the other hand, since Ijt decreases as t increases, 


14-1. I 4 . I 1 ^ 

1+2 + 3+... + ^ > J j > 2 + 3+i+-+«' 


from which it follows that 


i < < 1. 

n 

The sequence is, therefore, bounded and steadily decreasing, 
and so tends to a limit y. Moreover, by the last inequality, 
y must lie between 0 and 1. 


9.41. The canonical product for l/r( 2 ) 

We have already seen that r( 2 ) is an analytic function which 
has no zeros and has simple poles at the points 0, —1, — 2 ,..,, 
From this it follows that l/r( 2 ;) is an integral function with 
simple zeros at the points 0 , — 1 , — 2 ,.,.. We now exhibit the 
property more clearly by proving that 

so that l/r( 2 ) is an integral function of order 1. This formula 
is due to Schlomilchf and F. W. Newman.l 
To prove this, we start with the equation 

1 _ z(z+l)(z+2)...(z+w) 

r(z,n) ” «!»* 


t Archiv der Math, und Phys. 4 (1844), 171. 
t Cambridge and Dublin Math. Journal, 3 (1848), 57-60. 
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in the notation of § 9.21. Hence we have 

= *exp{*(l+l+i+...+ i-log»)} 0 ((l+;)«-*) 

as n cx), by the result of § 9.3. Since r(z, n) r( 2 ;), this gives 
the required result. 

9.5. Asymptotic expansions 

A series Ao+^+^+...+^+..., 

z z z 

which may either converge for large values of \z\ or diverge for 
all values of Zy is called an asymptotic expansion of the function 
F(z)y valid in a given range of values of argz, if, for every fixed 
value of n, the expression 

tends to zero as \z\-> oo, whilst argz remains in the given range. 
When this is the case, we denote the relationship between the 
function and the series by writing 

F{z) ~ . 

This definition, which is due to Poincare,t implies that the 
difference between F(z) and the sum of n terms of its asymptotic 
expansion is of the same order as the {7iH-l)th term when \z\ is 
large, a fact which often renders an asymptotic expansion more 
suited for numerical computation than a convergent series. 

If a function F{z) possesses an asymptotic expansion 

z z* 


t Acta Math, 8 (1886), 295-344. 
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the coefficients are determined successively by the equations 
lim F{z) = 

lim2{jP(2)— ^ 0 } = -^ 1 . 

lim zAf(z)—Aq—^^ = 

lal-^oo \ Z I 

and so on. On the other hand, a knowledge of the asymptotic 
expansion does not determine the function, since two functions 
may possess the same asymptotic expansion. For example, 
and have the same asymptotic expansion 


z.l! z^.2l 


valid in the angle |arg 2 | < ^tt. 


9.51. A more general definition of an asymptotic expan- 
sion 

It may happen that, even though the function F(z) does not 
possess an asymptotic expansion, there exists a function G(z) 
such that jp.. j j 


in a certain range of values of argz. In this case, we shall write 

i’(2)~G(2)j^„+^ + ^* + ...). 

The term Aq 0{z) is called the dominant term of this asymptotic 
representation of F(z), 

00 00 

Example 1. Show that, if f(z) ^ ^ 9 {^) ^ 2 

0 0 

the same range of values of arg 2, then 

0 

where 


Example 2. Prove that, if f(x) when x is large and 

2 

positive, then 00 00 

« 1 
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9.52. Watson’s lemma 

The following lemma, due to G. N. Watson, f enables us to 
determine very simply the asymptotic expansion of a function 
defined by a definite integral. Although the type of integral 
considered is apparently very special, the lemma does, in fact, 
cover many of the cases which occur in analysis. 

Let us suppose that f{t) is an analytic function^ regular, save 
possibly for a branch-point at the origin, when ^ a+8, where 
a and 8 are positive, and let 


m = I 

m— 1 


when 1^1 < a, r being positive. Let us suppose, further, that, when 
t is positive and t > a, 

\m\ < ife" 

where K and b are positive numbers independent of t. Then 


F(z) = J e-*y(<) dt 
0 


00 




when \z\ is large and \sxgz\ < Itt—A, where A is an arbitrary 
positive number. The lemma states that the asymptotic expan- 
sion is obtained by substituting in the integral the series for f{t) 
and then integrating formally term by term. 

To prove this lemma, we observe that, having fixed a positive 
integer M, we can find a constant C such that the inequality 






is true when i > 0, no matter whether < < a or not. Hence, if 



dt +Bit. 


M-l 

W— 1 

we have to show that is bounded as j^l -> oo. 


t Proc, London Math, Soc, (2), 17 (1918), 133. See also Watson, Bessel 
Functions (1922), 236. 
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Writing z = aj+iy, we find that 


? / M-i . 


< f dt 


_ Cr(Mlr) 

- 

provided that x—b is positive. But from the condition 
|arg 2 :| ^ Jtt— A, we have x ^ | 2 |sinA, so that x—b is positive 
if |2;| > 6 cosec A. Hence, when [arg^l < iTr— A < ^tt and 
\z\ > 6 cosec A, we have 

^.M,rS I ^ Cr(Mlr)\z\^lr _ 
this completes the proof of the lemma. 


9 . 53 . The asymptotic expansion of r(2) 

We shall now discuss the behaviour of r( 2 ) for large values 
of la; I by finding the leading terms in its asymptotic expansion, 
valid when |argz| < tt. One way of doing this involves proving 
first Stirling's! asymptotic series 

log r(z) ~ (z-pogz-z+ Jlog(2,r)+ 2 2r(2r-l)i-^ - 

In this formula, the coefficients are Bernoulli's numbers 
defined by the expansion 

^ZCOthJz = 1+ 

The required asymptotic expansion of r( 2 ) can be deduced from 
that of its logarithm, though it is difficult to give any simple 
formula for the coefficient of the general term. 

As this method! involves a number of difficult preliminary 
transformations, we obtain here the asymptotic expansion of 


t First published in his Methodus differentialis (London, 1730), 135. 
t See Whittaker and Watson, Modem Analysis (1920), 246-53. 
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r(2) directly from the definition as an integral, by a method 

based on Watson’sf discussion of a closely related problem of 

Ramanujan. 

When z is real and positive; the transformation t zu gives 

00 00 

r(2) = i r(i+z) = “ J ^ J du 

0 0 

00 

and so z-^e^T{z) = J du, 

0 

Although we have proved this formula by supposing that z is 
real and positive, it will also hold, by the theory of analytical 
continuation, in any closed region in which z-^e^V(z) is regular 
and the integral is uniformly convergent. The formula is, there- 
fore, true when Rlz > 0. 

Let us suppose, then, that Rlz > 0 and that \z\ is large. We 
observe that increases steadily from 0 to 1 as increases 
from 0 to 1, and then decreases steadily from 1 to 0 as increases 
from 1 to 00 . We now write 

1 00 

2 ~«e®r(z) = J {ue^’’^Ydu + J dU, 

0 1 

it being convenient to use different symbols for the variable? 
in the different parts of the range of integration. 

If, in the second integral, we make the substitution 
t increases steadily from 0 to oo as increases 
from 1 to 00 ; on the other hand, if we put c“^ = in the 
first integral, t decreases steadily from oo to 0 as increases 
from 0 to 1. In this way we obtain the equation 

0 

to which we may apply Watson’s lemma. 

Now V and u are the two real solutions of the equation 

t = «— 1— logtt. 

t Proc, London Math. Soc. (2), 29 (1929), 293-308. See also Ex. 18 at the 
end of the present chapter. 
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In order to determine the nature of these solutions we consider 
the equation K* = 


defining te; as a function of the complex variable 

Now regarded as a function of is two-valued in the 
neighbourhood of the origin, its two branches being 

5 = ±w;(l_2^4.2^2_ )l/2. 

Since each branch is an analytic function of w, regular when 
\w\ < 1, with a simple zero at = 0, it follows, by §§ 6.22, 6.23, 
that the equation 

possesses a unique solution 

regular in a neighbourhood |^| < p of the origin. As we saw 
in § 6.23, the coefficients are given by the fact that is the 
residue of at = 0; in particular, 


1 

8» 


1 

S0> 


a. 




H — im- 


We shall denote this solution by Similarly, the solution of 

5 == — 1|;(1^2^-|_2|^2_ )l/2^ 

regular in |^| < p, is ti; = tV 2 ( 0 > where tV 2(0 = 

We have thus shown that the function w(C) defined by the 
eq«.Uon jj. _ 

has two branches w = lOi(C), w; = w^ 2 ( 0 > ®^ch regular in a neigh- 
bourhood of the origin. The only branch-points or other singu- 
larities of w(() are the points at which dwjd^ is zero or infinite. 

^ _ C(l+M>) 
d^ w ’ 


these are $ = 0 and the points corresponding to = 0 and 
w; = — 1. Of these, ^ 0 is not a branch-point of and 

the value of ^ corresponding to w = —I is infinite; thus the 
only singularities of Wi(C) of finite affix are given by = ^nni, 
where is a positive or negative integer. Similarly for ti^2(0- 
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If we now put = 2 /, we see that the functions C7, u are 
regular when jlm^l < save for a branch-point at the origin, 
and that, when |^| < 27r, 

U = 1 + (20'/2+«2(2<)+«3(20®^'+«4(20'+-*-» 
u = l-(2<)i/2+a2(20-a3(20"^"+a4(20"-..., 
the square roots being positive when t is real and positive. 
Lastly, since 

dU du U u _ I 1 


d(U—u)ldt is bounded when ^ ^ c > 0. The conditions of Wat- 
son’s lemma are, therefore, all satisfied, and the asymptotic 
expansion of « 



dt 


0 


is obtained by substituting for JJ and u their expansions in 
powers of ^(2t) and integrating formally term by term. From 
this it follows that, when |arg 2 | < ^tt— A < and \z\ is large> 

z--e^r(z) ~ V(2/2)[r(i)+3r(f)a3(2/2)+5r(i)a5(2/2)*+...], 

~ yl{2irlz)[l+3ajz+l5a^lz^+...]. 

Hence the required asymptotic expansion is 


r(.)~.-vy(^)[i+jL+ 


_ 1 

28822 



9.54. The range of validity of the asymptotic expansion 
of r( 2 ) 

We next prove that this asymptotic expansion of r( 2 ) is valid 
for all large values of \z\, except when z lies in an arbitrarily 
small angle enclosing the negative part of the real axis. 

The validity of the expansion when RI 2 > 0 followed from 
applying Watson’s lemma to the formula 

00 

z-^e^r{z) = J e-^F(t) dt, 

0 

where F(t) = d(U--u)ldt, Now by applying Cauchy’s theorem 
to the integral of e~-^F(t) round the complete boundary of the 
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sector of (/| < jB bounded by arg^ = 0 and arg^ = a, we easily 
show that, if — Jtt < a < Jtt, then 

00 00 

J e-‘*F{t) dt — j exp(— 2 te“^)J’(te“*)e“^ dt 
0 0 

when the real parts of z and are positive. But the latter 
integral converges uniformly in any closed region for wliich 
R1(2C®^) > 0 and represents an analytic function. The expres- 
sion on the left-hand side of this equation is equal to z'^^e^r{z) 
when RI 2 ; > 0. Since the half-planes Rlz > 0 and Rl(ze“^) > 0 
have an area in common, it follows, by analytical continuation, 
that 00 

z-^e^r(z) = J ex]p{—zte°^^)F(te^^)e°^^ dt 

0 

when Rl( 2 ;e“^’) > 0, provided that — Jtt < a < ^tt. 

Writing temporarily $ for we obtain, by Watson’s lemma, 

00 00 

J exp(— di = j dt 

0 0 

/2irc“*y'Yi e“* c2“< \ 

12 c ■*'2885* ■^"7 

=. ^ni+-+— + 4 

\z) \ ^12z^288z2^ ) 

From this it follows that 


r(2) e“®2‘ 


M' 


1 


1 


12z ' 288^2 


•■■■) 


when |arg( 2 ;e“^)| Jtt— A, where A is an arbitrary positive 
number. But since a is any number between this implies 
that the asymptotic expansion is valid under the single restric- 
tion jargzl < TT— 8, where 8 is any positive number. 


9.55. The asymptotic behaviour of \r{x-\-iy)\ when y is 
large 

Since r(z) takes conjugate complex values at points which 
are symmetrical with respect to the real axis,f we have 
\r(z)\^ = r(z)r(z), 

t This is obvious from the canonical product for l/r( 2 ). Alternatively 
it is a consequence of Schwarz’s principle of symmetry (§ 8.4), since r( 2 ) is 
real when z is real. 
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and so, when |argz| < ir. 


|r(z)P ~ |z| 

Writing z — x-\-iy, this gives 


ir(a:+ty)l* ~ 27ter^{x-\-iyY'^^^(x—iyY~^^j\z\ 

Now suppose that y increases indefinitely, whilst x remains 


finite. Then 

|r(a:+%)|®. 


2irc-*®i 




> 2 \x-ll 2 


g-rry +21/ arctan(x/i/) 


~ 27re-2®y2a:-ig-7ry+2x ^ 27ry2®“ie-‘^*'. 

When y is large and negative, the corresponding asymptotic 
formula |r(*+iy)P ~ 27 r(-yp-ic’^ 


follows immediately if we remember that 

ir(a;+iy)i = |r(a:— 

Combining these two results, we have, finally, 
\r{x+iy)\ ~ V(2^) |y|*“i/2e-7riyi/2 
when X is finite and \y\ large. 


9.56. Another proof of Legendre’s duplication formula 

We now give an alternative proof of Legendre’s duplication 
formula, depending on the use of Liouville’s theorem. 

Let us consider the function 

<f>{z) = 2^^T{z)r(z+\)IT(2z). 

Its only possible singularities are the poles of the numerator and 
the zeros of the denominator. Now the numerator has simple 
poles at the points 2z = 0, —1, —2, —3,...; but since these 
points are also simple poles of the denominator, they are not 
singularities of <t>{z). The denominator T(2z) never vanishes. 
Hence <f>(z) has no singularity of finite affix and so is &n integral 
function. 

Again <f>{z) is a periodic function of period 1, since 
<^(g+l) ^ 2H(z+\) ^ 

^(z) (2z-\’l)2z 

by the recurrence formula for the Gamma function. Hence, if 
we can show that <f>(z) is bounded when RI 2 ^ 1, say, it will 
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follow, by periodicity, that it is bounded all over the z-plane. 
But, by the asymptotic expansion of r(z), we have 

m = 2(l)‘'’(l+^)'(l + o(i‘)) = 2V^l + 0(l/|.|)) 

when \z\ is large and |argz| < tt. Hence <f>{z) is certainly 
bounded when RI 2 : ^ 1. 

We have thus shown that <f>(z) is an integral function which 
remains bounded as |z|->oo in any manner. By Liouville’s 
theorem, this implies that <f){z) is a constant, its value 2V7r being 
found by making |z| ->oo. This completes the proof of Le- 
gendre’s duplication formula 

7r*r(2z) = 2^-^r{z)r{z+^). 

Example. Prove Gaiiss’s multiplication theorem that, if n is a posi- 
tive integer, 

r(z)r(z+i)r(z+^)...r(*+^^) = 

9.6. Hankers contour integral for l/r(z) 

The Eulerian integral of the second kind defined r(z) only 
when the real part of z was positive. We now introduce a 
contour integral, due to Hankel,t which represents the Gamma 
function under much less restrictive conditions. 

Let us consider the contour integral 

J 

D 

The integrand has, in general, a branch-point at the origin, but 
each branch is a one-valued function of regular in any domain 
of the complex plane supposed cut along the real axis from 
—00 to 0. We choose the branch for which 

where log^ has its principal value. 

Let Z) be a contour in the cut plane which starts at — /> on 
the lower edge of the cut, goes round the origin in the positive 
sense, and returns to — p on the upper edge of the cut. This 
contour can be continuously deformed without crossing the cut, 

t Zeitaohr^t far Math. u. Phya. 9 (1864), 7. 

s.vni..i Q 
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until it consists of the lower edge of the cut from — /> to —8, 
where 0 < 8 < p, the circle |<| = 8, and then the upper edge of 
the cut from —8 to — p. This deformation does not alter the 
value of the integral. 

Now on the upper edge of the cut, we have t = ue^^, where 
u is real and positive, and so the integrand takes there the value 

^—u—zlogu—ziri _ aiTrf 


Similarly on the lower edge of the cut t = and the inte- 

grand is now 

Hence we have 

p 

J e-*"0 J e-'‘u-‘>du +1, 

•n 

where ^ “ J 

— Tr 

But if 2 = aj+ty, 

n 

|/| < J < 27rSi-»e®+"l«'i, 

— IT 

and so I tends to zero with 8, provided that x < 1. We have 
thus shown that 

p 

J €ft~^ dt = 2fsin7r2 J dz, 

D 0 

provided that Rl(l— 2 ) > 0. 

Now let G denote the contour obtained from D by making 
p tend to infinity. We then have 

00 

J eft-'^dt = 2isin7r2 J du = 2isin7r2r(l— 2 ). 

c 0 

Since r( 2 )r(l-~- 2 ) = tt cosec 7r2, it follows that 


r(2) 27ri J 




Although we have only proved this formula when Rl(l— 2 ) > 0, 
it does, in fact, hold for all values of 2 , by the theory of analytical 
continuation, since the expressions on each side of the equation 
are integral functions. 
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This completes the j)roof of Hankel’s formula, that 

^ = -i-. f 

r(2) 2Tn J 

c 

for all values of z, where the contour C starts at the point — oo 
on the real axis, encircles the origin once in the positive sense, 
and returns to its starting-point.f 

It should be observed that we have shown incidentally that 

r(2) — f 

2tsin7r2 J 
* c 

for all values of z, save 0, ±1, ±2,... . 

REFERENCES 

N. Nielsen, Handbuch der Theorie der Gamma-funktion (Leipzig, 
1906). 

E. Lindelof, Le calcul dea residua (Paris, 1905), Chap. IV. 


MISCELLANEOUS EXAMPLES 

1. By integrating round the complete boundary of a quadrant 

of a circle, indented at the origin, prove that 

00 

0 

provided that 0 < Rlz < 1. Deduce the values of 
00 00 
J <*~^cos t dt, J ^*~*sin t dt. 

0 0 

2. By integrating round a suitable closed contour, show that 

00 

J dt — 8~^T{z) 

0 

provided that the real parts of a and z are positive. Deduce the values of 

00 

J sin 

0 

when A > 0, a; > 0, and — < a < Jtt. 

3. Show that, when x is positive, T{x) has a single minimum value 
which occurs between 1 and 2. 


(0 + ) 

t We shall frequently write J for J . 

— 00 C 
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4. Show that B(^,g) = J 

0 

provided that the real parts of p and q are positive. Deduce that 
r( 2 )r(l— «) = TT cosec 7r2. 

6. Prove that iti 2 

J 2r(jj4-3) 

0 

provided that the real parts of p and q are positive. 

6. Show that, when the real parts of p and q are positive, 

1 

B(p,q) 

J (a-hbt)^+<i (a+6)J>a«’ 

0 

provided that a/b is not a real niunber between 0 and — 1 . 

7. Prove, by using the transformation w = a;+t/-f2* uv = y-j-z, 
uvw = 2 , or otherwise, that, if f(t) is continuous and a, j8, y are positive, 

1 

J J J /(x+y+*)*-J2/^>av-i dxdydz = J dt, 

0 

where the triple integral is over the volume bounded by the coordinate 
planes and the plane a;+ 2/+2 = 1. (Dirichlet.) 

8. Prove, by using the transformation xy ^ t^y — t-^u, ot otherwise, 
that, if f(t) is continuous and a and are positive, 

11 1 

J <fa! J dy/(a^)(l— = ^“a+j8) J '*• 

0 0 0 

9. Show that Euler’s constant y is given by 

^0 1 ■' 

0 1 

10. If ^( 2 ) denotes the derivative of log r( 2 ), prove that 


00 



n-»l 



Deduce that 


Show also that 
11. Show that 
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1 

^(1) = — y, >l>(n+l) = — y+ / -• 

r-1 

00 


n *»0 


M) = -y-21og2, ^'(i) = W- 

12. Prove that, when Rlz > 0, 

0 

00 

>p{z+l) = ^ +log*- J (icoth it- dt. 


Deduce that 


13. Prove that, if Rlz > 0, 
1 

* l2X-\ 


f 


1 


dt = 4^(z+J)-i^(z). 


0 

provided that the real parts of x and y are positive. 

14. Show that, if the real parts of a and h are positive. 


1 

J 


3.6-1 

\—X 


dx = tff(h)—ijj(a). 


Deduce that 


1 

/ 


(a^‘-*»-‘)(l-x«) _ ,_r(o+c)r(6) 

(l-a:)logx “ ‘°®r(6+c)r(o)’ 


provided that the real parts of a, 6, c-fo, h-\-c are all positive. 
16. The logarithmic -integral function is defined by 


i(z) = f 


li(z) 


dt 

J 


J 


® .J 

— au, 
u 
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Prove that 


li(e-*) 
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and deduce that, when |arg 2 f| < in— A < in, 

ri II 2! 3! \ 

16. Show that, when |arg 2 ;| < in— A < in, 


a. 

I 


g-l , (<x-l)(cc-2) 


^ 2“e“*{ - H r — h 

\Z 2* 




■I- 


17. The error function is defined by 


(Legendre.) 


Erfcz 


-I 


r*’dt. 


Prove that, when |arg 2 | < Jw— A < Jtt, 

.. 1 1,1.3 1.3.6 , \ 

Erfcz ~e 2»z»"''23z‘ 2V 


18. Show that, if 


then J “• J duj. 


Deduce that, as n — > oo. 
On ^ 


8 


3‘^136n 2835n* 


19. Prove that, if 


+ .... 

(Ramanujan, Watson.) 


71 71 71 . 


then 


^» = 1 


/*■“(' " 9 " 


Hence show that, as n increases from 0 to oo, <!>„ decreases steadily from 
1 to i, and that 

~i + — + -— +.... 

2 ^ 8n ^ 32n» ^ 


20. Deduce from Ex. 12 that, if \z\ is large and jargzj < in, then 

Hence show thatf oo 

logr(z+l) ~ (z + J)logz-z+Jlog27r+ J 2r(2r- 1 )z^' =I ' 

t Use § 9.61, Ex. 2. The constant J log 2ir is determined by using the 
dominant term of the asymptotic expansion of r(z+ !)• 
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21. Find an asymptotic expansion, valid when \z\ is large and 
R1 z > 0, of the function 


I' 


dt 




Extend the range of validity of this expansion and deduce that 


I 


1 TT • V 

dt = ^(Xcosz— Fsmz), 


00 

/ 


sm^ . 1 / V • . TT V 

— _ dt = - 7 (a sinz-f Y cosz), 
Vi Vz 


where, when |z| is large and Rlz > 0, 

^ 1 1.3.6 , 1.3. 6. 7. 9 

X ^ 77T-rs- +- 


2z (2z)3 


(2z)^ 


1.3 1. 3.5.7 

(22)>+ (22)« 

22. Show that, when \z\ is large and |argz| < Jtt— A < Jtt, 


/ 


cos(/— z) 


oi — r^“ “i “■ ••• » 
z* z* z® 


00 

/ 


sin(t— z) 


, 1 2! , 4! 


23. By integrating ttz”* cosec 7]’«/r(l—«), where z is positive, round 

the rectangle with vertices aii/?, — where (j is positive, show 

that ( 7 +ooi 

± J z-r(s)«fo = e- 

a-ooi 

Prove that this formula also holds when |argz| < Jtt—S, where 
8 > 0. 

24. Deduce from Hankel’s contour integral that 

a+ooi 

— = — I e‘t~‘dt, 

r(z) 2« J * 

a-ooi 

where a > 0, provided that Rlz > 0. (Laplace.) 

26. /(z) is an analytic function of z, regular in the half-plane Rlz < c, 
where c is positive; o, denotes the value of the rth derivative of/(z) at 
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the origin. Show that the equation 
( 0 +) 

J* /(*)**“^ dz 

— 00 

00 

= 2t8inoiT J — ^ + — +(— * 

0 

is true, provided that the integer k lies between Rl(— o) and Rl( — a — 1 ). 

(Cauchy.) 

26. Prove that, when R1 z < 0, 

00 

r(*) = J p-i{e-‘-l+<-| + + dt, 

0 

where k is the integer which lies between Rl(— z) and Rl(— z— 1). 

(Saalschutz.) 

27. Show that the equation ^ ■ - = c, where c ^ 0, has three 

1 ( 2 + 1 ) 

infinite sets of roots, which behave asymptotically like 

-n{l+o(l)}, 

as n -> 00 , one root of each set being associated with each large positive 
integer n. (Hardy.) 

28. Show that the inverse factorial series 


r 2 (z+l)...(z+n) 


converges whenever convergent, provided that z is not a 

negative integer or zero; and conversely. 

Prove also that the convergence of either series is uniform in a bounded 
closed region D, if it is uniform for the other, provided that D contains 
none of the points 0, — 1, —2,.,. . (Landau.) 



CHAPTER X 

THE HYPERGEOMETRIC FUNCTIONS 


10.1. Homogeneous linear differential equations 

Befobe we discuss in detail the properties of several im- 
portant analytic functions defined by differential equations, it 
is desirable to consider whether there exists an analytic function 
w[z) which satisfies the homogeneous linear differential equation 


d^w 




where the coefficients Pi(2), analytic functions 

whose only singularities of finite affix are poles, and, further, 
if such a solution does exist, to ask what effect the singularities 
of the coefficients have on the nature of the solution. 

The simplest equation of this type 

^+ 2 >( 2 )«; = 0 


presents little difficulty. Its variables are separable, and the 

solution is r r ^ 

w — expj — p(z) dzy 

On the other hand, the equation of order two 

has no such simple solution. We restrict our attention to this 
equation for two reasons; firstly, the analysis in this case is 
easily extended to the more general case, and, secondly, the 
particular functions with which we deal in the sequel do, in 
fact, satisfy second-order equations. 

A point z^ is said to be an ordinary point of this differential 
equation if the functions p(z) and q{z) are regular in a neigh- 
bourhood of Zq\ all other points are called singular points of the 
differential equation. 

10.11. The solution near an ordinary point 

We now show that if z^ is an ordinary point of the equation 
d?w , . .dw , , V ^ 
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and if and a^ are two arbitrary constants, there exists a unique 
function w(z) which is regular and satisfies the differential equation 
in a certain neighbourhood of Zq, and which also satisfies the initial 
conditions w(Zq) = a^, w\zq) = a^. This theorem, which is due 
to Fuchs, t shows that the only possible singularities of the 
function defined by the differential equation are the poles of 
the coefficients jp{z) and q(z). 

For simplicity we suppose that z^ is zero.J Then since 'p{z) 
and q(z) are regular in a neighbourhood |2;| < i? of the origin, 
they are expansible as Taylor series of the form 


2>(2) = 2". «(2) = 2 S'n 2™. 

0 0 

the radius of convergence of each series being not less than R, 
We now try to find a formal solution by substituting 

w = aQ-\-a^z-\-a^z^-\-... 


in the equation 

d^w 

dz^ 




and equating coefficients. This gives 


— 2a2 = 

— 2.3a3 = 2a2i?o+«iPi+«i?o+«o?n 
and, generally, 

+«n-2^0+«n-39^1+-+»l^n-3+aog^n-2- 
These equations determine the coefficients a^ successively as 
linear combinations of a^ and a^. 

We next show that this power series which satisfies the dif- 
ferential equation formally and also satisfies the given initial 
conditions, has a radius of convergence which is not less than R, 
The proof of this is rather difficult, since we know very little 
about the coefficients pj, and g,.. 

Let us denote by M and N the maximum values, necessarily 


t Journal fur Math, 66 (1866), 121. See also Forsyth, Theory of Differential 
Equations, 4 (1902), Chap. I, and Bromwich, Infinite Series (1926), 162. 

t This involves no loss of generality. For, if Zq is not zero, we make the 
transformation z' = 2 — *«. 
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finite, of \'p{z)\ and \q(z)\ on the circle \z\ = r, where r < B. 
Then, by Cauchy’s inequality, we have 

and so |2)„| < Kjr”, |g„| < 

where K is the greater of M and Nr, 

Writing and for and la^l respectively, we have 

2\a^\ < 6i|Pol+6ol?ol < b^K-]rKKIr < 2b^K+b^Klr, 

and so [Ual ^2 

where 263 = 2 b^K-\-bQKIr. 

Similarly, 

2.3|a3| ^ Ipo 1+^1 1+^1 1^0 1+^0 I 

< 2b^K-^2bT,KT-^+b^Kr-^ 

< ^b^K+2b^Kr-^-\-b^Kr-^, 

and so jag) < 63 

where 2.863 = ^b^K-{- 2 b^KT^^-\-b^Kr’-^, 

Proceeding in this way we find that \a^\ < 6^^, where 

(w— 1)7 i 6^ = n6,,^iiC+(n— l)6^_2^Lr-l+...+6oiC/-^+^ 
From this equation we see that the coefficients 6„ are con- 
nected by the recurrence formula 

(w— l)w6^-(n-2)(n— l)6^_ir-i = nb^^^K, 

But this gives ^ - 

6^_i nr n—\ r 

as n -> 00, so that the radius of convergence of the power series 
is r. Since, however, \a^\ ^ 6^, it follows by the com- 
parison test that the radius of convergence of 2 cannot be 
less than r\ moreover, as r was any number less than i?, this 
shows that ^a^z^ converges when |z| < i?. 

00 

The function w(z) = 2 

0 

is, therefore, regular when \z\ C, R and satisfies the prescribed 
conditions at the origin. The formal processes of term-by-term 
differentiation, multiplication, and rearrangement of power 
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series by which this function was made to satisfy the differential 

equation are now seen to be completely justified, since all the 

series involved converge uniformly and absolutely in every 

closed domain within | 2 ;| = J?. This completes the proof of the 

theorem. 

Since is a linear function of and we can express the 
solution we have just found in the form w(z) = a© ^ 0 ( 2 ^)+ ^ 1 ( 2 ^)- 
The function Wq{z) is a solution of the differential equation 
which satisfies the initial conditions ti;o(0) = 1, Wq(0) == 0, 
whereas w-^{z) is a solution satisfying the conditions = 0, 
w[(0) == 1. Every solution of the differential equation regular 
in the neighbourhood of the origin is, therefore, a linear com- 
bination of the solutions Wq(z) and Wi{z)j which we call a funda- 
mental pair of solutions. Obviously Wq(z) and Wi(z) are linearly 
independent; by this we mean that there is no linear combina- 
tion of them which is identically zero. 

So far, the functions Wq{z) and w^{z) are defined only in a 
neighbourhood of the origin. When we continue these functions 
analytically, they remain linearly independent solutions of the 
differential equation. The continuation can be carried out along 
any path which does not pass through a singular point of the 
differential equation, and so the solution will ultimately be 
defined all over the z-plane. In the next section we show that 
the continuation is not one-valued, by proving that a singularity 
of a differential equation is, in general, a branch-point of its 
complete solution. 


Example 1. Prove that the necessary and sufficient condition that 
the two functions /(a) and g{z) should be linearly independent is that the 
determinant 




/(z) 

i/'(z) 


should not vanish. (This determinant is called the Wronskian of the 
two functions.) 


Example 2. Show that, if Wq(z) and Wx(z) are two solutions of 
w''-\-p(z)w' -\-q{z)w = 0, then 
d 

— A(Wo.Wi)-fp(2)A(w;o»w;i) = 0, 
so that A(Wo»Wi) = Cexpj— J p(z) dzj. 

Deduce that, if Wq(z) and Wi(z) become WJ^z) and W^(z) after analytical 
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continuation ro\ind a closed curve F, 

where R is the sum of the residues of p(z) at its* poles within F. 


10.12. The nature of the solution near a regular singu- 
larity 

The point Zq is a singularity of the differential equation 
w''+p{z)w'+q{z)w = 0 if it is a pole of one or both of the 
functions p{z) and q(z). We call it a regular singularity if it 
is not a singularity of either of the functions {z—z^p{z) and 
{z—z^^q(z)\ otherwise it is called an irregular singularity. 

The reason for this distinction is simply explained. In a 
neighbourhood of a regular singularity, the differential equation 
possesses, as we shall shortly prove, two linearly independent 
solutions which are regular save possibly for a branch-point at 
the singularity. But near an irregular singularity, the method of 
solution by series breaks down and the singularity of the complete 
solution is of a much more complicated character. A general 
investigation of the behaviour of the complete solution near an 
irregular singularity is beyond the scope of the present book.t 
If the origin is a regular singularity of the differential equa- 
tion under consideration, the functions zp(z) and z^q(z) are 
regular in a neighbourhood |zl < R of the origin and so possess 
convergent Taylor expansions of the form 


zpiz) = J,Pr 2% 2*2(z) = 2 2^ 

0 0 

where the coefficients p^, q^, and q^ are not all zero. We now 
show that, in general, the equation possesses two linearly in- 
dependent solutions of the form 


w{z) = 

0 

where a is a root of a certain quadratic equation. When we 
substitute these power series in the differential equation and 
equate coefficients, we find that this expression is a formal 
solution of the equation if ol and the coefficients a^ satisfy the 
conditions r, ipt \ n 

tto F (a) = 0, 


t See Forsyth, Theory of Differential Equations, 4 (1902), or Ince, Ordinary 
Differential Equations (1927), 417-37. 
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n— 1 

and a^Fioi+n) = - 2 (« ^ 1), 

«=»0 

where F{cx) denotes the quadratic a(a— l)+i?o“+?o* 

The first equation is satisfied by choosing Uq arbitrarily and 
making a a root of the quadratic equation F{(x) = 0. This equa- 
tion is called the indicial equation and its roots the exponents 
of the regular singularity under consideration. The remaining 
equations determine successively the coefficients as constant 
multiples of provided that F{(x-\-n) does not vanish for any 
positive integral value of n. Hence, if the indicial equation has 
distinct roots which do not differ by an integer, this process 
gives two formal solutions, one corresponding to each root of 
the indicial equation. 

If, however, the roots of the indicial equation are equal or 
differ by an integer, we may obtain only one formal solution. We 
leave this case for the moment as it presents certain difficulties 
which do not occur in the general case. 

10.13, The convergence of the series solution near a 
regular singularity 

We have just seen that the differential equation 

w’* -\-p{z)w' -{-q(z)w — 0 
00 

always has one formal solution w = z^^a^ valid near the 

0 

regular singularity at the origin, and that it has two such solu- 
tions when the difference of the exponents is not an integer or 
zero. To prove that this formal series does represent a solution 
of the equation, we have to show either that the series ^ 
terminates or else that it has a non-zero radius of convergence. 

Let us suppose that the series does not terminate. We show 
that if zp(z) and z^q(z) are regular when | 2 ;| < 2i, the radius of 
convergence of 2 than B, The proof is very 

similar to that of § 10,11. 

If a is the other root of the indicial equation, the coefficients 
On are given by 

n— 1 

n{n+oc-cc')a„ = - 2 

Let us write = \a^\ when 0 < n < 8, where 8 = Ja— a'| and 
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T = |a|. Then if m is the least integer greater than 8, we have 

I m—l I 

a -0 I 

m— 1 

s — 0 

But if M and N denote the maximum values, necessarily finite, 
of \zp{z)\ and \z^q(z)\ respectively on the circle \z\ = r, where 
r < Bj Cauchy’s inequality gives 

|j>„| < Mir”', \qj < N/r” 
and so |2>„1 < K/r”, |?„| < Kjr”, 

where K is the greater of M and N, Substituting these bounds 
for \p^\ and |g^|, we find that \a^\ < 6^, where 

TO — 1 

«i(m— 8)6„ = K "2 (a+T+l)bJr’”-'‘. 

««0 

Similarly we can show that |a„| < when where 

n{n—b)b„ = K j 
8 = 0 

From this equation, we see that the coefficients 6^ satisfy the 
recurrence formula 

«(n— 8)6„— (n— 1)(»— 1— 8)6„_i/r = K(n+-r)b„.^lr. 

But this gives 

bn _ (ra— 1 )(to— 1— 8) K{n+r) 

^n-i n(n—8)r ' n(»— 8)r’ 

and so lim (bjbn_i) — 1/r. 

n->oo 

The radius of convergence of the series is, therefore, r. 

Since, however, |a^ | < 6^, it follows by the comparison test 
that the radius of convergence of 2 cannot be less than r; 
moreover, as r was any number less than jR, this implies that 
this series is convergent when [zj < jB. 

The formal processes which made w — z^'^ a„ z^ a solution 
are now seen to be completely justified since all the series in- 
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volved converge uniformly and absolutely in every closed 
domain within \z\^ R, 

When the exponent-difference is not an integer or zero, we 
derive in a similar manner a second independent solution 
w = a'^z^ corresponding to the other root of the indicial 

equation. In this case at least one of the solutions has a branch- 
point at the origin. 

10.14. Solutions valid for large values of \z\ 

To discuss the nature of the solution in the neighbourhood 
of the point at infinity, we make the transformation z = l/t. 
The differential equation 

d?w , , .dw , , V ^ 

- 0 

then becomes 



The behaviour of the solution for large values of \z\ is now 
determined by solving the transformed equation in the neigh- 
bourhood of the origin. 

Accordingly we say that the point at infinity is an ordinary 
point if 2 1 (i\ I 



are regular at the origin, that is, if 

2z—z^p{z), z^q{z) 


are regular at infinity. The complete solution of the equation, 
valid in a neighbourhood of the point at infinity, is in this case 


of the form 



where are arbitrary constants. 

Again, the point < = 0 is a regular singularity of the trans- 
formed equation if ^^e regular there; we say, 


therefore, that the point at infinity is a regular singularity if 
zp(z) and z^q(z) are regular there. In this case, p(z) and q(z) are 
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expansible, by Laurent’s theorem, in series of the form 

JW-S+S+S+-. 

convergent in a neighbourhood \z\ > -R of the point at infinity. 

It may now be shown, just as in § 10.13, that there exist in 
this neighbourhood two linearly independent solutions 

where a and ol are the roots of the indicial equation 

(^0— l)a+5ro = 

provided that these roots do not differ by an integer or zero. 

10.15. The solution when the exponent -difference is an 
integer or zero 

When OL—OL — s, where 5 is a positive integer or zero, the 
solution of § 10.13 fails. For if s = 0, the two solutions become 
identical, whilst if 5 > 0, all the coefficients in one of the solu- 
tions from some point onwards are either infinite of indeter- 
minate. It is, however, well knownf that a knowledge of one 
solution of a linear differential equation of order n enables us 
to depress the order to n—l. In our case, we obtain in this 
way a linear equation of the first order which can be integrated 
immediately. 

To effect this depression of order, we make, according to the 
usual rule, the change of independent variable 

w = WQ{z)Vy 

where Wq{z) is the known solution of exponent a. The function 
V is found to satisfy the equation 



whose solution is 

»(.) ~A+Bj j pM *] &. 

t See, for example, Forsyth, Treaties on Differential Equations (1914), 130-3. 
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where A and B are arbitrary constants. Hence the required 
second solution, valid near the origin, is 


z . z . 

w(z) = Wo(2) J - J 


dz. 


Now OL and ol—8 are the roots of the indicial equation 
so that po = 1+5— 2a. Hence we have 


- f <»’*+»’=*+ •'*) 

= z-^-^g{z), 

where gr(0) = l/a§. Since ^ 0, the function (ao+®i25+...)~2 
is regular in a neighbourhood of the origin. Hence g{z) is also 
regular there and can be expanded as a convergent Taylor series 
g{z) = ^gn Substituting this series for g(z), we find that the 
second solution is 


z 

W = Wo{z) f zl-» I; dz 
0 


n*0 n = «+l 

In particular, when the exponent-difference 5 is zero, this 
solution can be written in the form 


n = 0 

As gQ is not zero, this solution possesses a logarithmic branch- 
point at the origin. When the exponent-difference 5 is a positive 
integer, the second solution takes the form 

00 

^ = 8',«>o(2)logZ+Z“' 2 Cn*”- 

n — 0 

If it happens, as may be the case, that gg is zero, the second 
solution does not involve a logarithmic term. 
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An alternative method of determining the second solution 
when the exponent-difference is an integer or zero is due to 
Frobenius.f 

Example 1 . Determine two linearly independent solutions of the 
equation l)M)'+2(6a- l)w'+(62- 1)10 = 0 

valid near z = 0, 

Example 2 . Determine two linearly independent solutions of Bessel ’s 
zw“+w'+zw = 0 

valid near the origin. 

Example 3 . Prove that the equation 

-\-w = 0 

has an irregular singularity at the origin, and show that the method of 
solution by series gives only one integral of the equation valid near 
the origin. 

Example 4 . Show that the equation 

zhv" -\-z^w' ~\-w ~ 0 

has an irregular singularity at the origin, and that it is impossible to 
find a series solution valid near the origin. 


10.2. The second -order differential equation with three 
regular singularities 

If the only singularities of the differential equation 
w'' -\-p{z)w' -\~q{z)w = 0 


are regular singularities at r/, and the functions 
P(z) = {z—^)(z—7])(z—C)p{z), 

Q{z) = {z-mz-v)Hz-cm) 


are integral functions. Moreover, since the point at infinity is 
not a singularity of the differential equation, the functions 
2z—z^p(z) and z'^q{z) are regular at infinity. This is the case if 
and only if P{z) and Q(z) are quadratics in z and the coefficient 
of z^ in P(z) is 2. 

Accordingly we can write 


p{z) 


B 


C 




— f- — n 2 — 


V 


t Journal fur Math. 76 (1873), 214-24. Soo also Forsyth, Treatise on 
Differential Equaiiona (1914), 243-58; luce. Ordinary Differential Equations 
(1927), 396-403. 
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where A+B+G = 2, and 

(«-f)(z— .j)(2-f)5(z) = • 

Z—7] 2 — 4 

here the capital letters denote constants depending on the 
exponents of the singularities. 

The indicial equation relating to the singularity | now takes 
the form _ 0. 

If the exponents at ^ are a and a', this gives 
A = D = 

Similarly if the exponents at r) are jS, jS' and those at ^ are 
y, y, we have 

and C = 1-y-/, 

Moreover, since A-^B-^C = 2, the six exponents are not arbi- 
trary, but are connected by the relation 

(X’^oc = 1. 

The differential equation is therefore of the form 


d^w Q — oc — a 1 — P — 1 — y — y^\dw 


f , PP’ I 

L yy' \ 

Uz-^K’j-C) ' 

1 

1 

L 


(z—i){z—q){z—0 


= 0. 


In the notation introduced by Riemann, we express the fact 
that 1 ^; is a solution of this differential equation by writing 


^ 1 

W = PloL jS y 2>. 

U' P' y ) 


Example 1. A linear differential equation of the second order has 
but one singularity, a regular singularity at the origin. Show that the 
equation is zw"-]-2w' = 0. 


Example 2. A linear differential equation of the second order has 
but two singularities. These are a regular singularity of exponents a and 
oc' at the origin and a regular singularity of exponents j8 and p' at infinity. 
Find the equation and show that a-fa'+j^+jS' = 0, aa' == j8j8'. 



THE HYPERGEOMETRIC FUNCTIONS 246 

Example 3 . Show that the differential equation satisfied by the 
function ^ y 

I? 00 4 

w = Pja P y z} 

U' P' / 


d^w 

dz^ 


I l l-<x-a' , l-y-y' ]du> , 
z-i I dz'^ 


- 0 . 


Example 4. Prove, by transforming the differential equation, that 


and also that 



00 

^ \ 1 

^ 0 

00 

1 

“ 

/3 

y * = H 

Qt+P 

P-p-g 

y+9 

U' 

J8' 

y ) 1 

.Ot'+P 

P'-p-g 

y '+9 

f® 

00 

1 ] 

(1 0 

00 


“ 

p 

y zUp 

a p 

y 1/(1 

-z)[ 

U' 


y' J 

U' p' 

y' 

! 


Example 5 , Prove that 

f v C 

a+p P—p — g Y + 9 

a'+p p'-p-q y+g 

■fi Vi 

OL P y z 

«' r / 

where Zj, fj, 171, are derived from z, 77, J respectively by the same 
homographic transformation. 


and also that 



V 

^ 1 

f 

r 

p 

y * 

= -P 

U' 

) 3 ' 

y' 

1 


V 

C 1 

f 

“ 

p 

y *1 

= H 

U' 

/ 3 ' 

y' i 

1 


10.21. The hypergeometric equation 

If we make the homographic transformation 

and use the results of Exx. 4, 5 of the preceding section, we 
find that 



V 

C ] 

fO 

00 

1 1 


P 

'i 

N 

1! 


y < 

U' 

) 3 ' 

y ) 

U' 

i8' 

y' i 


' 0 00 1 ' 

0 0L-^p-\^y 0 t 

^0L—(x (x+P'+y y'—y . 
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Hence, in order to determine the properties of the solution of 
the second-order equation with three regular singularities, it 
suffices to discuss the behaviour of the function 


w = P 


0 

0 

l~c 


00 1 

a 0 

6 c--a—b 


which satisfies the equation 

+{c--{a+b+l)t}w' --abw = 0. 

This is called the differential equation of the hypergeometrie 
function, or, more briefly, the hypergeometrie equation. 

To avoid difficulties regarding the possible occurrence of 
logarithmic terms in the complete solution of this equation, we 
shall suppose in the present chapter that none of the exponent- 
differences c— 1, a— 6, a-j-6— c is an integer or zero.t 


10.22. The generalized hypergeometrie equation 

If we introduce the operator ^ = z djdz, we find that the 
hjrpergeometric equation 

z{l—z)^-^{c—(a-^b-\-l)z}^—abw = 0 

takes the simple form 

d(d+C“-l)«; = z{p'-\-a)(d'-{-b)w, 

a fact which is of importance in the formal solution of the 
equation by series. 

A differential equation is said to be of generalized hyper- 
geometric type if it can be written in the form 

1)(^+P2— 1)^ 

= z(^-f ai)(^-t-a2)--(^+ap)w^; 

the order of this equation is equal to the greater of p and j-f 1- 


10.3. The hypergeometrie function 


To discuss the nature of the solution of the hypergeometrie 


equation 


l)w; == z(d^-\-a){&+b)w 


t The caee of zero or integer exponent-differences has been discussed by 
Lindeldf, Acta Soc. Scient. Fennicae, 19 (1893), No. 1, and W. L. Ferrar, Proc, 
Edinburgh Math. Soc. (1), 43 (1926), 39-47. 
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near the regular singularity at the origin, we substitute formally 
the series 

w = 

0 

and equate coefficients. We find that the exponent a satisfies 
the indicial equation 

a(a-l“C — 1) = 0 

and that the coefficients satisfy the recurrence formula 

{(x+n)(cx+c—l+n)a^ = (a+«+7i— l)(cx+6+n— 

From the recurrence formula, we deduce that 
_ r(cx+a+n)r(Qt+6+7t) . 

^ r(a+l+n)r((x+c+n) ' 

where A is an arbitrary constant, and so we obtain two formal 
solutions 

'V ^ r(a— c+l-F^)r( 6 — c+14~^) ^n 

^ r(c+n)n! ’ ^ r(2— c+n)7i! 

But since the two power series converge absolutely and uni- 
formly with respect to z in every closed domain within the unit 
circle, the validity of these solutions when lz\ < 1 follows im- 
mediately. 

We now define the hypergeometric function F(a,b\c\z) by the 
equation 

r(a)r(6) ^ r(a+n)r(64-«) Z" 

n=0 

when | 2 ; I < 1, and by analytical continuation when |z| ^ 1 ; it is an 
analytic function of 2 , which is certainly regular| when |2| < 1. 

In terms of this new function, the two solutions of the hyper- 
geometric equation valid near the regular singularity at the 
origin are 

F(a,b\c\z), z^-^F{\-\-a—Cy l-j-6— c;2— c;z). 

Example 1 . Show that 

= F(<x,P;p;z), 
log^ = 2f’(l.l;2:«), 

1 — Z 

e* = lim f((x,P;P; 

t We shcdl see later that it has branch-points at 1 euid oo. 
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Example 2. Prove that 

^I’(a,b;c;z) = ^J’(o+l,6+l;c+l;*). 

Example 3. Show that, when c = 1, two independent solutions of 
the hypergeometric equation, valid when 1*1 < 1, are F(a,b; l;z) and 


r(a)r(6)f’(o, 6; 1 ; *)log*+ ^ «, 


' r(a+r)r(6+r)^. 


r\rl 


2% 


where 




r + 1 




i 

n— 1 n/ 


10.31. An integral representation of F(a,b;c;z) 

The series defining the hypergeometric function can be 
written in the form 


r(a)r(6) 

m 


F(a,b;c;z) 


1 

r(c-b) 


00 



r(a-f w)B(6+n,c— 6)?-. 

nl 


Using the Eulerian integral of the first kind, we deduce that, 
when Rlc > R16 > 0, 


r(a)r(6) 

r(c) 


F(a,b;c;z) 


1 

- r(c-6) 



nl 


it being understood that the many-valued functions under the 
sign of integration are made definite by taking 


arg< = arg(l— f) == 0. 


Now when \z\ < I, the series ^ r{a+n)zH”^ln\ converges uni- 
formly with respect to t over the whole range of integration, 
and so we can invert the order of integration and summation 
to obtain 


r(a)r{b) 

m 




dt 
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where (1— has its principal value. We have thus shown 
that, when \z\ < I and Rlc > R16 > 0, 

The integral on the right-hand side of this equation is, how- 
ever, uniformly convergent in any closed domain of the 2 -plane, 
supposed cut along the real axis from 1 to +oo, and so repre- 
sents an analytic function, regular in the cut plane. Hence this 
integral representation of F(a,b\c\z) provides the analytical 
continuation of the hypergeometric function in the case when 
Rlc > R16 > 0. 

If we had used Pochhammer’s double-circuit integral for the 
Beta function (see § 9.3) instead of the Eulerian integral, we 
should have obtained a double-circuit integral for F{a,b',c\z), 
valid in the cut plane, without any restrictions on the para- 
meters b and c. For the details of this, we refer the reader to 
Pochhammer’s memoir already cited. 

10.32. The value of F(a,b;c; 1) when Rl(c— a— 6) > 0. 

Since r(a4-n)/r(n) ^ n® when n is large and positive,! we 

r(a+w)r(6+w) ^ 1 

V(c-\-n)n\ ^c-a- 6 + 1 * 

Hence the hypergeometric series F(a,b\c\\) converges if and 
only if Rl(c— a— 6) > 0. When this condition is satisfied, it 
follows from Abel’s theorem on the continuity of power seriesj 

F{a,b\c\l) — lim F{a,b;c;x). 

x-*l — 0 

If, in addition, the condition Rlc > R16 > 0 is satisfied, we 
deduce from the integral formula of § 10.31 that 

1 

F(a,b;c-,1) ^ lim ^ f dt 

x^i -0 I (o)I (c — 6) J 
0 

1 

= f dt 

mr(c-b) J ^ ^ 

0 

_ r(c)r(c— a— 6) 
r(c— a)r(c— 6)’ 

t See $ 9.22, Ex. 4. 


t § 6.22, Ex. 1. 
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The additional restrictions on the real parts of 6 and c are, 
however, quite unnecessary for the truth of this result, and only 
arise on account of the particular method of proof adopted. 
Although the restrictions can be removed by an appeal to the 
principle of analytical continuation, it is simpler to give a direct 
proof, as follows. 

If we write 


F{a,b;c]z) = ^ A,, F(a,b;c+l;z) = 

0 0 

it is easily verified that 

c(c—a--b)A^ = c(w+l)^^+i, 

from which it follows that 

c(c-a-6) 2 = (c-a)(c-b) f B^-c{N +l)A^^^, 

0 0 


But since (iV^-f-l)A 


v+i ‘ 


this equation gives 


J(a,6;c;l) = 1), 

c{c — a — b) 

providedthat Rl(c— a— 6) >0. From this we easily deduce that 

r(c— a)r(c~-6) 


r(c)r(c— a— 6) 


F(a,6;c;l) 


T(c+m—a)T(c-\-m—b) 


F(a,6;c+m; 1) 


r(c-f-m)r(c+m— a— 6) 

for every positive integral value of m, and hence 

Let us now write 

F(a,b-,e-\-m\z) == 1+ 

1 

and denote |a|, |6|, |c| by a, y respectively. Then, for any 
fixed positive value of M, let m > Then we have 

ap 


\Ci\ < 




\Cn\^ 


aP ((x+l)(<x+2)...(«+n-l)(i3+l)(|3+2)...()8+»-l) 
m—y (m— y+ l)(m— y+2)...(m— y+n— 1) .«! 

«P {cc+ l)(«+2)...(ot+n- l)(p+l){p+2)...(p+n-l) 


m- 


(M+ l)(ilf+2)...(Jlf +»- 1) . (n- 1) ! 
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Therefore 


< I ICJ < ^ Jf+l; 1). 

Choose M a-|-j3+ 1. Then jP(a+ jS-f- 1 *, M + 1 ; 1) is finite 

00 

and 2 tends to zero as m ->■ oo. Hence 
lim F(a,b-,c-\-m-,\) = 1, 

m->Qo 

and so, if the real part of c—^a—b is positive, 

10.33. The analytical continuation of F{a,b\c\z) 

If we put z — l—t in the hypergeometric equation satisfied 
by F(a,b;c;z), we find that 

^(1 — +{(l+®+6 — c) — (a+fc+l )^-^ — cibw = 0, 


which is also of hypergeometric type. From this it follows that 
the hypergeometric equation has two linearly independent solu- 

F{a,b-,l+a+b-c;l-z), 

(1— a,c— 6; 1+c— a— 6; 1— 2 ) 

valid when |1— 2| < 1. We make the second solution definite 
by giving to ( 1 — 2 )^-®“^ its principal value. 

The region in which these two solutions are defined has an 
area in common with the region I 2 I < 1 in which F{a,b;c;z) 
was defined. In this common area, the three solutions must be 
connected by a linear relation 

F(ayb;c;z) = AF(a,b; l+a+6— c; l—z)+ 

+ 5(1— 2 )®-®“^F(c— a,c— 6; l+c—a—fc; 1— 2 ). 

To determine the constants A and B, we suppose that 
Rl(a+6) < Rlc < 1, so that the three series 

F(a,b;c; 1), F(a,6; l+a+6— c; 1), 

jP(c— a,c— 6; l+c—a— 6; 1) 

are convergent. 

If we make 2 tend to 1 along the real axis, we find that 
F{a,b;c; 1) = A. 
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Similarly, making z tend to zero, we have 

I = AF(a,b\ 1+0+6— c; \)-\- BF{c—a,c~b-, 1+c— o— 6; 1). 
By § 10 . 32 , the first equation gives 

. ^ r(c)r(c-a-6) 
r(c— o)r(c— 6)' 

The second equation now becomes 

1 — r'(c)r(i— c)r(c— o— 6)r(i+a+6— c) 
r{c— o)r(i+o— c)r(c— 6)r(i+6— c)”^ 

r(i-c)r(i+c-o-6) 

r(i-6)r(i-o) 

from which it is not difficult to deducef that 
„ ^ r(c)r(a+6— c) 

r(a)r(b) • 

We have thus proved that the relation 

+ l+c-a-6; 1-z) 

holds when \z\ < 1, 11— < 1, provided that 
Rl(a+6) < Rlc < 1. 

This restriction on the parameters a, 6, c is not necessary for 
the truth of this result, and arises as a result of the method of 
proof adopted. An alternative proof, valid for all values of the 
parameters, will be found in Barnes’s memoir cited below. 

The importance of the result lies in the fact that it provides 
the analytical continuation of F(a,b\c\z) into the region 
\l—z\ < 1 and shows that this function has a branch-point at 
2 = 1 . 

10.4. Barnes’s contour integral for F(a,b\c\z) 

Barnes, J following Pincherle§ and Mellin,|l has represented 
the hypergeometric function by means of a contour integral 

t By using the formula r( 2 )r(l--z) == n cosec m, 
t Proc, London Math. Soc. (2), 6 (1908), 141-77. 

§ Atti d. R. Accademia dei Lined, Bendiconti (4), 4 (1888), 694-700, 792-9. 

II Acta Soc. Scient. Fennicae, 20 (1896), No. 7. 
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whose integrand involves Gamma functions. A particular case 
of Barnes’s formula is 


a+ooi 




Sin 775 


l+z+z^ + .„^ 


valid when |z| < 1, |arg(— z)| < tt, the path of integration 
being the straight line RI 5 = < 7 , where — 1 < a < 0; this has 
already been given as an exercise for the reader.f 
Now if & denotes the operator z djdz, we have formally 


r(c) 


r(c+&)r{\+»)' 


1 r(a+.?)r(6+«?) 
'2Tn r(c+^)r(i+^) 

a 

a+Qoi 


a + Qoi 


f 

J Sin 775 


zy ds 


= f 

2771 J 


r(a+5)r(64-'5) rr 


r(c+ 5 )r(l+ 5 ) sin 775 


-(— z)® ds 


a— 001 
a+ooi 


= J_ f r(.+.)r(i,+»)r(-.) 

2>ri J r(c+«) ' ’ 

a—ooi 


This is Barnes’s contour integral for F{a,b\c\z). 
Let us consider, then, the integral 

_i_ ? r{a+6)r(b+s)r{-s) 

2m J r(c+«) ^ ^ 

— ooi 


in the case when |z| < 1, |arg(— z)| < 77--€, where € is an 
arbitrary positive number. The path of integration is the 
imaginary axis, modified, if necessary, by loops to make the 
poles of r(— 5 ) lie to the right of the path and those of 
r(a+5)r(64-5) to its left; this is always possible, provided that 
neither a nor 6 is a negative integer. J We suppose, as before, 
that none of the exponent-differences c— 1, a--6, a+6— c is an 
integer or zero.§ 

This integral may be evaluated by Cauchy’s theory of resi- 

t Replace c““ by — 2 , 2 by — in Ex. 18 on page 153. 

X The case when a or 6 is a negative integer is unimportant, since F(o, b;c;z) 
is then a polynomial. 

§ Barnes's formula does, in fact, provide a solution of the hypergeometric 
equation when this condition is not satisfied. 
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dues. Let C denote the closed contour formed by three sides 
of the rectangle whose vertices are ±iNy N+^i:iN, together 
with the portion of the path of integration from iN to —-iN, 
We take N to be an integer, greater than |Imal and |Im6|, so 
that no poles of the integrand lie on C, We then have 
r(a+8)r(b+s)r{^3). 


-f 

27rt J 


-(—2)* da 


r(c+«) ■ 

= sum of residues of — f) (—g)* at the 

r(c+s) 

poles within C 
_ ^ r(o+n)r(6+»)^„ 


and so 


Zd r(c+w)r(i+w) 

Tl=*0 


iN 

-■ f 

2in J 


-iN 


r(a 4-8)r(6+a)r(— a) 

r(c+a) 


(— z)* da 


_ r(a+«)r( 6 +w) 2“ 1 J 

^ r(c+n) n\ 2 iri 

Tl®=»0 

where J denotes the integral along the remainder of C, We shall 
now show that J tends to zero as N 00. 

We find it convenient to write 

-m+N+i N + i+iN iN+N + i 

J + / - / 

-iN N + i-iN iN 

= say, 

and to consider Jv J.,, J, separately. 

Now, when \8\ is large and |arg5) < tt, 

= a“+<i 8 [l +0(1)1, 
r(c+a)r(l+a) L ^ ;j. 

where a+ip = a+6— c— 1, and so 

ir(a+5)r(64-^) 


|r(c+«)r(i+«) 

Hence, in J^, J 2 , we have 

|r(o+a)r(6+a) 


= |s|“e-^»'»»[l+o(l)]. 


<ANo^, 


|r(c+a)r(l+a)l 

where ^ is a constant, independent of N. 
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But in Ji, 8 = a—iN, so that, when N is large, 

|r(— 5)r(l+5)| = < 47re-’""\ 

|(— 2;)«| = 

These inequalities give immediately 

N + \ 

|Ji| < ^irAN^e-^^ J \z\^da < 2(2N+l)7rANH-^^, 

0 

since j^l < 1; this implies that tends to zero as N tends to 
infinity. In a similar manner we prove that tends to zero. 

In Jgj however, we have s = where —iV^ < ^ < iV^, 

and so 


|r(-.)r(i+.)| = ^^,^1 - 133^1 < 2—", 

and l('- 2 )«| = 

It follows that 

N 

IJ 2 I < 27r^iV“lz|^+* J 

-N 

N 

< 27^^^■“lz|JV+t J e-^'t'dt 

-N 

< 4:7rAN^\z\^+^/€, 

But since | 2 | < 1, this implies that tends to zero as N tends 
to infinity. 

We have thus shown that 


Ni 


J_ 

2711 


I 

-Ni 


r(a+8)r{b+s)r{-s) , 

r(c+a) ^ ’ 


-2 

n«0 


r(a+n)r(6+^) ^ 

r(c+?i) n\ 


0 


as -> 00 , so that,t when 1^1 < 1 and larg(— z)| < tt. 


r{a)r(b) 

r(c) 


F{a,b;c;z) = 


ooi 

_i_ f r(«+^)r(6+a)r(-a) 
2ni J r(c4-s) 

— ooi 


t That the integral on the right-hand side actually converges and is not 
a Cauchy principal value, will be easily proved by the reader. 
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Finally, we show that the integral 

— coi 


represents an analytic function, regular in the z~plane supposed 
cut along the real axis from 0 to oo, and so provides the analytical 
continuation of r(a)r(6) 


r(c) 


F{a,b\c)z) 


all over this cut plane. 

For in any closed region of the cut plane, there holds an 
inequality |arg(— 2 :)| ^ tt— €, where € is a positive constant. 
It easily follows that, if 5 = it where t is real and |^| large, then 


r(a+5)r(6+5)r(—5) 

r(c+s) ^ ^ 




where K is independent of z and t. This implies that Barnes’s 
integral converges uniformly in the closed region and so repre- 
sents a regular analytic function. As the value of the integral 
has been shown to be r(a)r(b)F(a,b\c;z)ir(c) when | 2 ;| < 1, 
the result stated follows immediately. 


10.41. The behaviour of F{a,b;c;z) near the point at 
infinity 

By an argument similar to that of § 10.4, it can be shown 
without much difficulty that, if m is a positive integer. 


001 

f r(»+»)r(H-,)r(-,) 

27Ti J r(c+5) 

-oci 

— m+coi 

= _L r r(a+a)r(6+a)r(-a) 
2TTi J r(c4-s) 

— m— ooi 


(—zY ds 4- 


-f ^ (residue at 5 = — a— n)+ ^ (residue at 5 = —b—n), 

n=0 n=0 

where p and q are integers, not exceeding m, which tend to 
infinity with m. The path of integration in the second integral 
is obtained by translating that of the first integral a distance m 
to the left. If a or b is a positive integer, the new contour is 
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indented so that the pole, which would otherwise lie on it, lies 
to its left. 

Now the residue at 6 = —a—n is 
/ ^.n r(o+>t)r(6-o-n) . 

^ ' r(l+n)r(c-a-»)' ’ 

= ( r(a+n)r(l +a— c+n) sin7r(a+n— c) 
r(l+^)r(l+a--6+n) sin7r(a+n— 6)^ 


sin 7r(a— c) 


,T(a+n)r(l-\-a—c+n)_^ 


sin7r(a — 6) r(l+n)r(l+a — b-^n) ^ 

where, as usual, larg(— 2 )( < tt. A similar result holds at 
8 = —b—n. 

Hence we have 

_ siim-(a— c) "V r(o+n)r(l+a— c+») z-" 

sin7r(a — 6) r(l+a — 64-n) n\ 


where 


sin7r(6— c) r(6+n)r(l+fe— c+^) 2 ~" 

sin'»r(6 — a) 2Li r( 14 -ft — o+») nl ’ 


T{b — a) 


— rn ~r 

=-L r 

27ri J 

— m—ooi 

ooi 

= - f 

27rt J 


ria+s)r(b+8)r{^s) 


r(c+6) 


(—2)* ds 


r{a—m+s)r{b—m+8) n 


■(—zY ds 


27rt J r(c— m+6)r(l— m+«) sin7r6 

— ooi 

= say. 

But when |arg(— -z)| < tt— e where c > 0, J is a bounded func- 
tion of m and z; hence / -> 0 as m -> oo provided that | 2 | > 1. 

We have thus shown that, when z lies in the part of the cut 
plane for which |z| > 1, 

r(a)r(6) 


F{a,b]c,z) 


r(o)r(6-a) 


(—z)-“F(a, 1+a— c; 1+a— 6;z-i)+ 


r(c-a) ' ' ' ’ ' ’ ■ ' ' ■ 

+ 1+6-c; l+6-a;z-i). 


8531451 


S 
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This equation provides the analytical continuation of F(a,b\c', z) 
outside its circle of convergence and shows that the function 
so defined possesses a branch-point at infinity. 

We have now proved that the function F{a,b\c\z) defined 
by the power series 

r(c) ^ r(a-|-«)r(6-f-n) 
r(o)r(6) Z r(c-i-») ni 

when \z\ < ly and defined by analytical continuation when 
\z\ ^ 1, is a one-valued analytic function, regular in the whole 
plane supposed cut along the real axis from 1 to 

10.5. The relations between contiguous hypergeometric 
functions 

Let us denote by P(z) a solution of a second-order linear 
differential equation with three regular singularities. If A and 
fjL are any two exponents of this differential equation, the func- 
tion 1(2:), obtained by replacing A and /x in P(z) by A-j-l 

and fi—l respectively, is said to be contiguous to P(z), Since 
P(z) has two exponents at each of its singularities, there are 
thirty functions contiguous to P(z). Riemannf proved that the 
function P{z) and any two functions contiguous to it are con- 
nected by a linear relation whose coefficients are polynomials 
in z. The recurrence formulae satisfied by the Legendre func- 
tions are particular cases of this general theorem. 

Now if we transform P{z) and its contiguous functions to the 
hypergeometric form 

r 0 00 1 

P 0 a 0 z y 

^l—c b c—-a—b ^ 

as in § 10.21, we find that Riemann’s theorem is a consequence 
of an earlier one due to Gauss. According to Gauss, the function 
F{a',b';c';z) is contiguous to F(ayb;c;z) if it is obtained by 
increasing or decreasing one and only one of the parameters 
a, by c by unity. There are, then, six hypergeometric functions 
contiguous to P(a,6;c;2), and these may be conveniently 
denoted by ^+, in an obvious notation. 

t Abh. d, Oea, d. Wiaa, zu QdUingen {Math. Klaaae), 7 (1857), 1-24. 
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Gaussf showed that, between F(a,b\c\z) a'nd any two hyper- 
geometric functions contiguous to it^ there exists a linear relation 
with polynomial coefficients. There will then be fifteen such linear 
relations. 

The simplest method of proof consists in determining the 
required linear relation when |2| < 1 from the series definition 
of the hypergeometric function, and deducing the result in 
general by analytical continuation. 

For example, 

F{a,b-, c-z) 


= (a—b) y r(a+w)r(6+») ^ 

^0 r(c+») n! 

^ ^ r(o+n+i)r(6+7t) Y r(g+n)r(6+?t+i) ^ 
^ r(c+w) n\ 2L, r(c+7i) n\ 


Thus the equation ^a-b)F = aF,^-bF,^ 
holds when | 2 | < 1, and hence generally. 


10.6. The generalized hypergeometric function 

If we attempt to solve the generalized hypergeometric equa- 
tion 

1)— 1)“’ 

= 2(^-l-ai)(i?-fa£2)...(^-|-Q(p)w 

00 

by a series of the form 2 

n=0 

r(y+pi+n)r(y+p2+^)*-r’(y+Pa+^) ny+i^-^) 

provides a formal solution when y is a root of the equation 

y(y+Pi-“i)(y+P2— i)”(y+Pa“‘^) = 

Apart from the case when the series terminates and so repre- 
sents a polynomial multiplied by 2 >', this formal series solution 
will be valid only within its circle of convergence. Now the 
t Oes, Werke, 3, 130. 
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radius of convergence of the series is 0, 1, or oo according as 
p—1 >, =, or < g. If p—l > g, the formal solution breaks 
down completely. When p— 1 < g, we obtain g+1 solutions, 
provided that none of the coefficients becomes infinite or indeter- 
minate. If p—l < g, each solution is an integral function, 
multiplied, possibly, by a power of 2, and so is valid all over 
the 2-plane. But when p— 1 = g, the series solutions are valid 
only within the circle l^l == 1 and must be defined outside this 
circle by analytical continuation. 

The solution of exponent zero at the origin is usually denoted 
Pi> P2>***> where 

rK)rK)...rK ) 

r(pi)r(p2)...r(p^) ^ 

^ ^ r(ai+n)r(0C2+n)...r{ap+n) 

r(pi+^)r(p2+^) - ni 

In this notation, the ordinary hypergeometric function is 

In dealing with asymptotic expansions we shall find it con- 
venient to use this notation when p— 1 > g, even though the 
series diverges. 


10.61. The function iF^{oL\p\z) 

The function iF^{pL\p\z) satisfies the differential equation 

1)^^ = z(&-\-(x)w. 

If we write this in the form 


d^w , , .dw 


-olw — 0 , 


we see that it has an irregular singularity at infinity and a 
regular singularity of exponents 0 and 1— /> at the origin. When 
p is not an integer, two linearly independent solutions of this 
equation are ^F^{oL\p-,z) and z^‘~PiF^(oL—p-\-l\ 2 —p\z)\ these are 
valid all over the 2-plane, since yF^ is an integral function. 

It is easily shown that 

iFx{a] p]z) = limjF’(a,^;p;2/j8), 

p-*-oo 

so that the irregular singularity at infinity arises from the ‘con- 
fluence’ of the singularities at ^ and infinity of the equation 
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satisfied by F{(x, j3; p; z/p). Many of the properties of p; z), 
which is usually called a confluent hypergeometric function, can 
be obtained by this limiting process, though a rigorous proof is 
often difficult. But since a direct proof by the methods of this 
chapter is generally quite straightforward, the most important 
formulae and certain deductions from them are given as exer- 
cises for the reader. 


Example 1. Prove that, when Rla > 0 and Rl(p— a) > 0, 

1 

r(a)r(p-a)iFi(a;p;z) = r(p) J dt, 

0 

where and (1—0^“*“^ have their principal values. 

Example 2. Prove, by a transformation of the differential equation 
or otherwise, that 

provided that p is not a negative integer or zero.f (Kummer’sJ first 
transformation. ) 


Example 3. Show that the function w — satisfies the equa- 

tion 


d^w . dw 


+p^-«, = 0. 


Hence show that 


dz^ '^dz 


iFi(ot;2(x;2z) = i; 


provided that 2a is not a negative integer or zero. (Rummer’s second 
transformation. ) 


Example 4. Provo that, when |arg( — z) | < Jtt and a is not a negative 
integer or zero, oci 

— ooi 

where the path of integration is the imaginary axis, modified, if neces- 
sary, by loops to make the negative poles lie to its left and the positive 
ones to its right.§ (Babnes.) 

Example 5. Show that, when |argz| < Jtt, 

ooi 

^ I r(n—s)z*ds, 

27n J 

— ooi 

Deduce Rummer’s first transformation. (Barnes.) 

t For a discussion of the case when /> is a negative integer, see Watson, 
Bessel Functions (1922), § 4.42. t Journal f Hr Math, 15 (1836), 138-41. 

§ In proving this result, it is necessary to use the asymptotic formula of 
§ 9.65. 
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Example 6. Prove that, when |argz| < fir and p is not an integer, 
ool 

i J r(-«)r(i-/)-«)r(a+«)*‘<fo 

— oo4 

== r(l--p)r(a)iF,(a;p;a)+r(p~l)r(l+a--p)2i-^Fi(l + 
provided that the right-hand side exists. The contour is the imaginary 
axis, modified, if necessary, by loops to make the positive poles lie to 
its right and the negative poles to its left. (Babnes.) 


10.62. An asymptotic expansion 


It is possible to obtain an asymptotic expansion of ^F^{(x\p\z) 
when \z \ is large and Rl 2 < 0 by applying the method of § 10.41 
to the integral 

ooi 


i>) 

r(p) 


iFi{(x;p;z) 



— cot 


r(<x+a) 

r(p+a) 


r(— a)(— 


and then deducing the corresponding expansion when RI 2 > 0 
by the aid of Kummer’s first transformation. If, however, we 
use the result of Ex. 6 of the previous section, namely that, 
when jarg^l < f7r—€ < 


—ooi 


—p—8)r{oL-\-s)z^ da 


= r(l—p)r(a)i^i(a;/);z)+ 

+ r(/)— l)r(l+a— p)zi-/'iJi(l+a— p;2— p;2), 

we can determine the required asymptotic expansion over a 
much wider range of values of argz. 

Let us consider,! then, the integral 


n-«)r(i-p-«)r{«+«)z»(fo, 

c 

where C is the rectangle with vertices at iM, —K+iM, 
—K—iNi —iN, modified in the following manner. In the first 
place, the right>hand side of the contour is provided with loops, 
if necessary, so that the positive poles of the integrand lie to 
its right and the negative ones to its left. Secondly, we take 


t The analysis which follows is a slightly modified form of the work of 
Barnes, Cambridge Phil, Trans, 20 (1904-8), 259-61. 
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ii— Rla = m, a positive integer, and indent the left-hand side 
so that the pole — a— m lies within the contour. 

By Cauchy’s theory of residues, we have 

/ = sum of residues of integrand at poles —oc—n within C 


= 2:-a 


m 

z 

n=0 


r(a4-w)r(i+a-— p4-^) 

n\ 



If we can show that the integrals along the sides parallel to the 
real axis tend to zero as M and N tend to infinity, it will 
follow that 


i-. r r(-s)r(l-/3-a)r(a+5)2*da 

\tti J 

— ooi 

= 2 -a 2 r'(at+«)r( l +ot— p+^) / 1 \" j 

n=0 

—K+ooi 


— K — ooi 


Now on the upper side of the rectangle C, we have s — a+iM 
where — if < a ^ 0. K being kept fixed, it follows from the 
formula of § 9.55 that, if M is large and s lies on this side of G, 
then 


\V{- 8 )V(\-p-S)V{ 0 L + S)z^\ 

~ Im(p+a)/2g-3/(arK2+3Tr/2)J^lU(a-p-l/2) |a 

since larg 2 :| < ^tt—c < Hence the absolute value of the 
integral along the upper side of C does not exceed 

0 

~K 

where A is independent of M and z. As this expression 
evidently tends to zero as M ->oo, so also does the integral 
along the upper side of C. In a similar way it can be shown 
that the integral along the lower side of G tends to zero as 
A ~>cx). 
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We have thus proved that, when largz] < Itt, 

ooi 

J r(-«)r(i-p-«)r(a+«)z*(fe 

= a-“ y r(ot+»)r(l+at— />+») 

Z, n!(— z)» 

n »»0 

where 

-a-m+ooi 

J f r(— «)r(i— /)— «)r(a+«)2*d* 

2 in J 

— a— m—ooi 
ooi 

= ^. f r(a+m— «)r(14-oi— /9+m— «)r(«— 

27 r* J 

— ooi 

= 0(1) 

when \z\ is large. Hence we see that 
r((x)r{l—p)iFi(oc;p;z)+ 

+ r(l+a~p)r(p~l)2W,i?i(l+a-p;2~^ 

~ r{ot)r(l+oc—p)z'-\FQ^ot, l+a— />; — 

the series on the right-hand side being an asymptotic expan- 
sion valid when \z \ is large and |arg2| < §77; for the error caused 
by terminating the series at the mth term is 

+ jj = 0{2-“-»), 

which is of the order of the first term omitted. 

10.63. The asymptotic expansion of jFi{(x;p;z) 

If we write 

r(a)r(l-p)iJi(a;p;z) = P, 

r(l+oc-p)r{p-l)iFi{l+cc-p-,2-p;z) = Q, 

r(a)r(l+a— p)2i*’o(a, 1+a— />; —z~^) — B, 

the result of the previous section is that, when |argz| < fir, 
P+zi-/»Q z-“i? 

for large values of |z|. In particular, this holds when 
Jit < argz < tt. 
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But when < argz < tt, we have —fTr < arg(2C-2"*) < — tt, 
and so this asymptotic formula holds when z is replaced by 
This gives 


since P, P are unaltered. Eliminating Q, we find that 
PsinTTp ~ c"“%-®Psin7r(p— a). 

In a similar manner it can be shown that, when 
—77 < argz < — Jtt, 

PsinTTp sin 7r(p — a) 

for large values of \z\. These two results can be combined into 
the single formula 

PsinTTp ~ (— 2)’^“PsinTT(p— a) 

valid when R1 z < 0, provided that ( — 2)'"“ has its principal value. 
We have thus proved that, when RI 2 < 0, 

r(p) 


ii?i(a;/>;2) 


■ (— 1+a— p; —z-^). 


r(p— a) 

From this we deduce, by Rummer's first transformation (§ 10.61, 
Ex. 2), that when RI 2 > 0, 

provided that 2 ^-“ has its principal value. 
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MISCELLANEOUS EXAMPLES 


1. Show that the hypergeometric series F(a,b;ci —1) is convergent 
when Rl(l+c— a— 6) > 0. 

Prove that, when R16 < 1, 


F{a,b;a—b-{-l; — 1) 


r(a~6+l)r(i) 

2ar(ia-6+l)r(ia+i)* 


2. Prove that, when z is not a negative integer or zero. 


(Kitmmbb.) 


r(g)r(i) Y (2n)! 1 

^2**^!n!z+n’ 

n“0 

3, Denoting by [z]“ the ratio show that, if 

Rl(z-4“A--|- 1) > 0, 

where Uq* Cl, Cj,... are the coefficients in the expansion of (1-f^)* in 
powers of h. 

4. Show that, when Rlz > 0, 

T{z)y/z 

nz+i) 


-M 


: + 


1«.3* 


+ - 




4(*+1)^4.8.(z+1){*+2)^4.8.12.(*+1)(*+2)(*+3) 


: + 




5. If the two sums 


|ai+o,+...-fa„|, KI+ |a2 ! + •••+ I®nl 
both tend to infinity with n in such a way that 

lail+ I«a| + — + |Onl < -Kl0i+02+'"+®ni» 

where K is independent of n, prove that 

lim ^+ . ^± l 


>00 + + — 


+*» = lim 

n-*ao On 


provided that the right-hand limit exists. (Jbnsen.) 

6. Prove that a„ = r(a+n)/n! satisfies the conditions of Ex. 6 only 
when Rla > 0 or when a = 0. 

Deduce that, if denotes the sum of the first n terms of the series 
F(a,b;c; 1), then 


^ r(a)r(6)(a4-6— c) 

when Rl(c— a— 6) < 0, and 


when c = o+6. 


r(a+6) 

r(a)r(6) 

(M. J. M. HiLL.t) 


logn 


t Proc, London Maih, Soc. (2), 5 (1907), 336; 6 (1908), 339. The proof 
indicated in this exercise is a modification of one due to Bromwich, ibid. 
7 (1909), 101. 
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7. If the series 2 2 converge when \z\ < 1, and if, more- 

over, the coefficients satisfy the conditions that (i) 2 l®nl is divergent, 
(ii) 2 I 2 when 0 < a? < 1, the constant K being in- 

dependent of X, prove that 


lim 


r 

= hm 
0 2 “n*" »-«> 


provided that the right-hand limit exists.f 


8. Show that, if Rl(c— a— 6) < 0, 


Prove also that 


F{a,b;c;x) r(c)r(a-f 6— c) 

J:”.(rrjpi=s — Tism- 

.. F{a,bia+b;x) r(a+b) 

^ 1-0 log[l/(l-a:)] r(a)r(6)- 


(Gauss.) 


9. Show that, when Rl(c— o— 6) < 0, 
lim \F(ayhiCix)— 

a5->l — 0 L 


2 / 1 xn r(a-f 6 -c-n)r(c— a-fn)r(c- 6 -|-n)r(c) 
^ ^ nl r(c-a)r(c- 6 )r(a)r| 


n=0 


! r(c-a)r(c-6)r(a)r(6) 
r(c— a— 6)r(c) 




r(c-a)r(c~6)’ 

k being the integer such that k < Rl(a-f6— c) < A;-}-l. (Habdy.) 


10. Determine the fifteen relations with polynomial coefficients which 
connect F(a^h;c\z) with a pair of contiguous hypergeometric functions. 

(Gauss.) 


11. Show that the complete solution, valid when < J, of the 

equation ,2 , 


where A and B are arbitrary constants. 


12. Show that, if Rl(o— 6) > 0, 

r(c+A-6) 


F(a. biC+Xiz) 2^ r(6 jA^+6 


r(c+A) 


when |A| is large and |argA| < ^tt, the coefficients k^ being defined by 


«-o 


t For an account of this and other generalizations of a well-known theorem 
of Ceskro, see Pringsheim, Acta Math, 28 (1904), 1. 
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Show also that the asymptotic expansion is valid when |argA| < tt— S, 

where 8 > 0, provided that < 1. (WATSON.f) 

13. Deduce from Ex. 12, the asymptotic expansion of 
F{a -f A, h +A; c-j-A; z). 


14.} Show that, when \z\ < h 

00 00 

r(a)r(6)F(a,6; = J J coah 2^(uvz) diuiv. 


0 0 


provided that the real parts of a and b are positive. (Whittaker.) 

16. Prove that, when largA] < ir— 8, where 8 > 0, 


r(a)r(b) 

m 


F{a,h;c;z—h) 


aoi 

-■ f - 

2in J 

— ooi 


r(-«)r(a+«)r(6+») 


r(c+«) 

provided that larg(l— *)] < 8. (Whittakkb.) 
16. Show that, when 0 < Rl« < Bla < Bib, 

r(«)r(a-«)r(6-«) 


F{a-{-8,b+8;c+a;z)h‘ da. 


r(c-8) 


■ F{a—a,b—a; c—a; z) 
00 


r(a)r(b) 

T(c) 


J* jF(o,6;c;*— dt. (Whittaker.) 


17. Show that, if 

(l_*)a+6-ejP(2a,2b;2c;z) = f o„*", 

0 

then „ 

F(a, -fcc+J,,) - 2 

0 

18. The Incomplete Gamma Function is defined, when the real part 
of V is positive, by the equation 


y(v,*) = J 


dt. 


Show that 


vy{v,z) == z^iFi(v;v-hl; — 2 ). 


t Cambridge Phil. Trana. 22 (1912-23), 277-308. In this paper, Watson 
determines the asymptotic expansion of F(a+ciA, &+C|A; c-{-€^X;z), where 
Uf U take the values 0, 1, or —1 for large values of |A|. 

} The results contained in Exx. 14, 16, 16 were obtained by E. T. Whittaker 
by applying contact transformations to the solution of differential equations 
by definite integrals: Free. Edinburgh Math, Soc. (2)f 2 (1931), 189-204. 
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10. Prove that the Error Function 


m 

Erf 2 = J exp(--<*) 


dt 


is equal to ; — z*). 

20. The generalized Laguerre polynomialf Ln\z) is defined by the 

n being a positive integer or zero. Prove that 

( 0 +) 

21. Show that, when |^| < 1, 

0 

22. Prove that the integral 

00 

J 6-«x*I,!s;'(a:)Lir>(x)«to 

0 

converges when Rla > —1 and that it has the value r(a+n-fl)/nl or 
zero according as the integers m and n are equal or unequal. 

00 

Deduce that, if f(z) can be expanded as a series of the formj 2 c„ 2^n H*) 

0 

and term-by-term integration is valid, then 


r(n+ 


n! r 


e~^x^f(x)Ln'^(x) dx. 


23. Show that, if m+n is a positive integer or zero. 


Deduce that ^ ^ — r;- (Debuyts.) 

nl X f (n+r;! 

fa. _n 

t The polynomial discussed by Laguerre {Bull, Soc, math, de France^ 7 
(1879), 72-81) is obtained by putting a ^ 0. The generalized Laguerre poly- 
nomial was introduced by Sonine, Math. AnncdeUf 16 (1880), 1-80 (41-2). 

{ The question of the convergence of such a series may often be settled by 
the use of Fej6r*s asymptotic formula {Comptes Rendua, 147 (1908), 1040), 

= y( JJ^,y,’)cos{2V(n2)-(2a+l)n/4}+0(»«/*-*/‘). 
valid when n is large and z finito. 
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24. Prove that 

r(a+n-fl)(g-l)” 




^a+n+l * 

provided that the real parts of z and a + 1 are positive. (Sonine.) 

25. Prove that 

/ ••(■-<)««•'(«)*- W"W. 

provided that the real parts of p and a+1 are positive. (Koshliakov.) 

26. Show that ^ 

LitH2z) = r(«+i+n)2 

r=0 

27. Show that « 

0 

provided that the real part of n+a+l is positive. Here Jg^iu) denotes 
the Bessel function « , , 

0 

28. Prove that 

(i) = i-r'H*), 

(ii) 

(iii) nLi!‘\z) = ( 2 n+a-l- 2 )i<?>,( 2 )-(n+a(-l)i<?>,( 2 ). 
Deduce that, if a is not a negative integer, 


r! 


f-O 


r(a+r+l) 




29. Show that 




2 <»I,{,*>(*)/r(a+n+l) = e‘(2t)-»“J.{2V(*<)}. 

n=0 

30. Prove thatf when 1^| < 1, 
|^Z;W(a:)£;%)<»n!/r(a+n+l) = 

(K)" 


where J.(«) = (i«)- ^ n!rj££fl) 


n—0 


t See Hardy, Journal London Math, Soc, 1 (1932), 138; Watson, ibid. 8 
(1933), 189. 
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31. The Hermite polynomials are defined by the expansion 

exp(2te-<*) = 2 
n»0 

Prove that 

(i) H„<^) = ( - 1 )»exp ^ exp( - z*). 

(ii) H„(8) = (-l)»2*»n!i'n"*V). 

(iii) = (-l)*2“+>n!*L<,‘>(**). 


32. Show that 


(i) 


(ii) fl’»+i(*)-2*fl;(z)+2nH„_,(2) = 0. 

Deduce that w = H^^z) is a solution of 

dhv ^ dw . - ^ 

— 2z-3- + 2nu> = 0. 
da* dz 

33. Show that the value of the integral 

00 

J e-’^HJx)H^(x)dx 
— 00 

is 2» n ! Vw or zero according as the integers m and n are equal or luiequal. 

34. Prove that.t when |t| < 1, 

= (l-<‘)->/«exp(- 

0 

t See Watson, loc. cit. 


(2xy<-(x*+y*)<*) 
1-t* 


1- 



CHAPTER XI 


LEGENDRE FUNCTIONS 


11.1. Legendre’s differential equation 

In the last chapter we discussed the solution of the hyper- 
geometric equation under the assumption that none of the 
exponent-differences was an integer or zero. We shall now con- 
sider in detail an equation of hypergeometric type in which this 
condition is not satisfied, namely Legendre's differential equation 




where n is an integer or zero. 

This equation, which is of importance in mathematical 
physics, arises when one tries to find a solution of Laplace’s 
equation Q 2 y ^ 2 y 


which is a polynomial of degree n in X, Y, and Z. Such a solu- 
tion is called a solid harmonic of degree n. If we transform this 
partial differential equation to spherical polar coordinates 
(r,0,(f>) defined by the equations 

X = rsinficos^, Y = rsin0sin<^, Z = rcosP, 
it becomes 

dw 2 dv 1 dw cote ev i 

dr^ “*“r dr dO d<f>^ ^ * 

It follows that every solid harmonic of degree n is of the form 
where 8^(0, <f>) is a polynomial in sin0, cos0, sin^, 
cos^ and satisfies the partial differential equation 

co8ec0^^8in0^j+co8ec*0^^+n{»+l)/S„ = 0. 

8^(6, ff>) is called a spherical surface harmonic of degree n. 

In particular, if 

8je,<f>) =/(0)cosm(^+€), 

where m and e are constants, we find that w = ffO) is a solu- 
tion of 
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cosec d~^sin0^j+{n(n+l)--m2cosec20}t<; = 0, 
or, putting z = cos0. 


This differential equation, which reduces to Legendre’s equation 
when m = 0, is called the associated Legendre eqvMion, Its solu- 
tion is seen, without much difficulty, to be of the form 


{ -1 00 1 
\m n+1 z 

— \m — n —\m 

in Riemann’s notation (§ 10.2). 

In the problem of determining solid harmonics of degree n, 
the parameter m can take only the values 0, 1, 2 ,..., n, and this 
is the case of greatest interest since the exponent-differences are 
then all integers. We shall show that the associated Legendre 
equation has, in this case, only one solution which is a poly- 
nomial in z and aJ(\—z^)\ it is denoted by P^{z) when m is not 
zero and by when m is zero. It follows from this that 
there are only 2^4- 1 linearly independent spherical harmonics 
of degree n, namely 

P„(cos^), P^(cos^)cosm0, P^(cos^)sinm<^, (m = l,2,...,n). 

Any other spherical harmonic of degree n is a linear combination 
of harmonics of this set. 

In the present chapter, we consider the form of the complete 
solutions of Legendre’s equation and of the associated equation 
only in the case when m and n are positive integers or zero and 
m does not exceed n. 


11.11. The Legendre polynomials 

When n is a positive integer or zero, the point at infinity is 
a regular singularity of Legendre’s differential equation, the 
exponents there being w-f-1 and —n. If we attempt to satisfy 
the equation by a series of the form 


S.V.JU.M 


T 
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we find that the solution of exponent —n is 


w = 


n(n—\) 7i(n-l)(w-2)(n-3)_4 

2(2n~l) 2.4(2n-l)(2ri-3) 



+ ^Z-"-4l+ 2-2 + 

^ \ ^ 2(2»+3) ^ 

(n+l)(? t+2)(»+ 3)(TC+4) \ 

2.4(2n+'3)(2n+6) "^"7 

say, where A and B are two arbitrary constants. The second 
constant B arises from the fact that the equation which should 
determine d^n+i turns out to be an identity. The solution of 
exponent n+ 1 is found to be 

w — Cw^t 

where C is an arbitrary constant. We have thus found formally 
two linearly independent solutions of Legendre’s equation, viz. 

w = Awi, w = Cw^- 

The first solution Aw^ is a polynomial in z of degree n and 
so certainly satisfies Legendre’s equation for all values of z. The 
second solution is a non-terminating series of descending powers 
of z which converges when |z| > 1; the formal processes which 
made it a solution are thus completely justified. A discussion 
of the analytical continuation of the second solution within the 
unit circle is deferred for the moment. 

Taking A = (27i)!/{2”(n!)2}, we can write the polynomial solu- 
tion in the form w = PJ^z), where 


p„(*) = 2 


(-l)»-(2n-2r)! 
2”r! (n— r)! (n— 2r)! 


-.z' 


>n-2r 


where the integer p is \n or \{n—l) according as n is even or 
odd. We call P^(z) Legendre's polynomial of degree n. In parti- 
cular. 


io(z) — 1, Pxiz) — z, P^i,^) — I)> -^( 25 ) — — 3z). 

From this definition we deduce that 


Pn(^) = 


r-0 


( ^Mn-2r) 

2~r!(n— r)! dz"^ ' 
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= _L V ^2n-: 

2^nl dz^ 2^^ r! {n—r)\ 




Y ( — 1)’'”! ,2n-2r 

2^nl dz^ ^ r! (ri— r)! 


and so P^iz) = — 


This is Rodrigues’s formula for Legendre’s polynomial. 

Using Cauchy’s formula for the nth derivative of an analytic 
function, we obtain from Rodrigues’s formula the following con- 
tour integral formula, due to Schlafli: 

c 

where C is a closed contour surrounding the point t = z. 

Example 1. Deduce from Rodrigues’s formula that the n zeros of 
Pn{z) are all real and lie between ± 1. 

Example 2. Prove that 

^n(*) = l-n;z-% 

Example 3. Show that 

P^(z) = F(n+l,-n;l;i(l-z)). 


Example 4. Prove that Pn{z) is equal to 




according as n is even or odd. 


^zJ’(-Jn + i,in+l;a;2») 


Example 5. Show, by using Rodrigues’s formula and integrating by 
parts, that ^ 

J z^P^{z) dz — 0 
-1 

when fc — 0, 1, 2,..., n— 1. Deduce that 

1 

J P^(z)P„{z)dz = 0 
-1 

when the integers m and n are unequal. 
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Example 6. Prove that 


X 

J = 


(2nH-l)r 


Deduce that 


A 


1 


Example 7. Show that a polynomial /(z) of degree n can be expressed 
in the form n 

/(*) = 2«r-Pr(*). 


1 

- jf( 2 )P,{z)dz. 


More generally, prove that if f(z) is an analytic function which can be 
expanded as a series 

f(z) = 2a,P,(z) 

f=0 

which converges uniformly when —1 < z < 1, the coefficients are 
given by the above formula. 


11.12. Laplace’s Integral for the Legendre polynomials 

We shall now deduce from Schlafli’s integral a definite-integral 
formula for P„(2), due to Laplace. Let us take as the contour 
C the circle \t—z\ = Then on C we have 

t = 

where <f> varies from — tt to tt. Evidently it is immaterial which 
branch of ^(z^—l) is taken. 

Making this change of variable, we find that 

= 2(z^—l)^e^^{z+{z'^—l)ho8<t)} = 2(t—z){z-\-(z^—l)hos<f)} 
and hence that ^ 

P,M) = ^ J {z+(z*— 

— rr 

Since the integrand is an even function of (f), it follows that 

tr 

P„(z) = 1 J {z-|-(z*-l)»cos.^}" d<l>. 

0 

This formula is known as Laplace' 8 first integral for the Legendre 
polynomial P^J^z), 
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Example. By making the transformation 

+ -l)^/*cos^}{2 — ( 2 *— l)^/*cos^} = 1 

when z is real and greater than unity, show that 

It 

Pn(z) “ ~ {2-f ( 2 *— l)^^*COSai}~’*''^ du) 

0 

when 2 > 1. By appealing to the principle of analytical continuation, 
prove Laplace's second integral formula ^ that 

n 

PnH^) = ±^J {2-j-(2*— l)^/*cosa>}“"~^ do), 

0 

where the upper or lower sign is taken according €is the real part of 2 is 
positive or negative. Show also that Laplace’s second integral diverges 
when 2 is purely imaginary. 


1 1 .2. A generating function for the Legendre polynomials 

The Legendre polynomials can also be defined as the coeffi- 
cients in the expansion ol — as a series of ascending 

powers of A, a result which enables us to determine very simply 
many of the properties of P,Xz). To prove this, we sum the 
series ^ 

Using Laplace’s first integral, we find that 

00 1 ^ r 

^h^Pn(z) = - 2 I # 

® 0 


1 


77 



+ (z“ — 1 )*cos (f)}^ d(f)y 


provided that we can justify this inversion of the order of 
integration and summation. 

Let us suppose that 


\M < (l-e)/(|z|+V|2^-l|), 


where 0 < e < 1. We then have 


\h{z+(z^-\)hoa<f>}\ < l/il(l2|+l2*-ll‘}< l-«, 

00 

and so the series ^ A^( 2 +( 2 ;^— l)*cos0}"^ 

0 

converges absolutely and uniformly with respect to the real 
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variable <f>. The inversion of order is thus valid. It follows 

that 

tr 

f h‘^P^(z) = - f {1-A2-A(32-1 )»cos^}-i d<f> 
n-0 TT J 

0 


the branch of this function being determined by the fact that 
it is equal to 1 when A = 0. 

Now ( 1 — 2 Az+A 2 )“ 1 / 2 ^ regarded as a function of A, has but two 
singularities, and these are branch-points at A = 

Hence, by Taylor’s theorem, this function is expansible as a 
series of powers of A whose radius of convergence is the smaller 
of |2ib(2^— 1)*|- But we have seen that, for sufficiently small 
values of A, the function is expansible in the form 2 
As the Taylor expansion of an analytic function is unique, we 
have thus shown that 

(l~2A2-f A2)-i/2 = f A^P^(2) 

n — O 

provided that |A| < | 2 d;( 2 ®— 1)*|. In particular, the radius of 
convergence of this series is unity when — 1 < z < 1. 


Example 1 . Prove that 
P„(l)=l, P„(-l) = (-!)» 


-Pf«(0) - 


(-l)«(2n)! 


Ptn+iW = 0 . 


2*.'*(n!)» ’ 

Example 2. Uso the identity (1— 2Acos04-A*) = (1— Ae®*)(l— 
to prove that P„(co3 d) is equal to 




, 1.3(2»i)(2n-2) „ , \ 


2.4(2n-l)(2n-3) 
Deduce that |P„(cos ^) | < 1 when 0 is real. 
Example 3. Show that, if h-{- 1 jh = 2/4;, then 

(I-2A2+A*) 

Deduce that 2 ” is equal to 

^<”'>*.j(2n+l)P„(z)+(2n-3)?^P„_,(z)+ 


(2»+l)!l 


+ (2n-7) 


(2n-M)(2w-l) 
2.4 


+ — I* 
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1 1 .21 . The recurrence formulae 

We shall now find the recurrence formulae connecting Le- 
gendre polynomials of different orders by using their generating 
function A) = { 1 - 2hz+h^)-^l^. 

This generating function is easily seen to satisfy the partial 
differential equation 

(l-2/iz+A*)^ = (z-h)V. 

Hence we have 

(l^2hz+h^) I nh-^PJz) = {z-h) I A-PJz), 

0 0 

where the infinite series converge absolutely provided that 

|A| < |^±(^^-1)*|. 

Equating coefficients of we find that 

(2»— l)zP„_i( 2 )+(n— 1 )P„_ 2 ( 2 ) = 0, (i) 

which is the first of the recurrence formulae. 

Similarly, from the relation 


we deduce that 


dz dz 


(ii) 


If we now differentiate (i) with respect to z, we obtain 

dP„_,(z) dP„.^{z)\ 


'd P„(z) _ 
dz dz " 


-(n-l)|z‘ 


dz dz j 

= (2n-l)P„_i(z), 

from which it follows by formula (ii) (with w— 1 for n), that 

(in) 

From these three formulae, it is easy to deduce that 


dz dz 


dPn+i(^_dP„ J^ ^ ( 2 n+l)P„( 2 ), 
dz dz 

- n 2 P„(z)-nP„-i( 2 ), 


(iv) 

(V) 
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= _(n+l)zP„(a!)+(n+l)P„+i(z). (vi) 

It should be observed that the six recurrence formulae of this 
paragraph are really particular cases of the formulae of Gauss 
connecting contiguous hypergeometric functions (§ 10.6). 


11.22. The integral of a product of Legendre polynomials 

The polynomials PJiz), PjX^) satisfy the differential equations 

|{(l-**)P;}+m(m+l)P^ = 0, 


|((l-*^)P;}+n(n+l)P„ = 0, 


where dashes denote differentiation with respect to z. If we 
multiply these equations by P^ and P^ respectively and sub- 
tract, we obtain 

= i{(i-z*)(p„p;-p;.p„)}. 

Hence, by integration, we have 

(m-n)(TO+n+l)|i^„P„d3 = [{l-z2)(P„P;-P;,P„)]^. 

But, by the recurrence formula (v), 

(l-z2)(P„P;-P;,P„) = nP„P„_i-mP„_iP„+(m-n)zP„P„, 
SO that, when m ^ n, 


J PmP» dz = 


”Pm Pn-1- wP^-1 Pn+ (m-7t)2P^ 
(m— n){m+n+l) 



a formula which enables us to integrate the product of two 
different Legendre polynomials between any limits. 

To determine the corresponding formula for the integral of 
the square of a Legendre polynomial,-|* we observe that, by the 


t See Hargreaves, Proc. London Math, Soc, (1), 29 (1898), 115-23. 
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recurrence formulae (ii) and (iii), 

(2n+l)P*-(2n~l)PU 

= A[2P*+2P*_,-2P„_,P„], 

and so 

(2n+ 1) J P* dz -(271-1) J P^i dz = [zP* +zP*-i-2P„_iP„j;. 

0i «1 

If we now put w = 1, 2,..., m and a^dd, we obtain 

(2771+1) I'pidz - J Pgdz = [2P*+22(Pf+Pi+...+P*,_i)+ 

*1 «l 

+2Pm~2(P ,P L+PiP2+...+-f)n-l-Pm)!^,'» 

or, since Po(z) = 1, Pj( 2 ) = z, 

(2771+1) I* P*.dz = [2z(P?+Pi+...+P5._0+ 

+zPS.-2(P,P,+P,P3+...+P„_,PJ]^;. 

In particular, since i^(l) = 1, P„(— 1) = (—1)^, we see that 

r 2 

J Pm{z)Pn{z) dz = 2 ^^ or 0 

according as the integers m and n are equal or unequal. This 
result can also be proved by using Rodrigues’s formula and 
integrating by parts, as suggested in § 11.11, Exx. 7 and 8. 
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Example 3. Show that 

St 

J (l-a*)PJ.(*)P;(*)d* = [(l-*«)P„(z)P;(*)]*;+n(n+l) Jp„(*)P„(a)(fe. 

sa Si 

Deduce the value of 

1 

J (l--Z*)Pil(z)Pi(2) d*. (Habobeaves.) 

“1 

Example 4. Show that 

P;(z) = (2n-l)P„^i + (2n-5)P„_3+(2n-9)P„^5+..., 

the last term being 3Pi or according as n is even or odd. Hence or 
otherwise show that, if m > n, 

1 

J P'Jz)P'n{z) da = n(n + 1) or 0 
-1 

according as m— n is even or odd. 

11.3. Legendre polynomials of large degree 

In many of the applications of Legendre polynomials it is 
necessary to discuss the convergence of series of the form 
therefore to know how P^J^z) behaves when its 
degree is large. We shall now give an account of Darboux’sf 
method of deducing the asymptotic expansion of the Legendre 
polynomials of large degree from their generating function. 

Let us consider, in the first place, the case when the point z 
does not lie on the real axis between ±1> so that z = cosh 5, 
where Rl^ > 0. We then have 

|A»P„(cosh^) = 

provided that |A| < lc“^|. The generating function of the poly- 
nomials Py,(eosh0 is, therefore, of the form 
where Fiji) is regular when \h\ < \e^\. 

We can, however, write 

F(h) = (2sinh5+e--^~A)--i/2 

= i (-ir)(e-^-Ar/(2sinhO’•+^ 

r— 0 

t Journal de Math, (3), 4 (1878), 6 and 377. It will be seen that the method 
is applicable to many of tho functions dofinod by a generating function. 
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where (a, r) denotes the binomial coefficient 
r(cc+l)/(rir(a+l^r)}. 

This power series converges when \e'-^—h\ < 2|sinh$|. From 
this it follows that, for any positive integral value of 

FW = i (-ir)(e-«-A)7(2sinhCr+*+(e-«-A)P+iG(A). 

r=0 

where 0(h) is regular when \h\ < |ef|. 

We have thus shown that 

(e-^-h)P^^G(h) 


= 2 A"P„(co8h5)— (— J,r)(e-f— A)’’-V(28inh5)’'+* 

n»0 r=0 


= 1 A"(p„(coshi)- f (-ir)(r-i,«) 

n=0 \ r=0 


l)ng(n+i--r)(; 

(2sinh5)'‘+* 


= i«nA“ 

n«0 

say. By Taylor’s theorem, this expansion is valid when 

1^1 < le-«l. 

The coefficients are given by 


c 

where C denotes a circle concentric with and interior to the 
circle of convergence. We can, however, deform the contour, 
without altering the value of the integral, until it consists pf 
the circle of convergence |A| — |e“^| indented at the singularity 
c“^. Moreover, the integral round the indentation tends to zero 
with the radius of the indentation. 

x\ccordingly, if we write h = on the modified contour, 

where 9 varies from 0 to 27r, we obtain 


27r 


2tt 





0 

say. The first p derivatives of f(d) are continuous, whilst its 
derivative of order p+l> being of the form (1 — e^^)“*gr{0), where 
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g(fi) is continuous, is discontinuous at 0 and 2ir. We can there- 
fore integrate p -\- 1 times by parts to obtain 

2w 

0 

But this integral remains finite as n oo, and so is 

uniformly boundedf as n -> oo, provided that ^ lies in a closed 
domain where the inequality R1 C > 0 is satisfied. 

We therefore see that, when R1 ^ > 0, 


PJcoshO 




r- 0 


l)n^n+J-r)(; 

(2 sinh ^ )*"■*■* 


1 ^ r(i4-r)r(K^) / I o( \ 

Vtt^ n\r \ r(^— w+r)' (28inh5)^+* 


But since the term corresponding to r = ^) is when 

n is large, this equation can be written 

P^(cosh0 

^ (- / e-g V e"? \ 

n!>^(27rsinh^)^ r!r(i— n+r) \ 2 sinh y 

In other words. 


P^(cosh C) 


(-l)ne(n^*)^ - r(Hr)r(H^) / e-^ V 

n!-y/(27rsinh0^ r! r(^— -w+r) \ 2 sinh ’ 


the series on the right-hand side being an asymptotic expansion 
in Poincare’s sense when Rl^ > 0, since the error caused by 
terminating the series at any term has the same order of magni- 
tude as the first term omitted. It should be observed that this 
asymptotic expansion may be written in the form 


and, in particular, that 

P„(CO8h0 = 


2 sinh Q 


e<»+l)C 


^(2nir sinh 0 ( ^ ^(«)l 

This analysis has to be modified slightly when z is a real 


t It can, in fact, be shown that tends to zero uniformly, so that 

O in the next equation can be replaced by o. This is, however, of no im- 
portance here. 
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number lying between ±1, since the branch-points of the 
generating function then both lie on the circle \h\ = I, In this 
case we write z = cos^, where 0 < 0 < tt, and make use of the 
fact that 


2 <-»■'> 


(e^^-hy 


ir-i 


r-0 


(— 2isin0)*’+* 


is regular save at the branch-points moreover, at this 
function behaves like (c^*— where G(h) is regular 
when |c^‘— A| < 2sin0, and similarly at If we now expand 
in powers of h and apply the same argument as before, we 
find that, if € < 0 < tt— € where c > 0, then 


FJcosO) 

^ ( 2 y/^ (~l)^ ^ {r(r+i)Y cos{{n^r+l)e+U2r^l)7r} 
\7rsin0/ n! ^^r\V{T-[-\—n) 2^sin^0 

and, in particular, that 

( O \l/2 

cos{(M+^)0— j7r}+0(n-»/*). 

wtt sin vj 

This approximation is valid only when c ^ ^ tt— e, where e is 

any positive number. It can, however, be shown that 

|P„(COS0)| < 

^(nrr smu) 

under the less restrictive condition 0 < 0 < tt. A proof of this 
will be found in Szego’s Orthogonal Polynomials. 


11.4. The complete solution of Legendre’s equation when 
n is an integer 

Since the exponent-differences of Legendre’s differential 
equation at the points i 1 a-r© both zero, the complete solution 
has a logarithmic singularity at these points. To discuss the 
nature of the complete solution near these singular points we 
apply the usual rule for solving a linear differential equation 
when one solution is known, that is, we make the substitution 
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We find that u satisfies the equation 

from which it follows that 

z 

u==A+Bj 

where A and B are arbitrary constants. Hence the complete 
solution of Legendre’s differential equation is 

z 

W = ^P„(2) + BP„(2) J 

Now Pn{z) is a polynomial of degree with n distinct zeros 
Zj, 22 ,..., z^, say, no zero being equal to ±1. Accordingly we 
have, by the theory of partial fractions, 

\ = \ l j- y _A_j. 

(2*-l){P„(2)}* 2(2-1) 2(2+1)^^^^ (2-2^^ (2-2,)*/ 

Here is the residue of l/[( 2 ^-- l){i^i( 2 )} 2 ] at z = z^. If we write 
P^(z) = (z--Zy)F{z), we easily find that 

_ 2{2,P(2,)-(1-2*)P-(2,)} 

’• (1_22)(^(2^)}3 

But if wc substitute (z—z^)F{z) for P„( 2 ) in Legendre’s dif- 
ferential equation, we obtain 

i( 2 - 2 ,){(l- 2 *)P*( 2 )- 22 P'( 2 )+n(w+l)P( 2 )}-f- 

+{{l-z^)F'{z)-zF{z)} = 0; 

putting 2 = 2 ,, we find that a, = 0. Substituting the value of 
l/[( 2 *— 1 ){P„( 2 )}*] so obtained, we have as the complete solution 
of Legendre’s differential equation 

w = 4P„(2)-pjiP„(2)log|^4-P„(2) 2^;^] 

= ^P„(2)-B(iP„(2)logg-W;.i(2)j, 

where A and B are arbitrary constants and W^_i(z) is a poly- 
nomial of degree n — 1. 
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The second solution of Legendre’s differential equation 

Qni^) = i-Pn(2)log^-W;_l(z), 

Z — 1 

which we have just determined, has logarithmic branch-points 
at 2 = ±1, but any branch of the function is one-valued and 
regular in the z-plane supposed cut along the real axis from — 1 
to 1. We now define Qni^) in this cut plane by assigning to 
the logarithms their principal values; we call this solution the 
Legendre function of the second kind. This is equivalent to taking 

e„(2) = -Pn(2) J 

oo 

where the path of integration does not cross the cut. 

The cut is a line of discontinuity of Qn(z), For, if — 1 < /x < 1, 
we have 

lim = ^P„(;.)(logii^TJ-W^.-i(M) 

€->+0 \ 1 — fi ) 

and so Qn(/^+0i)— Of) = — 7rfP„(/x). 

When /A is a point on the cut, it is convenient to define QnM 
as the arithmetic mean of ^^(/^iOf). With this convention 
we have , , 

QM = JPJ^)log^~W;,.i(,x), 

l—fi, 

when — 1 < /X < 1. 

11.41. The behaviour of Q,,(z) at infinity 

When \z\ > 1, we can expand the function 

(2„{z) = iP„(z)iog^-ir„_,(z) 

Z — 1 

as a series of the form 

say, the coefficients being constants. If is the first non- 
vanishing coefficient, this solution has the exponent m— w+1 
at infinity. 

We saw, however, in § 11.11 that the exponents of Legendre’s 
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equation at the regular singular point at infinity are — n and 
n+1. Evidently Qn{z) cannot be the solution of exponent — n. 
Accordingly, we identify Qn{^) with the solution of exponent 
n+1, viz. 

(n+l)(n+2) 

2(2n+3) 

, (n+l)(n+2)(n+3)(n+4) \ 

2.4(2n+3)(2n+5) 

where (7 is a constant. 

It should be observed that Ugn non-zero coefficient, 

a fact which enables us to determine the polynomial Wn^i(z). 
To determine (7, we equate coefficients of z-^-^ in the two 
expansions. This gives 

C = 02» 

_ (2w)! ( 1 n(»— 1) «(n— l)(n— 2)(»— 3) 


2»(«!)*\2?i+i 2(2n-l)2'*' 2.4{2n-l)(2»- 

1 1 


-3)* j 


1 

= i/ = 


nl ^tr 


2«+ir(n+f) 

U 

We have thus proved that, when \z\ > 1, 

«!Vir , {n+l){n+2) 


Qn(*) = 


2»+ir(n+|) 




2(2n+3) 


+ 


I (w+l)(»+2)(?i+3)(n.-t-4) 
2.4{2nH-3)(2»+5) 




a result which can be expressed most simply in the form 
nl ^rr 


2»+ir(»+f) 

Example 1« Show that 


z-n-iF{ln+ J, in+ 1 ; »+ f ; «-*). 


«o(*) = 


Qiiz) = i*log|^- 


- 1 . 


Qi(*) = 

«,(*) = 
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Example 2. Show that 

~ 2«(n ! )a ^ 

the latter formula being valid when j*— 1| > 2. What is the corre- 
sponding formula, valid when |z+l| > 2? 

Example 3. Prove that, if we replace the factorials in the functions 
of Ex. 2 by Gamma functions, the functions so obtained are linearly 
independent solutions of Legendre’s differential equation for general 
values of the parameter n. [The functions I^(z} and Qn(z) so defined are 
called the Legendre functions of the first and second kinds respectively.] 


11.42. An integral formula for Q^(z) 

Using the duplication formula for the Gamma function, we 
find that we can write the hypergeometric series for Qn(^) 
(§ 11.41) in the form 


«„(z) = 


1 (ti-j-25)! 


r(g+^) 2» 

r(n+s+^) 


when |z| > 1. But, by the Eulerian integral of the first kind, 
we have 


rtf+.+S) “ / 


^2* di 


and so 


If we insert vanishing terms of the form 

1 


(n+2s+l)\ 


r j 


'A2«+l 


dt 


n\ (25+1)! 

-1 

in this infinite series, we find that 


-1 


We can invert the order of integration and summation in this 
last equation; for, since \z\ > 1, the series 

(w+r)!/A'’ 


n! 


r-O 


n!r! \z, 


8531451 


XJ 
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converges uniformly when — 1 < i < 1. It follows that 




dt 


“1 

or, finaUy, «„(*) = ^ J 

-1 

This formula, which is the analogue of Schlafli's integral for 
P^( 2 ;), has been proved under the assumption that | 2 :| > 1. The 
integral is, however, uniformly convergent when z lies in any 
closed domain of the z-plane supposed cut along the real axis from 
— 1 to +1. Hence, by the principle of analytical continuation, 
this formula for QJ^z) holds everywhere in the cut plane. 

Example. Prove that Qn(z) satisfies recurrence formulae of the same 
t 3 rpe as those satisfied by Pn(z). 


11.43. Heine’s Integrals for QJz) 

We shall now deduce from the formula 

-1 

two integral representations of Qj^(z) which are analogous to 
Laplace’s integrals for P^(z). 

Let us suppose, in the first place, that z is real and greater 
than unity, so that the transformation 
t = z-{z^—l)h^ 

is a real one. If we take the positive square root, we find that, 
as t varies from —1 to 1, 0 varies from cx to —a, where 

a = = arccothz, 

z—\ 

the real value of the logarithm being taken. From this it follows 
by direct substitution that, when 2 > 1, 

ot 

QJ?) = { 2 — {**— l)*co8htf}”d^, 
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and so, since the integrand is an even function of 0, 

a 

QrX^) = J { 2 — ( 2 ^— I)*cosh0}^d0. 

0 

This formula is important since it enables us to calculate simply 
the functions For example, 

Qo(2) = a = 

Qi(z) — za— (z*— l)*sinha = Jzlog^ii — 1 , 

and so on. For the more difficult discussion of this formula 
when z is complex, we refer the reader elsewhere. f 
If we now make the substitution 

{2;+(22— l)*cosh<^}{2;— (22— i)lcosh 0 } = 1 , 

we find that, as 6 varies from 0 to a, ^ varies from 0 to +oo, 
and hence, after a little easy manipulation, that, when 2 > 1 , 

00 

Qn(.^) = j {z+(2!*— l)‘C0Sh^}-"-l d<f>. 

0 

This formula, which is due to Heine, J is the analogue of La- 
place’s second integral for i^(2). 

If we wish to extend this formula to the case when z is com- 
plex, we must first ensure that the integral is one- valued and 
convergent. This is the case if we take the branch of (22— 1 )* 
which is positive when 2 > 1 , and make a cut§ in the 2-plane 
along the real axis from — cx) to 1 . If 2 lies in a bounded closed 
domain within the cut plane, the integral 

00 

J { 2 -f-( 2 :^— l)*cosh<^}-”“^ 

0 

converges uniformly with respect to 2, and so represents a regu- 
lar analytic function which is equal to when 2 > 1 . From 

t See, for example, Hobson’s memoir published in Phil, Trans, (A) 187 
(1896), 443-631, or his Spherical and Ellipsoidal Harmonics (Cambridge, 1931), 
Chap. V. 

t Journal fur Math, 42 (1851), 73-5. 

§ The cut from — 1 to 1 is required to make ( 2 * — 1)^ one- valued, whilst that 
from —00 to —1 ensures that 2 + ( 2 *— 1)* cosh ^ never vanishes when ^ ^ 0. 
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this it follows, by analytical continuation, that the formula 


QrM) = J { 2 +(**-l)‘C 08 h^}-»-ld^ 
0 


holds everywhere in the z-plane, supposed cut along the real axis 
from —00 to + 1, it being understood that 1)* has its principal 
value. The value of Qn(z) on the cut is determined by the 
equation 


when 2 < — 1 , and by the convention of § 1 1 .4 when — 1 < 2 < 1 . 


11.5. Neumann^s integral for QJz) 

F. Neumann*!* showed that if z is any point of the z-plane, 
supposed cut along the real axis from —1 to +1, Qjfz) can be 
expressed in terms of Legendre's polynomial by the relation 


We deduce this result from Cauchy’s integral formula (§4.31, 
Ex.). 

Let 2 be any fixed point of the M;-plane which does not lie 
on the real axis between —1 and +1* We choose a closed 
contour which surrounds the points ± 1 but not the point 2 , 
and which does not cross the cut; we also take the circle Cg 
whose equation is \w\ = R, where R > \z\. Since is 

regular in the annulus bounded by Cj and Cg, Cauchy’s formula 
gives 




dw 

w—z 


c, 


c. 


We now modify the expression on the right-hand side of this 
equation by making R tend to infinity. 

It follows from § 11.41 that, for all sufficiently large values 


where 


n\ Vrr 

2»r(w+i)' 


t Jourrua/ar Math. 37 (1848), 24. 
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Hence we have 



dw 

w—z 


^ 2ttA 


and this implies that the integral round Cg tends to zero as 
R tends to infinity. 

We have thus shown that 



dw 

z—w' 


But since Qni^) is regular in the cut plane, we can deform the 
contour Ci, without altering the value of the integral, until it 
consists of the two sides of the cut from 1+eto 1— ry joined 
by the circles = €, \w—l \ = r]. Moreover, since 


QnM = ^P,(w)log^-W„_,{w), 

W — 1 


the integrals round these small circles tend to zero as e and rf 
tend to zero. It follows that 
1 

-1 

Finally, since 


<?„(«-(«)- Q„(«+Oi) = mP„(u) 
when —1 < u < 1, this formula can be written in the form 


1 



which is Neumann’s result. 


11.51. Heine’s expansion of {z—u)-^ as a series of Le- 
gendre polynomials 

Let us suppose that it is possible to expand l/(z— it) as a series 
of Legendre polynomials of the form 


1 


z—u 


= 2 

m— 0 
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Then, by § 11.11, Ex. 7, the coefficients are given by 

J = (2fn+l)QJz). 

-1 

This suggests that the formula 

^ - i {2m+l)QJz)P,(u) 
z — U m =0 

is probably true, provided that certain restrictions are made 
concerning z and u. This result, which is due to Heine, f is of 
great importance; for on it depends the theory of the expansion 
of a class of analytic functions as series of Legendre polynomials. 
The proof given below is due to Christoffel. J 

When m ^ 1, it follows from the recurrence formulae 

(2m+l)2Q„(2) = (m+l)0„+i{2)+me,„_i(2), 
{2m+l)uPJu) = (m+l)P„+i(M)+mP„,_i(M), 

that 

{2m+l)(z-u)Q^{z)PJu) 

= (m+ l){Q„+l(2)PJtt)- Qm(z)P„+i(M)}- 

-m{QJz)P„_i(u)-Q„_i(z)PJu)}. 

The corresponding formula when m = 0 is 

(z— «)Qo(z)-Po(w) = {^l(2)-Po(“)-Oo(2)-Pl(“)} + l- 
From these two formulae we have, by addition, 

1 {2m+l)QJz)PJu) 

m=0 

z — u z — u 

To prove Heine’s formula, we have therefore to show that 
(»+ 1){Q„+i(z)P„(m)- Q„(z)P„+i(«)} 
tends to zero as n tends to infinity. 

Now, if 2 = cosh(a+ij8) where a > 0, and if is real, we have 
\z-\-{z^—l)^co&h(f)\ = |cosh(a+ii3)+sinh(a+ij3)cosh^| 

= -^{J(cosh2a+cos2j8)+sinh2acosh^+ 
+|(cosh 2a-- cos 2j8)cosh2^} 

> -^(cosh2a+sinh2acosh^} > e“. 
t Journal fur Math, 42 (1861), 72. t I^d. 55 (1868), 61-82. 
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It follows from Heine’s integral (§ 11.43) that 

l«»(2)l = I / {2+(z**-l)*COSh^}-«-l d4 
00 

^ J {cosh2a4-sinh2acosh^}“"(^+i>^2 

0 

00 

< e-(n-i)ot J {co8h2a+8inh 2aco8h<^}”^ d<l> 

0 

= e“^^“^^Qo(cosh2a). 

Similarly, if u = cosh(y+^8) where y ^ 0, and if 0 is real, we 
have 


= |cosh(y+i8)+sinh(y+i8)cos0| 

= ^{^(cosh 2y4-cos 28)+sinh 2y cos0+ ^{cosh 2y— cos 28 ) 008 ^ 0 } 
< -^{cosh2y+sinh2y} = ev, 
and so, by Laplace’s first integral (§ 11.12), 

I TT 

j (u+(u-—l)hos0}^ d0 < e^y. 

0 

Now suppose that a is fixed and that e is an arbitrary positive 
number less than a. Then, when 0 < y < a—c, we find that 

(^+1)1 Qn+l(^)^nM~Qn(^)^n-i-lM I 

< (w+ l){e“^«0o(cosh 2a)e^>'+C“<"“^)“Qo(cosh 2a)e^^+^^} 

= (n4- 2a)e"^y”«>{l+e«+>'} 

< (n+l)Qo(cosh2a)e-^*{l+e2“}. 

This last expression does not depend on j8, y, or 8, and tends to 
zero as n tends to infinity. It follows that the series 

f(2n+l)QJz)PJu) 

0 

converges uniformly with respect to j8, y, and 8 and has sum 
1 /(2-^). 

The simplest way of stating this result is to use geometri- 
cal language. If we keep a fixed and vary j3, the point 
z = cosh(a+ij3) traces out an ellipse with foci at the points of 
affix :i;l major axis of length 2 cosh a. The condition 
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0 ^ y ^ ot— € means that u = cosh(y+iS) lies within or on the 

smaller con focal ellipse of major axis 2 cosh (a — e). The result 

we have just proved can therefore be stated in the following 

form. The series oo 

2 (2n+l)QJz)FJu) 

0 

converges 'uniformly with respect to z and u when z lies on a fixed 
ellipse C with foci at the points of affix ± 1 and u lies in any closed 
domain definitely within C. The sum of the series is \l(z—u), 

11.52. Neumann’s expansion theorem 

If f{z) is an analytic function, regular within and on an ellipse 
C with foci at the points of affix i 1 , can be expanded as a series 
of Legendre polynomials 

/(2) = f a»-P«(2) 

0 

which converges uniformly when z lies within or on a smaller 
ellipse c-i, confocal with C. 

For if u is any point within or on C^, we have 



= ^. J /(2) I {2n+l)Q„{z)P„{u) dz 
c 

= 2 ^. 2 j /(2)(2»+l)Cn(2)-P„(M) dz, 

® c 

the inversion of the order of integration and summation being 
valid since the infinite series under the sign of integration is 
uniformly convergent with respect to z and u when z lies on C. 
From this it follows that f(u) can be expressed as a uniformly 
convergent series 

f(u) = J a„P„(u), 

where J f{z)QJz) dz. 

c 

This completes the proof of K. Neumann’s expansion theorem. 

The actual determination of the constants is best carried 
out by deforming the contour C, as in § 11.5, until it consists 



LEGENDRE FTOCTIONS 267 

of the two sides of the cut from — 1-f-e to 1 — tj, joined together 
by the circles |z+l| = f, |z— 1| = rj. This does not alter the 
value of the integral for o„. It easily follows that 

1 

«n = J Oi)— Q„(a;+Oi)} dx 

-1 

and hence that i 

= J f(^)Pn(^)dx. 

-1 

Alternatively we can integrate term by term in the equation 



which leads to the same result; this process is vaUd on account 
of the uniform convergence of Neumann’s series. 

For theorems of a similar nature relating to functions of a 
real variable, we refer the reader to Chapter VII of Hobson’s 
Spherical and Ellipsoidal Harmonics, 

Example. The function f(z) is an analytic function regular in an 
annulus bounded externally by an ellipse Cg with foci at the points of 
aflix d: 1» and internally by a smaller confocal ellipse Cj. Show that f(z) 
can be expanded as a series of the form 


where 


/(z) = la„/’„(z)+ 'E.b„Q,Xz), 
0 u 

a.. = rf*. 


C’l 

Prove also that the series converges uniformly in any closed domain 
definitely within the annulus. (K. Neumann.) 


11.6. The associated Legendre functions 

We saw in § 11.1 that the problem of finding all the spherical 
harmonics of degree n depends on solving the associated Le- 
gendre differential equation 




■2z^+(n(«+l)- 
dz I 


\ n 
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where n and m (< w) are positive integers or zero. This dif- 
ferential equation has three regular singularities, its complete 
solution being of the form 


w = P 


— 1 


I— iw 


00 

—n 

n+1 


1 

z 

— \m . 


If we make the substitution w = the exponents at 

±1 are changed to 0 and — m, and the exponents at infinity to 
m— n and m-f-w-f 1. But this function u satisfies the differential 
equation 

(l_a 2 )^_ 2 (m+l) 2 ^ + (»— m)(n+m+l)tt = 0, 


and this, by Leibniz’s theorem, can be written in the form 

where u = d^vjdz^. Hence, if v is any solution of Legendre’s 
differential equation, the function 

d^v 


w = 


dz^ 


satisfies the associated Legendre equation. 

Accordingly we take as the two linearly independent solutions 
of this equation the functions 


P^(z) = 


dz^ ' 


Q^{z) = (2^2-1)*- 


dz^ * 


it being supposed that the 2 -plane is cut along the real axis 
from —1 to 1 and that (z^— i)* has its principal value. These 
functions are called the associated Legendre functions. 

When m is odd, P^{z) is undefined on the cut from —1 to 1. 
We complete the definition when — 1 < a; < 1 by writing 

dx^ 


P^{x) = 


where the positive value of the square root is taken; it must, 
however, be remembered that, although Pn(z) is now defined 
everywhere, it is discontinuous across the cut, since 

-Pn (^) = e^^^^P^ipc-^u) = lim ie). 

€“> + 0 €“»- + 0 
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When m is even, is a polynomial of degree n, and so is 

regular everywhere; but as it is undesirable to have differences 
in definition according as m is even or odd, we suppose that, 
when —1 < a: < 1, the equation 

holds for all values of m.f 

Similarly it is convenient to define Cn (^)> when -—1 < a: < 1, 
by the equation 

e-j'+O 

which agrees with the definition of QrXx) when m = 0. The 
functions P^(a:), Qn(^) so defined evidently satisfy the dif- 
ferential equation for real values of x. 

Example 1 . Prove that P^(z) is even or odd according as n is even 
or odd. 


Example 2. Prove that 
Deduce that 


(2* — I)*"/* 


PS'(2) = 


(2n)! 


2” .n!(n--m) 


- f 2 «- li"*/* (z"-**- (n-m)(w-w-l) 
!' ' r 2.(2 w-1) 


^ (n-w)(n-w-l)(n-w— 2)(n-w-3) _ 


2.4.(2n-l)(2n-3) 

Example 3. Show that 

1 /2 dw 


...| 


Example 4. Show that 
1 


J FS(z)F?(z)dz = 


2 (n-fm)! 


2n*f 1 (n—m)\ 


or 0 


according as n is or is not equal to r. 


Example 5. Prove that 


1 ( n-4-m) ! 
m (n— m)i 


-1 

according as m is or is not equal to k, 

t This is Hobson’s definition. The factor (-1)»» is sometimes omitted; to 
distinguish the two cases, it is usual to write T!jl{x) — (1— 
a notation duo to Ferrers {Spherical Harmonics (-1877), 76). 
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Example 6. Show that, if r < n, 

1 

J xP^(x)P^(x) dx 
-1 


vanishes, save when r = n — 1, when its value is 

2 (n+m)I 

4n*^ 

Example 7. Show that, if — 1 < a: < 1, 

{-irQZ(x±0i) = e±”^-^inQJI^(x)Ti7riF!!{x)}. 


11.61. A lemma of Jacobi 


Before we discuss the representation of P^{z) by definite 
integrals, it is convenient to prove that, if /x = cos <f>, 
^m-.isin 2 m-i^ (— (2m) ! 


dfjL^ 




m 


2"‘m! 


sinm^. 


an interesting result due to Jacobi.f 
The result is true when m = 2; for, in this case, it is easily 

ahownthat 

^=-8am2#. 


We shall show that the lemma is true generally by the method 
of induction. 

Let us suppose that the lemma is true for some particular 
value of m. Then, writing 

K = (2m)' 

m 2^! ’ 

we deduce that 


d”‘sin2^~i<^ _ j^dsinm^ _ j^mco&m<f> 

dfi sin <l> 

and 

^m+igin2m-i^ j^m^8mm<f>sin<f>+rnco9m<f>cos(f> 

dfjL^-^^ sin®^ 

Hence, by Leibniz’s theorem, we have 

^m+lgin2m+l^ _ /x2)gin2m-l^} 

d^m+1 ““ 

= ir{~m2sinm^— mcosm^cot^+ 

+ 2m(m + 1 )cos m^ cot ^ — m(m + 1 )sin m<^} 

t Journal far Math, 15 (1836), 3-4. The proof given here is that of Ferrar, 
Proc, London Math, Soc, (2), 23 (1925), {Records) xxx. 
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= iCm(2m+l)cos(m+l)^/sin<^ 


A 

dyi 




If we now integrate with respect to fi, we find that 


^mgin2m+i^ (2m+2)! 

m+1 2"^+^ (rw^ 1 ) ! 


sin(m+l)<^, 


the constant of integration vanishing since the expression on 
each side of the equation is an odd function of <f>. 

We have thus shown that, if the lemma is true for any parti- 
cular value of m, it is true for the next greater. But since it is 
true for m = 2, it is true generally. 


11.62. Integral representations of P^( 2 ) 

The simplest integral formula for P^{z) is the analogue of 
Schlafli’s integral for the Legendre polynomial, namely 


^ 2^n\ ^ ^ 27rf J 

c 

where (7 is a simple closed contour within which the point z 
lies. This follows immediately from the generalized Rodrigues’s 
formula 


P^(z) 


(22_l)im ^n+m 




by using Cauchy’s integral for the (n+m)th derivative. 

When z does not lie on the real axis between ± 1> we can take 
as C the circle \t—z\ = Then on C we have 

t = z-{-(z^-l)h^\ 

where — 1)* has its principal value and <f> varies from 0 to 27r. 
It now follows, exactly as in § 11.12, that 


n 

P^{z) == 1 r {z+(z2— l)icos^}”cosm^ 

nl TT J 
0 

Now by the lemma of § 11.61 we have 

I / n™ 1 2"^! dfi 

cos mi = (— l)">-i — =— — -jj, 

^ ' ' (2m)! i/t”* 09 
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where fi denotes cos^. We can, therefore, write this definite 

integral for P^{z) in the form 

-1 

Integrating by parts m times, we deduce that 

-1 

Finally, putting /t = co8<f>, we obtain a second definite-integral 
formula for P^{z), namely 

0 

valid when the 2 ;-plane is cut along the real axis from — 1 to 1 
and has its principal value. 

It should be observed that the two integrals of this paragraph 
reduce to Laplace’s first integral for the Legendre polynomial 
when m is zero. 

Example 1 . Show that, when the «-plane is cut from — 1 to 1 and 
( 2 *— 1)^/* has its principal value, 

n 

{«+(**- l)''®cos^}» = i?,(*)+2 2 

m=»l 

Example 2. By applying the transformation 

{2 + (2*— l)^/*COS^}{2“(2*— l)^/*COS^} = 1 
when 2 > 1 to the second definite integral of § 11.62, show that 

w 

0 

Deduce that, when the 2 -plane is cut from — 1 to 1, 

ir 

0 

where the upper or lower sign is taken according as R1 2 > or < 0. Show 
also that the integral diverges when R1 2 = 0. 
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±(-ir 


n\ 1 r 
(n — m)! TT J 


{z + (2® — 1 )^/®cos co}~”~^cos mo} dw. 


where the upper or lower sign is taken according as R1 2 > or < 0. 
Example 4. Show that, if 0 < ^ < tt, 

(cos 0±:i sin 8 cos 

= i^(cos^)4-2 2 (±l)’”e“’”’"/*~-~^,P?(cos^)cosrw^. 

11.63. Integral representations of Q^iz) 

We have seen in § 11.42 that, when z does not lie on the real 
axis between ~1 and 1, 

1 


?»(*) = 2«li / 


dt. 


From this it easily follows by differentiation under the sign of 
integration that the equation 

1 


Q^{z) = (-I)-” 


(n+m)! 

2"+%! 


-1 


(l-<2)n 


dt 


holds everywhere in the cut 2 ;-plane. This is the fundamental 
definite-integral representation of Qn(z), and from it the 
generalizations of Heine’s integrals (§ 11.43) can be deduced. 
As the analysis runs on exactly similar lines to that of § 11.43 
and § 11.62, we state the results as exercises for the reader. 

Example 1 . Prove that, when z is real and greater than unity. 


Qt(z) = 


(-inn-fm) 
n! 


a 


1 )^/*cosh ^}”cosh m6 dO, 


where a = arccoth z. 

Example 2. Show that, if /x =- cosh 8, 

coshmfl = . 

Hence prove that, when 2 > 1, 

a 

Q”(z) = |)m/» f {a_( 2 «-l)i'*coshe}’'->"sinh*"^<itf. 

(2m)! (n — m)! J 
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Example 3. Deduce from Ex. 3 that the equations 
( — 1 )’"{n + m) ! m ! 2^ 


Q^(z) = 


(2m)!(n— m)l 




00 

X J { 24 -( 2 *— l)^^®cosh^}~**“*"“^sinh *”*0 
0 

00 

^ (n—Lyi' f {*+(**— 

0 

hold everywhere in the cut z>plane. 


1 1 .7. The addition -theorem for the Legendre polynomials 

If 0 denotes the angle between a fixed line OA and the radius 
vector to the point of spherical polar coordinates (r,0,^), the 
function P^(cos0) is a spherical harmonic of degree n. Accord- 
ingly we can express this harmonic as a series of the form 

n 

P„(cos0) = aoFJco80)+ 2 (a„cosm^+6,„sinTO^)Pj‘(cos0), 

where the coefficients and 6^ are independent of ff and In 
particular, if A has polar coordinates 0), this expansion 

becomes 

Py, (cos 0 co§ $1 -f sin 0 sin 0^ cos <^) 

n 

= aoP„(cos0)+ 2 {a^co8m<f>+b„8mm<f>)P^{cose), 

m*=l 

a result which is called the addition-theorem for the Legendre 
polynomials. 

If we write z and for cos0 and cos^^ respectively, this 
addition-theorem takes the form 

Pn(0 = «o^»(2).-l- 1 {a„coBm4+b^Bmm<f,)P^(z), 

m«=l 

where 5 = l)^zf— l)*cos< 3 S. 

In the present section we propose to determine the coefficients 
and for general complex values of z and 
Let us suppose, in the first instance, that z and z^ are real 
and greater than unity and that 0 ^ ^ ^ tt, so that ^ is cer- 
tainly positive. The expansion 

n— 0 
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then holds for all sufficiently small values of h. We now express 
the function on the right-hand side of this equation as a definite 
integral and deduce the addition-theorem by equating coeffi- 
cients of powers of h. 

When h is real, it is easily shown that 


tr 

= ^ J [(2— AZi) + {(2*— 1) — 2A(22— l)*(2f— l)ic08^ + 

+ ( 2^1 — 1 )}*cos(cu — a)] do) 

for every real value of a. In particular, if we take 

t„na= h(zl-l) iain ,l> 

(22_l)i_^(22_l)tcOS^’ 

we obtain 
(l-2A^+A2)-i/2 


IT 

27r J 

— TT 

1 )*sin <l> sin a>]~^ dw 

“IT 

= — r \z+{z^—l)^QOS<A}—h{zi-\-(z\—l)^QOs(a)-^<l>))Y^d(x). 

27r j 


This formula also holds, by the theory of analytical continua- 
tion, for all sufficiently small complex values of Ji, 

For any fixed value of h which satisfies the inequality 

2 — -v/( 2^— 1) 

Zl+V(Zl— 1)’ 

we can expand the integrand of the last integral as a power- 
series in h which converges uniformly with respect to co when 
— TT < cii < TT. Accordingly we can integrate term by term to 
obtain 


\h\< 


f A»P„(0 = (l-2A5+A*)-i/* 
1-0 



{z + — 1 )*cos co}^+^ 


do). 


8531451 


X 
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Equating coefficients, we deduce that 



{gl+(2f— l)tcOS(cu-f<^)}" , 
{z+(z^ — 1 )*cos 


If we substitute in this equation the value of 


{2i+(Zi— l)*cos(a>+^)}" 

given in § 11.62, Ex. 1, we find that P„(0 is equal to 


-Pn(^l) f ^ 

2it J {z+( 2 *— l)*co8a>}“+^ 


But 


4- V f 

(»+m)! it J 


cos m(a)4-^) doi 
(z Hr (z® — 1 )*cos cu}"+^ ’ 


W 

/ 


cos m(tt) 4 - dto _ , r cos mo) (2(0 

{z + (z*— l)*COS(o}”+^ cosm^ J 

— IT 

71 

— sinm^ J 


sin mcu dw 


= 27t(-1)” 


{ 2 + ( 2 ^— l)*cos 0 ;}^+^ 

— rr 

(n—m)\ 


n\ 


’ P^{z)coBm(l>, 


by § 11.62, Ex. 3, the integral involving sinmco vanishing since 
its integrand is an odd function of cu. 

We have thus shown that, when 2 and z^ are real and greater 
than unity, 

■Pn{z2l— (2*— 1)‘C0S^} 

= P„(z)P„(z,)+2 y [”~^;(-l)-PS*(z)Pj[*(zi)cosm^. 

To complete the proof of the addition-theorem, we have only 
to extend this result to general complex values of 2 , 2 ^, and 

Let us suppose that the Argand plane is cut along the real 
axis from —1 to 1 and that ( 22 — 1)1 and ( 2 f— 1)1 have their 
principal values. When 2 is any point of this cut plane, 2 ^ (> 1) 
and ^ being real, the expressions on each side of the last equa- 
tion are regular analytic functions of 2 which are equal when 
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z is real and greater than unity. By the principle of analytical 
continuation, the equation still holds for such complex values 
of Zy Zi and (f> remaining real. The restriction on z^ is next 
removed in the same way. Finally it is not necessary to suppose 
that 0 is real, since the addition-theorem expresses the equality 
of two polynomials in and 

We have thus shown that if z and z^ are any two points of the 
Argand plane supposed, cut along the real axis from — 1 to 1 , and 
if (j) is any complex number y the equation 

m=l 

where $ = l)*( 2 :f— l)*cos^, holds provided that l)i 

and (zj— 1)* have their principal values. 

Example. Prove that, when 6, di and (f> are real, 

P„(cos 6 cos di + sin d sin 6i cos<f>) 

m 

= P„(cos^)P„(cos^i)+2 2 |“^yjjf^(cos0)P?(costfj)cosm^. 

11.8. Legendre functions of non -integral order 

In the present chapter we have only discussed the solution 
of the associated Legendre equation in the case when m ^n and 
m and n are positive integers or zero, the case which is of most 
frequent occurrence in physical problems. For a discussion of 
the solution in the general case when m and n have any real 
or complex values, we refer the reader to the original memoirs, 
in particular those of Barnesf and Hobsonf. 
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MISCELLANEOUS EXAMPLES 

1. Show that the value of the integral 
1 

J z[l-z*)PUz)P'Mdz 

~1 

is zero unless m = n± 1. Find the value of the integral in these excep- 
tional cases. 


2. Prove that, if m > n, 

1 

J ■Pm(*)-Pn(2)d* = ^i^,{3w(»n4-l)-«(n+l)+6} or 0 

according as m—n is even or odd. 

3. Prove that 

r 

' 2m J A”+‘(l-2Aa+7i>)*/«’ 

c 

where C is a simple closed contour enclosing the origin but neither of 
the points 1)^^*; the branch of (\ — 2hz-\-h^Y^^ is that which 

reduces to 1 when A = 0. 


4. Deduce from Ex. 3 that 

If h^dh 
r 

where F is a simple closed contour enclosing both the points z-^ (e*— 1)^/*; 
the branch of ( 1 - 2 ^ 24 -^*)^^* is specified by the condition 

(l-2^2+/i*)VV^“> 1 

as ^ 00 , 

Hence prove that, when 0 < 6 < tt, 

0 

the positive square root being taken, f 


6. Show that if 72* = the numbers involved being real, 

PniZIR) = ' 


Qnim) ■■ 



a» / 

nl 

dZ”\. 

% 

ll 

8» / 

n! 

ez"\i 


;log 


Ii+Z\ 

R-z)’ 


where R is regarded as a function of the independent variables X, Y 
and Z. 


t This is the Dirichlet-Mehler integral for the Legendre pol 3 aiomials. To 
prove it, deform the contour F until it consists of two small circles about 
joined by an arc of |^| » 1, covered twice. 
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6. Prove that the polynomial satisfies the differential equation 


dhv dw 


Deduce that 




6(n-2) 


7. Show that 


(Christoffel.) 


8. Prove the following generalization of Rodrigues's formula: 

0n(2) = ( — ir+^2«n!D-»*-i(22-l )-«-!, 
where D~^ denotes integration from the point at infinity to z. 

9. Show that 


n 


Deduce that 


QM . Sw-isijivi)- 

r=»l 

10. Prove that 

GO 00 

I (2n +1 ){(?„(*)}» d* - J (2n-X){Q^y(z)Ydz = -1. 
1 1 
1 1 

J (2n+l){Q„(*)}*d* - J (2n-lK0^, (*)}*& =1. 


Hence show that 


00 00 

J (2n+l){(3„{2)}»d2 = 27.. 

1 n+1 

J (2ro+l){Q„(2)}» ^ - 


n+ 1 


(Hargreaves.) 


11. Prove that 

12. Show that 

(i-2«){p;o;-p;^i(3;^i) = (n+i)*(Pn+iOn+i-Aen). 
Deduce that, when z does not lie between ± 1, 

% t 

J (2n+3)P^i0^^tfa — J (2n+\)P^Q„dz 

1 1 

= ^(“^+1 Qn)~~(^n Gn+l + A+1 Qn)’ 
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Show also that 
1 


(2n+l) J Pn(x)Q„{x) dx -(2n+3) J P„+i(*)C«+i(*) dx = 

0 0 
1 

Hence evaluate J PJ,x)Q^(x) dx, (Hargbeaves.) 

0 

13. Prove that 

14. Show that 

la+xr^P ix)P (x) dx - 
J (1+*) t-^wfjx)ax {„j,„,jt(2m+2n+l)!' 

(Titchmarsh.) 

15. Show that 

1 

(m— n)(m+n+l) J Pn(x)Qn(x)dx = 1 — (-1)"*+". 

-1 

Deduce that, if m+n is odd, 

1 

(m— n)(m+n+ 1) J EJ,x)QJ,x) dx 1. (Nicholson.) 

0 

16. Prove that 

1 

(2n-2m)(2m+2«+l) J Ptn(x)Q^Jx) dx 

= ^ • (Nicholson.) 

17. Show, by the aid of the addition theorem or otherwise, that 
1 




Hence show that 

n *=0 

Deduce Catalan’s expansion 


(Nicholson.) 


sin^'a: 

rT^l 

18. Prove that, if n > m, 


f P„{coH0)coB7n0de = or 0 

J mn+i«i+l)r(in— Jm+1) 
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according as n—m is even or odd. Deduce that 
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8in(2mcos->.)=-m J 

ns“m 

and 


sin{( 2m + 1 )cos”*2} 

= _ /m4.A\ "V r(n+m+ |)r(n-m+t ) „ . .. 

(Nicholson.) 


jLm 4 r(fi-f" wi-i-2)r(?i — m-f-lj 
n^m 


19. Show that 


TT 

J Pn(co8 6)ammd d6'= 


r(Jm4-Jn4-i)r(im-Jn) 


r(im— Jn+J)r(Jm+in+l) 


when m > n and m—n is odd, and that the value of the integral is zero 
in all other cases. (Heine.) 

20. The equation of a nearly spherical surface of revolution is 
r == o{14-€P„(cos^)}, where € is small. Show that, if e® be neglected, its 
volume and surface are respectively 


47ra® 

3 




21. Show that if m > n and « > 0, 
1 


J Pn,WP„(x)F„^^^(x)dx = 




where 


( 2m + 2n — 25 -f- 1 )-4, 
mlAfn — 1 .3.6... (2m— 1). 


(Febbebs.) 


22. Prove that 2 


2K 


0 7r(l-2®/i®)V2’ 

where K denotes the complete elliptic integral f of modulus 


23. Show that, if |/i| is sufficiently small, 

2 ^"0n(2) == (1— 2/iz4-/^®)“^/®arccosh 

n»o 


(Gebonimus.) 


h—z 


(2®-1)V®‘ 


24. Prove that 
{*+(**-!)'/*}- 

fn I V (2w»+n+4)r(wi-i)r(m+n+i)p , . 

= -(n+1) 2 2,r.m!(m+n+l)i 

m—0 

1 

t The complete elliptic integral of modulus k is j dtj yj {{I— t^){l — kH*)). 

0 

See § 14.42. 
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26. If » > 1 and y = 1), show that 

ft 

J f?,(l+2y*8inV)<i^ = it{PJx)}*. 

0 

26. Prove that, if — 1 < a?i < 1 and —1 < otj < 1, 

2ir 1 

J J d* P«(|x)P„(^,) = 

0 -1 

where _ *Xi+(l-**)»/«(l_a^)>/*cos(^-^i), 


(Nicholson.) 



CHAPTER XII 

BESSEL FUNCTIONS 


12.1. BessePs differential equation 

In the present chapter we determine the complete solution of 
Bessel’s differential equation 


cPw 

dz^ 


Idw ( v2\ 


where v is a constant. It is an equation of the confluent hyper- 
geometric type considered in § 10.61, and has a regular singu- 
larity of exponents ± 1 / at the origin and an irregular singularity 
at infinity. 

This differential equation is of frequent occurrence in physical 
problems. For example, it arises in the determination of the 
solutions of Laplace’s equation associated with the circular 
cylinder, and so its solutions are sometimes called cjdinder func- 
tions. For suppose we transform Laplace’s equation 


dW dW dW 


to cylindrical coordinates (p, Z) defined by the equations 
X = pcostf), Y = psin<^; 


this gives 


dp^ p dp p^ 8^^ dZ^ 


It follows that the expression 

V = e^^iy(p)cos(r<^+e), 

where fc, v, and e are constants, is a solution of Laplace’s equa- 
tion provided that w satisfies Bessel’s equation 


drw 1 dw 




dp^ p dp 
with independent variable kp. 

In most physical problems V must be a one-valued function 
of position in space, and so v must be an integer. In this case 
the exponent-difference at the origin is an integer and it turns 
out that it is impossible to express the complete solution in 
powers of z. It will, therefore, be necessary to distinguish 
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between formulae which hold for general values of v and those 
which are valid only when v is an integer. We do this by 
adopting the convention, usual in this subject, that the para- 
meter occurring in BesseVs equation will be denoted by a Roman 
letter instead of a Greek one in any formula which holds only for 
integral values of that parameter. 


12.11. The Bessel functions 

If we write and denote by d the operator xdfdx, 

Bessers equation becomes 

{&^—\v^)w-\-xw = 0 . 

This equation is satisfied formally by the series 


00 


W — XP^^ C^X^y 
r-0 


provided that a is a root of the indicial equation = 0, 

the coefficients c,. being connected by the recurrence formula 
{(ot+r)*— Jv*}c,+c,_i = 0. 

Now if we take a = the recurrence formula becomes 
(v+r)rc^+Cr^^ = 0 , 
which is satisfied by taking 

C = 

’■ r!r(»'+r+l)’ 

where A is independent of r. Hence 


w = 


Ax^'’ 2 

r-0 


{-xY 

r\ r(i/4-r+l) 


is a series solution of the equation in question. But since this 
infinite series converges uniformly and absolutely in every circle 
|a;| ^ i2, the formal processes by which this solution was ob- 
tained are valid all over the a;-plane. We have thus shown that 


and, similarly, 


w 


ao 

= Axi” 2 


i-xY 


r-0 


r\ r(v-f-r+l) 


w 


Bx-^^ 


00 



i-xY 

r(-^+r+l)’ 


where z^ = 4a;, are two solutions, not necessarily independent, 
of BesseFs differential equation of order v. 
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We now define the Bessel function of the first kind of order 
V to be the function 

= (hzy 

where {\zy = exp(vlogi 2 ;), the logarithm having its principal 
value. The function is thus an integral function. 

In this notation, the expression 

w = AJ^{z)+BJ_^(z) 

is a solution of Bessel’s differential equation depending on two 
arbitrary constants; it remains to determine whether it is the 
complete solution or not. In the first place, it is obviously not 
the complete solution when v = 0, since it then reduces to a 
constant multiple of Jq(z), Again, if n is a positive integer, 
we have « 


^ (-irazr 

Zr!r(v-t-r+iy 


= m-- y 


r^n 


(-irihr 

r!f(— »+r+l) 


a*-0 


r(n+5+ij5! 


(~1)V,(Z), 


since l/r{t) vanishes when ^ is a negative integer or zero. The 
solution we have just obtained is therefore not the complete 
solution when v is an integer, since it then reduces to a constant 
multiple of J„(z). The nature of the complete solution in this 
case accordingly requires further investigation. 

When V is not an integer each coefficient in the expansions 
of J^(z) and J-y{z) is finite and non-zero. The functions Jy{z) and 
J-y(z) are, in this case, evidently linearly independent solutions 
of Bessel’s differential equation. 


Example. Prove that the Wronskian of Jy(z) and J^y(z) is 


J^y) 


2sinv7r 

TTZ 


By § 10.11, Ex. 2, we have = Cjz, where (7 is a constant. 

Now when \z\ is small, 




(\zy 




{1 + 0(2^)}, Jt(z)^ 


iizrz^ 

2r(v) 


{1 + 0(2*)}. 
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Hence 
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[r(n-v)r(-vj ~ r(i-v)r(v)] t 


2sinv7r 

TTZ 


+ 0(z). 


Comparing the two expressions for the Wronskian, we find that 

A/T T \ ZsinvTT 

TTZ 

This result shows that J^,(z) and J_t,{z) are linearly independent if v is 
not an integer or zero. 


12.12. The recurrence formulae for J^(z) 

As J^,{z) is the limiting form of a certain hypergeometric func- 
tion, we should naturally expect that Gauss’s formulae con- 
necting contiguous hypergeometric functions would provide, in 
the limit, recurrence formulae connecting Bessel functions. This 
is indeed the case, but it is much simpler to prove these recur- 
rence formulae directly from the definition of Jy(z), 

The first recurrence formula states that 


For 

Jy-l{z) + Jy+l(z) 


Jy-l(z) + Jy+l{z) = ^Jy{z). 

z 


^ 2r!r(v+r) + ^^^ 2r!r(v+r+2") 

L,4o»-*r(v+r) 2 r!f (v+rT2)J 

= 2 {r! r(v+r)~l^l)\r(v 

r“l 


(i) 


+r+l). 


-iz^r] 


= v(iz)-i 


Y i-m'- 

^^rir(v+r+l) 



the reordering of the terms of the two infinite series being 
justifiable on account of their absolute convergence. 
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Similarly we see that 


= 2 {r ! rl+V) + (r-l )! r(v+r+ 1 )) ( 4/ ] 

and so Jy-ii^) *A>+i(^) ~ 2Jy(z), (ii) 

where the accent denotes differentiation with respect to z. 
From (i) and (ii), the remaining recurrence formulae 

Uy(z)+J'y(z) = Jy-^{Z), («i) 

z 


-Jy{z) Jy{z) 


may be easily obtained. 

Example 1 . Prove by induction that, when m is an integer, 
(w+2n)(»n+n— 1)! y 

({z)’” = ^ 

n-0 

Example 2. Show that, if m is any positive integer, 

(Ay'{2-'’Jy(z)} - (-irz-’'-”'«^.+m(*)- 

\zdz/ 

Example 3. Prove that, if v is real, there lies precisely one zero of 
z-%^i(z) between any two consecutive real zeros of z-^Jy(z), 

Example 4. Show that , 

2 sin vTT 

Example 5. Prove that 

= O* 

Deduce the values of J±\(z)- 

Example 6. Show that, if P and v > — 1, 

(a*-i8») J tJAoitmPt) dt = J;(cx;r) -JAM )» 

0 

05 / (U(ocX)\^ 

2a« I t{JAoa)}*dt = (oiV-v*)R(ort:)}*+[a:— . 

0 (Lommel.) 
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Example 7. Prove that, if 1 / > — 1 and <x and p are distinct zeros 
of Jj(x), then 1 

J dt = 0, 

0 

1 

0 

Hence show that, when v > — 1, the zeros of JJ^x), apart from a; = 0, are 
all real and distinct. (Lommel.) 


12.13. Schiafli’s contour integral for J^(z) 
If we use Hankel’s formula 


1 

rlv+r+l) 


1 

27ri 


(0 + ) 

J 


—00 


dty 


where |arg<| < tt on the path of integration, we obtain 


(0 + ) 


.I'an * 


r-0 

We consider, therefore, the function 

(0 + ) 


S)'"’'* 


obtained by inverting the order of integration and summation 
in this last expression. 

By applying the theorem of § 5.51, we find that F{z) is an 
integral function whose derivatives of all orders can be obtained 
by differentiating under the sign of integration. It follows that 
the Taylor expansion of F{z) is 


( 0 +) 




Thus F{z) and (\z)-^J^{z) are integral functions with the same 
Taylor expansion and so are identical. Hence we have 


Jy{z) 


27ri 




<-■'-1 dt, 
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where jarg^j w on the path of integration. This result is due 
to Schlafli-t 


12.2. The Bessel functions of integral order 

When « is a positive or negative integer or zero, Schlahi’s 
integral (o+j 


has as integrand a one-valued analytic function of t whose only 
singularity of finite affix is an essential singularity at the origin. 
Hence we can deform the path of integration, without altering 
the value of the integral, until it consists of the circle \i\ = \ \z\R, 
provided that z is not zero. Making the substitution t — \zu, 
we find that this gives 

^ j exp{j2(M— du, 

c 

where C denotes the circle |t^| = jB. This formula evidently 
holds also when C is any simple closed contour encircling the 
origin. 

In particular, if we take for C the circle |w| = 1 , on which 
u = where — tt ^ ^ tt, we obtain the formula 

n 

J^Xz) = f de 

27t j 


TT 

_L r ^^-inO+izBind ^ 

277 J 
0 

w 

and hence = - cos(n 0 — 2sin0) dd. 

J 

0 

This is Bessel’s^ integral for J^iz). 

Example 1. Show that 




n 

ij 


co.s(2 COS J?i7r)cos nS dd. 


t Ann, di Mat, (2), 5 (1873), 204. 


J Berliner Ahh, (1824), 1-24. 
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Deduce, by the use of Jacobi’s lemma, Poisson’s integral formula 


0 


where n > 0. 

Example 2. Show from the series definition that 


jp{Z) 


(izY 


n 

J 


cos(z cos ^)sin2»'^ dff, 


i>+i)r(j), 

provided that Rl(i/+i) > 0. 

Example 3. Prove that, if z = and if y is real and not 


than —i, 


K(^)l < 


r(v+i)* 


Example 4. Show that 


J cos(v^— 2sin^) dO 


satisfies BessePs equation of order y only when y is an integer. 
Example 5. Show that 


■ni 

i / ■ 

— ni 


^zainht-nt 


where the path of integration is any curve joining the points iTri. 


12.21. The generating function for J^^{z) 

We have just proved that 

^ 27Ti J 

c 

where C denotes any circle with centre at the origin. Since the 
only singularity of the integrand is at the origin, it follows 
immediately from Laurent’s theorem (§ 4.52) that 

gMu-i/ti) = 2 wV,,(z), 

—00 

tlie series converging uniformly with respect to u and z when 
u lies in any annulus 0 < < jwl < JBg and z lies in any 

bounded closed region. 

The functions J^( 2 ) are therefore the coefficients in the expan- 
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sion of the generating function as a Laurent series in u, 

and, for this reason, are sometimes called the Bessel coefficients. 
This expansion was, in fact, Schlomilch’st definition of the 
Bessel coefficients, and from it he derived many of their prin- 
cipal properties. 

Example 1. Show by means of Schlomilch’s generating function 
that the Bessel coefficients satisfy the recurrence formulae of § 12.12, 
and hence that they are solutions of Bessel’s differential equation. 

Show also that J-n(^) = 

Example 2. Prove that 

gizsinfl 2 J2„(2)cos2n0-f 2^2 J2n+i(«)sin(2n-f-l)0, 

1 0 

and deduce the Fourier series for cos( 2 sin^) and sin( 2 sin^). (Jacobi!) 

Example 3. Prove that 

1 = Jo(2)4-2ij2n(2^), 

1 

2 = 2 2(2n+l)J2n4.i(2)» 

0 

^2 cos 2 = Ji{z) — 9 J^(z) + 25 J^{z)— 

J2sin2 = 472 ( 2 )— 16J4(2)-h36Je(2) — —- (Lommel.) 

Example 4. Show that 

J„(2+2') = 1; J^(z)J^^J,z'). (K. Neumann.) 

— 00 


12.3. The solution of BessePs equation by complex in- 
tegrals 

We have already seen (§ 12.2, Ex. 5) that BessePs differential 


equation 


• == 0 


ni 

is satisfied by w == j gcsinh^-w 

— tH 

when V is an integer. We now propose to determine whether 
there exist solutions of the form 



t Zeitechrift fiXr Math, und Phya. 2 (1857), 137-66. 

y 


8531451 
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It should be observed that the integrand is an integral funo- 
tion of t, so that the integral is independent of the particular 
path of integration which joins the points a and 6. It is, more- 
over, useless to consider integrals of this type round closed 
contours since they all vanish identically. 

When the limits a and b are finite, we can differentiate w 
under the sign of integration to obtain 

h 

= J €*®*“^'""’''^(2;^cosh^^+2sinh^--v2) 

a 

This result also holds when one or both of the limits are infinite 
provided that the integral for w converges uniformly. If we can 
choose a and b so that this last expression vanishes, u; is a solu- 
tion of Bessel’s equation. 

When the limits are ±7ri, we have 

[6®®‘nh/-v/(2;cOSh<-fv)]^^ = 2i{z--v)Qinv7T, 

iri 

Hence w— j 

—iri 

is a solution of Bessel’s equation if and only if v is an integer 
or zero. 

When V is not an integer or zero, the appropriate values of 
a and b are given by the considerations which follow. 

Let us consider now a path of integration consisting of the 
negative part of the straight line Im ^ = a, the imaginary axis 
from od to and the positive part of the straight line Im t = p. 
The limits of integration are then — -oo+ai and +cx)+j3i in the 
usual notation. We suppose, moreover, that z = lies in a 
bounded closed region!) for which —^TT+a+S < 0 < J7r-fa— 8, 
where 8 is an arbitrary positive number. 

When jB is positive, we have 

lR\{z sinh(— iZ-f af)} 

= ^re*^cos(fl+a)— |re^cos(0— a) < Jrc^sin8. 
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If v = X+ifi, it follows that 
|e»etah<-rf (2 cosh <+!/) 

< (rcosh R+ |v|)exp(|re”^— Jre^sin84-Ai?+/ia). 
Since by hypothesis r is bounded in Z>, we deduce that 

[e*8inb^-w(2cosh<+v)]^=_^^^^ -> 0 

as R->aOy the convergence being uniform with respect to z 
when z lies in D. In a similar manner we can show that 
[•e28inh/-v^(2:cosh<+v)]^^^^^. 0 

as iJ->oo, provided that )3 = zt^r— a, the convergence being 
uniform with respect to z when z lies in D. 

Lastly, it can be shown without much difficulty that, under 
these conditions, the integral 

00 + /Si 
w— j 

— 00 4- at 

converges uniformly with respect to z when z lies in D, Hence 
w is an analytic function, regular in D, whose derivatives can 
be found by differentiation under the sign of integration, and 
so w satisfies all the conditions necessary to make it a solution 
of Bessel’s equation of order v. 

We have thus shown that the functions 

oo + (rr — a)i oo— (7r+a)i 

J ^alobl-vt J 

— 00 + at — OO + Ott 

are solutions of Bessel’s equation of order v, valid when z lies 
in the angle — ^7r+a+8 argz < ^Tr+a— 8, where 8 is an 
arbitrary positive number. It is evident, moreover, that the 
paths of integration can be any contours which are asymptotic 
to the particular contours defined above. 

12.31. The Hankel functions 

In particular, we find, by taking a = 0, that 

oo + 7ri 
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= - 


CO — »ri 



C*8inh<-W 


are solutions of Bessel’s equation of order v, valid when 
|arg 2 | < \tt. These functions are called the Beasd functions of 
the third kind, or, more briefly, the Hankel functions^ of order v. 

The analytical continuation of these functions for other ranges 
of values of arge is provided by the formulae 

Q0 + (7r— a)i 

TTl J 

— oo+ai 
00 — (ir4-a)i 

ni J 

-oo+ai 


where — ^Tr+a+S < argz < ^Tr+a— 8 and 8 > 0. The argu- 
ment by which this is proved may be illustrated by considering 
the case when a = 

is defined when [arg^j < whilst 


<» + i7ri 



— oo + ^tri 


g*8lnh<-v/ dt 


is a solution of Bessel’s equation when 0 < arg^ < tt. We have 
to show that these two functions are identical in the first 
quadrant, their common region of definition. 

Let us suppose that 0 < 8 < argz < ^7r--8. If we apply 
Cauchy’s theorem to the rectangle with vertices R+^ni, 
J?-f Tri, Tvi, we find that 

fi+Tri R-\-\'ni R-\’Tri 

J fli — J e«8inh/-v/^^ ^ J ^zBinhi-vt 

\7n B + *7ri 

But, on account of our restrictions on arg«, the second integral 
on the right-hand side tends to zero as J? -> oo, and so 


oo+Tri Qo + 47rt 

f _ f g*8lnh<-W^^ 

kvri ini 


t So called because it was Hankel who first realized their importance. The 
definition adopted here is not the usual one, but is essentially equivalent to 
that of Hopf and Sommerfeld, Archiv der Math, und Phya, (3), 18 (1911), 1-16. 
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Similarly we can show that 

itri iTTi 

J = J ^a\nhl-vt^ 

— 00 — oo + irri 

Hence, when z lies in the first quadrant, 

00 + Tri 00 + \‘rri 

J gz slnh l-vl — j gzslnhZ-W^^^ 

— 00 — 00 — ini 

which is the required result. 

In this way the Hankel functions are continued analytically 
all over the 2;-plane. It will, however, be observed that the 
functions so defined are not one-valued, but possess a branch- 
point at the origin, even in the case when v is an integer.f 

Example 1. Show that H%(z), W2l(z) are also solutions of Bessel’s 
equation of order v by proving that 

m\(z) = e^^W}\z), m\(z) = 

Example 2. Prove that the Hankel functions H^)\z)y H^^\z) satisfy 
the same recurrence formulae as J^,(z), 

Example 3. Show thatf 

Hf(ze'"^) = 2cosv7rHt2>(z) + e*'’^Ht'>(2). 

Hence prove that 

= —H^^\z) — 2cosvTTe~^^^W^\z)^ 

= (4cos*i/7r — 2cosy7re''’^'H[,^^(2). 

(Weber; Graf.) 

12.32. The connexion between the Bessel and Hankel 
functions 

We shall now show that the Hankel and Bessel functions are 
connected by the relations 

2J,(z) = Hi^\z)+Hi^\z), 

provided that^ largz| < tt. 

t See Ex. 3. 

{ It is simplest to prove these formulae in the first instance when |arg 2 | < \rr; 
in this case jn < arg(ze^) < Jrr. The formulae for general values of z follow 
by analytical continuation. 

§ This restriction is needed since the Bessel functions are not defined outside 
this range of values of arg z. The formuliie we are about to prove may be used 
to extend their range of definition. 
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If * — rc^', where —n<d<‘n, the formulae of the previous 
section give oo+(,,- 9 )< 

£?W( 2 ) = -^ I exp(rc®^8inh<— »»<) df, 

77t J 
~oo + ^i 

00— (w+^)i 

f exp(re^*8inh^— v/) 

m J 

— co-\-0i 

Hence we have oo-ei+m 

f exp(re^‘sinh<— 1/<) d^, 

Stti j 

oo — di—Tri 


the path of integration being the positive part of the line 
Im^= ~7r— 0, the imaginary axis from — (7r+0)i to {7r^0)i, 
and the positive part of the line Im^ = tt—O. If we make, in 
turn, the two substitutions t — u—Oi, c“ = 2^>/r, we obtain 

oo-f Tri 

(* exp{rc*‘'sinh(ti— ^i)— KM+v0i} du 
Jtti j 

oo — rri 


1 

27ri 


ao + Tii 


f 


exp{Jre "— du 


1 

2iTi 


( 0 +) 



— 00 


] 2 ''V^ V 


( 0 +) 



00 


But this last expression is Schlafli’s integral for Jy{z), and there- 
J,{Z) = 

From this we deduce that 


a result which reduces to JL„(z) == (-“ 1 )V^( 2 ) when n is an 
integer. 


12.33. The complete solution of Bessel’s equation 

Although the Hankel functions are merely linear combina- 
tions of the functions Jy(z) and JLy(z) when v is not an integer, 
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they possess, as we shall prove, the remarkable property of 
being linearly independent solutions of Bessers equation for all 
values of the parameter i^, so that the complete solution is 

where A and B are arbitrary constants. 

For when v is not an integer, the Wronskianf of J^{z) and 
J^yiz) is given by 

= -^i8inv7rA(H«),//<2)), 
and so, by the example of § 12.11, 

= 4 -. 

TTIZ 

But, for any fixed value of the Hankel functions are integral 
functions of v, and so, by continuity, the Wronskian of 
and Hi^\z) is ^l(Triz) for all values of v. Since the Wronskian 
never vanishes, and H^^\z) are linearly independent solu- 

tions of Bessel’s equation. 

12.4. The Bessel function of the second kind 

In view of the fact that the behaviour of J^[z) near the origin 
is much simpler than that of the Hankel functions, it is very 
desirable to retain it as one of the standard solutions of Bessel’s 
equation. As a second solution we take Weber’sJ function 1^(7), 
defined by the equation 

Y^Z) = 

for all values of the parameter v. Remembering that 
J,{z) = 

we see that the linear independence of J^{z) and Y^(z) follows 
t See § 10.11, Exx. 1. 2. 

t Journal Jur Math. 76 (1873), 9; Math. Ann. 6 (1873), 148. There are 
several other definitions of a second solution of Bessel’s equation, the present 
one being the most satisfactory. See Watson, liessel H'unctionSt § 3.5 et scq. 
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from that of the Hankel functions. Y^,(z) is usually called the 
Bessel function of the second kind. Evidently Y^{z) satisfies the 
same recurrence formulae as JJiz), 

When V is not an integer, it follows from the formulae of 


§ 12.32 that 




CO^V7TJy{z) — J_f^z) 


SinVTT 


When V is an integer, this formula fails because the numerator 
and denominator are then both zero. But since the Hankel 
functions are continuous functions of v, so also is Y^(z), Hence 
the value of Weber’s function of integral order is given by the 

equation ^ '._^iioevuJ.(t)-J,.(t) 


sinw 


12.41. The series for YJz) 

If we substitute in the formula 


Y^z) = 


sm w 


the power series for the Bessel functions, we obtain the expan- 
sion 


Y^{z) = cotv7r(^2;)*'2 


r\ r(v+^+l) 


- coaec vu ( Jt)- 2 Sfj-STI) 

valid when v is not an integer. This formula fails when v is an 
integer. 

Now by the ordinary rule for finding the limit of a quotient, 
we have 

y = H^ooW,(»)-J',.(a) 
sm VTT 


= limfi 


djy . J 

COS VTT — rr sm vTrJy — 

dv 



= ±lim 

TTy-^ 




Moreover, since = (—lYYJ^z)^ it suffices to consider only 

the case when n is positive or zero. 
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Denoting the derivative of log r(t) by ^(0, we find that 

as V w. 

When n is positive, we have to consider separately the first 
n terms of the series for dJ^Jdv since r(— and 
I'+^+l) have poles at v = n when r takes the values 
0, 1, 2 ,..., 71—1. This difficulty does not arise when n is zero. 
When r = 0, 1, 2,..., ti— 1, we have 


dv 


r (_l)r(;^2)-v+2r 

V r!r(-v+r+l) 

— /V — sinvTT 

tttI 


log ^z+^cosv7r+sinv7r^(v — r)] 


(-l)«a2)-"+2r(!L_r^ 


as V -> 71. Treating the terms for which r ^ n in the straight- 
forward way, we see that 


(- 1 )" 


dv 


n — 1 

2 

f = 0 


(71— r— 1)! 


r\ 


oo 

+ 2 


(12)’*+^* 


(- 1 )' 


«! (»+«)! 


W«+l)-log(i2)} 


as V “> 71 . Hence, when ti is a positive integer, Weber’s function 
can be expanded as a series of the form 


i;W = ^ 2;T(^^21og(iz)-^(r+l)-^(«+r+l)}- 

_ i y (”-y 

TT ^ r\ 

r=0 

This formula also holds when ti = 0, the terms in the second 
line being omitted. It is sometimes useful to modify this formula 
by writing 

0(1) = -y, 0(w»+l) = i+^+i+...+^-y, 

where y denotes Euler’s constant. 
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12.5. The asymptotic expansions of the Bessel functions 

Although we have now represented the complete solution of 
Bessel’s equation by series of ascending powers of z (multiplied 
in some cases by logs;), which are convergent for all values of 2, 
the convergence is, unfortunately, so slow when \z\ is large that 
an examination of the initial terms of such a series gives 
practically no information regarding the value of its sum. To 
overcome this difficulty, we now propose to determine, by means 
of the method of steepest descents,*]* expansions of the Bessel 
functions in inverse powers of z which are asymptotic in Poin- 
care’s sense, even though they are divergent for all values of z. 

The method of steepest descents, J which was devised by 
Debye§ to obtain asymptotic expansions of Bessel functions of 
large order, consists essentially in representing the function 
under consideration by an integral along a path with a particular 
geometrical property. 

Let us suppose that we wish to find the asymptotic behaviour, 
when |2| is large, of a function defined by a contour integral of 


the form 


J dw 


which converges when RI2 is positive, the functions and 
F(w) being analytic functions of w, regular in a region of the 
tt’-plane which contains the path of integration. The path of 
integration is to be deformed, if possible, until the following 
conditions are satisfied: 


(i) the path of integration goes through a zero of f{w); 

(ii) the imaginary part of f(w) is constant on the path. 

To obtain a geometrical picture of this, we consider the sur- 
face defined by the equations 

w = u-\-iv, t = K[f(w) 

in a space in which (w, v, t) are rectangular Cartesian coordinates. 


t For an account of other methods of determining these asymptotic expan- 
sions, see Watson, Bessel Functions, Chap. VII. The only application of the 
method of steepest descents to the present problem seems to be that of Moijer 
{Proc. Kon. Akad. Wet, Amsterdam, 35 (1932), 667-67, 852-66), although 
Sommerfeld and Hopf (loc. cit., p. 324) used it to find the dominant term. 

{ Sometimes called the saddle-point method. 

§• Maih, Ann, 67 (1909), 636-68; Munchener Sitzungsberichte (6), 40 (1910). 
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The height of a point on this surface above the plane t = 0 can 
never be a true maximum or minimum, since t satisfies the 
partial differential equation 




= 0 . 


The surface may, however, possess points at which the tangent 
plane is parallel to i = 0, and these are necessarily saddle- 
points. At such a saddle-point, dtjdu and dtjdv both vanish, and 
hence, by the Cauchy-Riemann conditions, f\w) also vanishes 
there. 

If we construct a map of this surface on the (u, r)-plane by 
means of contour lines, the curves of this map on which the 
imaginary part of f{w) is constant are everywhere orthogonal 
to the contour lines and so are the projections of the paths of 
steepest ascent or descent on the surface. 

Let us suppose that it is possible to modify the path of 
integration in this way without altering the value of the integral 
and so to express the function as a sum of integrals along paths 
of steepest descent starting at a saddle-point Integrals along 
paths of steepest ascent cannot occur as they evidently diverge. 
On a path of steepest descent, f{xv) = where t is real 

and positive and increases indefinitely as we move away from 
the saddle-point. We have, therefore, to consider the behaviour 
of a sum of integrals of the form 

00 

J e~"F(w)^dr 

0 

when \z\ is large. To each of these we can, in general, apply 
the result of Watson’s lemma (§ 9.52), and so deduce the re- 
quired asymptotic expansion. 

This brief explanation of the method of steepest descents will 
be made clearer by a consideration of the following section. 


12.51. The asymptotic expansions of the Hankel func- 
tions 

In the present section we find an asymptotic expansion of 
the Hankel function by applying the method of steepest 
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descents to the integral 


oo+(7r“a)i 


em-i I 




where |arg( 2 e”“*) | < From this the asymptotic formulae for 
the other solutions of BesseFs equations are easily deduced. 

The saddle-points are given by the equation cosh^ = 0 and 
so are t = (w+J)7n, where n is an integer. Of these, t = 
lies on the path of integration -for all values oi ql. If we make 
the substitution t = ^Tri+^j we find that 




oo + i(tr— a)i 


exp{ze*’^^*co8hu;— vw;} dw 


00 — J(7r— a)i 


exp{ 2 e*’^‘cosh w) cosh vw dw. 


To bring this formula into agreement with the theory of the 
previous section, we write z = so that [arg^l < This 

oo + (tr-j3K 

_ 2 J exp{f e^^’cosh te;} cosh VW 

0 

where jS = We have now to see whether there exists 

a path of steepest descent which starts at the origin and goes 
to infinity in the required direction. 

Let us suppose that 0 < jS < 2tt. The steepest paths through 
the origin are given by the equation 

e^*coshw == eP'^—T, 


where r is real. If we solve for w, we find that 
e±^ = 

so that arg w i(7r— j8) or as r -> +0 and arg w 

or ^(27r-“j3) as t->— 0. There are therefore four steepest 
paths through w = 0, the paths of Steepest descent being 
given by t > 0. Moreover, as t->+oo, ~ 

and so w->cx)+{7r— j3)i or — oo--(7r— j3)i. Hence there is a 
path of steepest descent which leaves the origin in the direc- 
tion argw = |(7r— j8) and tends to infinity in the direction 
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oo+(7r— ^)i; we can take this as path of integration without 
altering the value of the integral. Hence we have 

30 

== 2exp(5e^*) J e-^'^coshvw^ dr 
0 

oo 

2 iY r r-T^^rnhw) j 

= -exp(fgP^) dr. 

V J dr 

0 


In order to apply Watson’s lemma to this integral, we must 


first show that 


F{t) = 


dsinhvi^; 
dr ’ 


regarded as a function of the complex variable t, satisfies all the 
conditions of the lemma; these are as follows: 

(i) F{r) is regular, save possibly for a branch-point at the 

origin, when |t| < a+S, where a and 8 are positive; 

(ii) |JF(t)| < holds when r ^ a, K and b being positive 

numbers independent of r; 

(iii) F(r) can be expanded as a series of the form 

-p’(t) = i 

m=l 

valid when \r\ < a, r being positive. 

Now, from the equation 

e^'coshii; = eP^—r 
we find that sinh \w = 

Since argw as t +0, ^J{lT) is positive on the path 

of integration. Moreover, sinh \w is an analytic function of r, 
regular save for the branch-point at the origin. 

On the other hand, sinhvit; is an analytic function of sinh Jtt;, 
regular when |sinh^ii;| <1. Its Taylor expansion is 

J»[l+ 2 

^ r*»l 

From this it follows that sinhi^ is an analytic function of r. 
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regular, apart from a branch-point at 0, when |t| < 2. Also, 

for such values of r the expansion 

sinhwa = 2ve*<"-^y( Jr) x 

is valid. This implies that, apart from a branch-point at the 
origin, F(r) is regular when |r| < 2 and can then be represented 
by the series 


F{r) 


ye^(ir-P)i 


r ^ (4v^- l»)(4v»-y)...(4.»- (2r- 1 )^) I 

[ ^ Z ■ 2^(2r)! J- 


Hence conditions (i) and (iii) .of Watson’s lemma are satisfied. 
Finally, when r is large and positive, 

1-f 


and 



1 

r 


It follows that there exists a positive number with the pro- 
perty that 

|6*"| < 3t, 16“*" I < l/r, \dwldT\ < 2/t 

when T > Tj. But since 

jF(t) = VCO^YlVW^^ 


this implies that there exists a constant A such that 
|F(t)1 < < Ae-^ 

when T ^ Tj. Since |F(t)| is bounded when 1 < r < r^, con- 
dition (ii) of the lemma is also satisfied. 

By the formal term-by-term integration whose validity is a 
consequence of Watson’s lemma, we now deduce that, when 
!$! is large and larg$| < ^tt, 

2 7 

= -exp(f6^0 J e-^'^F(r)dr 
0 
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- 


exp{i^e“‘+ Jffi} x 

.Ji, ,^^(4v2-12)(4v2-32)...(4v*-(2r-l)2)l 

(2i^e“<r J' 

In obtaining the expression in the last line we have used the 
duplication formula for the Gamma function. 

If we restore the original variable z, we find that 

( 2 

— I exp{i(2— ivn— iv)} X 

, ^(_l)r(4,;2-12)(4v2-32)...(4..*-(2r-l)*)] 

^ Z 2^-r\{2izY J 

1 *“ 1 

is the asymptotic expansion of valid when \z\ is large 

and |arg( 2 C-“^‘)| < \tt. 

In proving this formula we assumed that !arg(sc"“*')l < 
where the only restriction upon a is that p oc+^n must lie 
between 0 and 27t, If we allow p to vary over this range, we 
find that the asymptotic expansion is valid when \z\ is large, 
provided only that — tt < argz < 27r. 

We have now shown that, when —tt < arga; < 27t and \z\ is 
large, the Hankel function H\f^{z) is represented asymptotically by 
the series 

~ W)[>+ 

This result, for general complex values of v and 2 , was first 
obtained by Hankel.f 

Since the Hankel functions are connected by the relation 

it follows immediately from the asymptotic expansion of H^^{z) 
t Math. Ann. 1 (1869), 491-6. 
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that, when — 27 r < arg 2 < it and \z\ is large, H^y\z) has the 

asymptotic expansion 

~ iv7r-H}[l+ 2 1^,]- 

The asymptotic expansions of the Hankel functions for other 
ranges of values of arg25 may be deduced from the formulae of 
§ 12.31, Ex. 3. 

Although these asymptotic expansions are in the form of 
divergent series, they may be used for computing the value of 
the Hankel functions, since the error incurred by terminating 
the series at any point is of the same order of magnitude as the 
first term omitted. More precise information on the magnitude 
of the error will be found in § 7.3 of Watson’s treatise and also 
in the series of papers by Meijer already cited. 


Example 1 . Prove that the formulae 
L r-0 

L 


.2r) 


+coB(z-iv7r-iw) 2 

r -0 ■* 


hold for large values of \z\ provided that |arg 2 | < tt. 

Example 2. Show that the asymptotic expansions for the Hankel 
functions terminate when v is half of an odd integer. Deduce that, if 
V = n-h J where n is a positive integer or zero, 


L fa >0 


(-ir(n+2r)! 




<(n-l )/2 

+cos(z— ifiTr) 2 


2r)l{2z)^^ 

(~inn+2r+l)! 

(2r + 1 ) ! (n - 2r - 1 ) ! ( 22 )**’+i 


]• 


r <n /2 

... 1 (_l)f(n+2r+l)! ] 

-sm(*+injr) (2r+l)!(«-2r-l)!(2*)*f+iJ* 
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12.6. The Neumann polynomials 

We now propose to investigate the properties of certain poly- 
nomials associated with the Bessel coefficients which are of 
importance in the theory of the expansion of an arbitrary 
analytic function f{z) as a series of the form 

f{z) = 

0 

These are the Neumannf polynomials defined by the 

expansion , oo 

— = Jo(z)Oo(0 + 2 2 

t — Z n»l 

We start from the formula 


0 

which is valid when Rl(^— 2 ) > 0, and use Schlomilch’s gene- 
rating function in the form 


^zsinYxxo ^ Jo(2;)+ ^ 1 (2). 

n=“l 

This gives 

00 

= J e~'®‘“^“’cosh w; + 

0 

00 °° 

+ 2 dWy 

n-i i 


provided that it is permissible to invert the order of integration 
and summation. 

A sufficient condition for the validity of this process is the 
convergence of the series 



|g-<8inhu;0Qg]^ If; |^enw_j_ ( — l Jng-nwJ J^(z) | dw. 


t K. Neumann, Journal far Math, 67 (1867), 310. The Neumann polynomial 
was formerly called the Bessel function of the second kind, by analogy with 
the corresponding formula in the theory of the Legendre polynomials. But the 
terminology is misleading as Of^{t) is not a solution’ of Bessers equation. 

8531451 Z 
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But if R1 < = T > 0 and Im a = y, we have 

00 

J lc-‘»‘“*‘“'coshtt>{e””’+(— J„(8)l dw 
0 

00 

4 |J„( 2 )|e*’‘ J dw 

0 

00 

< 4 |J„(z)le*^ J c-‘«V»+i)“dw 
— 00 


= 4|J„(z)|ei^(2/T)»+in! 

< 8|2|«e»’'+'*''/T»+i, 

by § 12.2, Ex. 3. The interchange is thus certainly valid when 

|z| < r. 

We have thus shown that, when Rl^ > \z\, 


= Jo(2)Oo(0 + 2 2 •4(2)0„(0 
n*l 

where OJJt) = J e~^®^“^’^cosh nw dw, 

0 

the upper or lower function being taken according as n is even 
or odd. 

The functions have, so far, been defined only when 

RU > 0. We now extend their region of definition and show 
that the expansion of is valid under the less restrictive 

condition \z\ < |<|. 

Now, when n > 0, we know thatf 


cosh on 1 • i.n I 1) 

sinh ”2(2n— 2) 


sinh^~2|^+ 


• O >4/0^ 0\/0*. A\ I •••j 


2.4(2n-~2)(2n-4) 


the upper or lower function being taken according as n is even 
or odd. If we make the substitution u == sinhi/;, we find that. 


t See Hobson, Plane Trigonometry (1911), 106. 
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when n > 0 and RI< > 0, 


ao 

0.(0 _ I 

n(n-l)(n-2)(n-3) \ 

+ 2.4.(2n-2)(2n-4)“ +-p«> 


and so 

2»>-%!r I 

n\/ ^n+l I ^2(2ra— 2')'^2.4.(2n-2)(2n— 4) T 

the series inside the brackets ending with a term involving 
or according as n is odd or even. On the other hand, 


\{t) = j 


g-/8inhu»^Qg]^ ^ _ 

V 


We now define 0^{t) to mean these polynomials in l/<, for all 
values of argL 

From this definition we see that, when n > 0, 

0?l— f 


80 that, by § 12.2, Ex. 3, 

l^„(2)0„(<)l < 


21 «|»+i 


Texpdi^l^+IImrl). 


Hence, when |2| < R and t lies in a bounded closed region for 
which 1^1 > i?+e, where c is positive, the series 

«^(z)Oo(<) + 2 2 

n=l 

converges absolutely and uniformly with respect to z and t. 
Since its sum is when RU > | 2 |, it follows by analytical 

continuation that this will still be the sum when |<| > \z\. 

We have thus shown that 

(<- 2 )-‘ = Mzmt)+2 I J„(z)0„{t), 

n— 1 

provided only that |z| < |<|. 

Example 1. Prove that the Neumann polynomials are connected 
by the recurrence formulae 

(n— l)O„^,(0 + (n+l)O„_i(«)— j(n* — 1)0„(<) = ^nsin^nn- (n > 1), 

= 20;(<) (n > 1), 

-0,(t) = Oi{l), 

where accents denote differentiation with respect to L 
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Example 2. Show that 0^(0 satisfies the differential equation 


d^w 


+ 


3dw ( n*— 1\ 

7 dF+l* — w-r = 9nW. 


where Qnit) denotes l/t or 7i/t^ according as n is even or odd. 

Example 3. Show that, if G denotes any simple closed contour about 
the origin, ^ 

J 0m(*)0„(«) dz = 0, 


c 

j J^{z)On(z) dz == 0 n), 

c 

J Jj,z)OJ^z) dz = (m > 1). 

c 


12.61. Neumann’s expansion theorem 

K. Neumann showed that iff{z) is an analytic function, regular 
when l^l < jB, it can be expanded as a series of the farm 

f{z) = tto JJj(z) + 2 2 
1 

which converges uniformly in every closed region within \z\ R, 
The coefficients a^ are given by the relation 

\t\^R 

For if z lies in a closed region within the circle | 2 | = J?, we 
have 





= 2“. J /{<)po(2)OoW+2|j„(z)0„(<)]d<. 

\t\^R 

Since the series occurring under the sign of integration con- 
verges uniformly with respect to z and t, we can integrate it 
term by term to obtain Neumann’s result. 
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MISCELLANEOUS EXAMPLES 


Prove that =* t7„j(a;) 


provided that x is positive. 

2. Show that, when n is an integer. 


and deduce that 


-1 

00 

e“‘ = y(^) 2 (Baueb.) 


3. Prove that J 


is equal to 2/(2n-f 1) or 0 according as the integers m and n are equal 
or imequal. 

4. Show that, when cos B is positive, 


P!?(cos B) 


(n—m)\ J 


g-*cos0^(a; sin B)x'*^ dx. (Hobson.) 


5. Prove that the product JJ^z)JJ^z) is equal to 

V r (/x+v+2n+l)(-t«/4)’« 

n! r(/x + »'+^+ l)r(M-f l)r(v+n-f-l)* 


6. Show that 


(SCHLATLI.) 


TT 

J^(z) “ “ J* cos(zsin0— v^) dB — J" e-zsinh^-*^ 

0 0 
ir ® 

Y^(z) = ^ J sin{2sin^-v^) J e-*«i“i^^(e»'^+c-*^cosi;7r) 

0 0 

provided that the real part of z is positive. (Schlatli.) 

7, Prove, by term-by-term integration, that the equation 

J ^ ‘-r.) 
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holds when Rl(/i-f-v) > 0, Rla > 0 and |6| < |o|. Apply the principle 
of analytical continuation to show that the equation is true \mder the 
less restrictive conditions Rl(p,-fv) > 0 and Rl(a±i6) > 0. (Hankel.) 

8. Show that 


0 

provided that |argp| < Jtt and Rl(/i+v) > 0. (Hankel.) 



9. Prove that, when Rlv > — 1, 

c+ aoi 

c— ooi 

the path of integration being the straight line Rif = c > 0. (Sonine.) 

10. By using the formula for J^^i{tu) given in Ex. 9, prove that, when 
Rlv > — 1, w > 0, c > 0, 

00 C+ ooi 

J «“-»?■ 

0 c — ooi 

00 

Deduce that J dt = — "pj , 

0 

where € is equal to 0, or 1 according as u is less than, equal to, or 
greater than imity. 

11. Prove that the relation 


0 

00 

implies that ^(f) — 0(0) = J* J^^i(tu)F\u) du (f > 0) 

0 

provided that we can differentiate the first integral under the sign of 
integration and invert the order of a certain repeated integral. [This is 
the Hankel Transform Theorem, Sufficient conditions for its validity are 
given by Burkill, Proc, London Math, Soc, (2), 25 (1926), 613-24. See 
also Titchmarsh, Proc, Camb, Phil, Soc, 21 (1922-3), 463-73. 

The more usual form of the theorem is obtained by writing 
F'(x) = x^+^f(x), a >'(0 = 

00 

/(*) = j t<f>(t)J^xt) dt 
0 


it then states that 
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W 

implies that ^{t) — j uf{u)JJ^tu) du,] 

0 

12. Prove that« when the real parts of /li+I and v are positive, 

t 

j;(m+v)/ 2^^^(2V2) = J vW2J^(2Vv)(z— v)*'”! dv. 

0 

Hence show that, when n is an integer, 

z t z 

2;(M + n)/2J^^^(2V2) = dz, 

0 0 0 

integration being performed n times. (Sonine.) 

13. Show that 

00 

(z+/i)-WV,{2V(s+fc)} = 2 

m *»0 

00 

(z+A)WV,{2V(*+fc)} = 2 

» i “0 

the latter expansion being valid only when (^| < |z|. 

14. Show that, when Rl(Jv— i) > Rift > —1, 

00 

J («+z)-’/V,{2V(<+*)}«'‘ dt = (SONINB.) 

0 

15. Show that, when J) > 0, 

1 

J dt — 4icosi/7r J cos zw( 1 — w*)''~V2 du, 

c 0 

where the contour C, on which |arg(«*— 1)| < tt, is a figure of eight which 
goes round t = 1 once positively and f = — 1 once negatively. 

Deduce that J,(*) = J ^ 

V 

provided only that is not a positive integer. (Haneel.) 

16. By using the result of Ex. 6, prove that 

n 

j Jo(2zsin^)cos2n^ d^ = ‘7r{J„(z)}*, 

0 

<n 

and also that J J^ni^zsinilj) dt/; = 'n{Jn{z))^, 



344 BESSEL FUNCTIONS 

17. Show that, if E* = z*+zl~2zziCos$, 

— 00 

18. By integrating round a semicircle in the upper half-plane, show 

that, if a; > a, oo 


/ 


H^}\ocu) du ^ 


this being a Cauchy pdncipal value. 


Deduce that 


/ 


j;,(ate)I^(a;w)— J^(a:tt)l^(aw) du _ tto*' 


(Titchmabsh.) 


19. Show that, for all values of the parameter Vy the complete primi- 
tive of the differential equation 

-(! + ?)“' = 0 


dhjo 1 dt£; 
dz^ z dz 


IS 

where 


u; = AUz^BKMy 

(^zY+2m 


!,{») = 2 : 


ml r(i/4-m-}-l)' 

fii-'O 

K,(z) = 

20. Prove that, when \argz\ < fir and \z\ is large, 

21. Show that, when |arg*| < Jtt, 


oo-f tri 


Uz) 


=^J 


g*C08hU7- W 


co^iri 


Ky(z) == J e’'*«»hu7cosh w dw. 


the path of integration in the former integral being along straight lines 
from 00— Tri to —Tri, from —Tri to Tri, and from Tri to oo+Tri. 


22. If a; > 0, -1 < Rli; < 1, 

00 

g-\vni r 

Vj 

»«(«) - 


eixo 08 b<-F« dt. 


— 00 

00 

giwi r 

Tri J 


e-tecoBhf~»< dt. 



CHAPTER XIII 


THE ELLIPTIC FUNCTIONS OF WEIERSTRASS 

13.1. Periodic functions 

A FUNCTION f(z) is said to be periodic if there exists a non- 
zero constant 2w such that the equation 

f(z+ 2a}) =f(z) 

holds for all values of z. The number 2a) is called a period of 
f(z)] evidently, if n is a positive or negative integer, 2na} is also 
a period. We call 2aj a fundamental period if no submultiple 
of it is a period. 

A periodic function which has only one fundamental period 
is said to be simply -periodic. For example, is simply-periodic, 
its fundamental period being 27Ti. A function which possesses 
more than one fundamental period is said to be multiply- 
periodic. In the present chapter we show that multiply-periodic 
functions exist by constructing Weierstrass's doubly-periodic 
function p(z)y which has two fundamental periods whose ratio 
is not real; every other period is a sum of multiples of these 
two fundamental periods. 

The existence of such a function naturally suggests the fol- 
lowing questions: 

(i) Does there exist an analytic function, regular save for 
poles, which has two fundamental periods whose ratio 
is real? 

(ii) Does there exist an analytic function, regular save for 
poles, which possesses more than two independent 
fundamental periods? 

These questions were first asked by Jacobi, f who showed in 
each case that such a function is necessarily constant. 

Example. The function f(z) has two periods 2cui and 2a>2. Show 
that, if m and n denote positive or negative integers or zero, the number 
2mwi-f2na>2 is also a period. 

t See the earlier part of Jacobi’s paper, Journal fiir Math. 13 (1835), 56-78, 
which is reprinted in his Qes. Werke, 2 (1882), 26-50. 
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13.11. The lower bound of the periods of an analytic 

function 

As a preliminary step in provingf the results established by 
Jacobi, we show that a periodic armlytic function which is not 
a constant cannot possess arbitrarily small periods, 

hetf(z) be an analytic function which has a set of periods 2w, 
where the lower bound of |a>| is zero. If Zq is a point at which 
f{z) is regular, the function /( 2 )—/(Zq) has a zero at each of the 
points Zq+2w, But since the lower bound of |a>| is zero, there 
exists a point of the set in every neighbourhood of Zq. 

This is impossible^ unless /(z)—/(zo) is identically zero. Hence 
the result. 

13.12. Jacobi’s first question 

We now answer Jacobi’s first question by showing that if an 
analytic function f(z), other than a constant, has a set of periods 
2 ( 0 , 2A(o, where A is real, each of these periods is a multiple of 
a single fundamental period. 

If the only values which A takes are positive or negative 
integers, there is nothing to be proved; 2co is then the funda- 
mental period. 

If, however, there are periods 2A(o with non-integral values 
of A, each such period is expressible in the form 2m(o+2a<o, 
where m is a positive or negative integer or zero and 0 < a < l\ 
Evidently 2ouo is itself a period, since it is the difference between 
the periods 2Xw and 2mco. Thus corresponding to every period 
2Aco which is not a multiple of 2co, there exists a period 2olw, 
where 0 < a < 1. 

There can, however, be only a finite number of periods of the 
form 2ol(jj, For if there were an infinite number, they would 
possess a limiting-point in virtue of the Bolzano-Weierstrass 
theorem; as the difference of any two of the periods 2(xoj is also 
a period, this would imply that there exist periods of arbitrarily 
small modulus, which is impossible by § 13.11. 

Let us write 2ctj^ = 2ai(i), where is the least of the numbers 

t In framing the general argument of §§ 13.11-13.13 I am materially in- 
dobtod to Dr. W. L. Forrar and Mr. J. Hodgkinnon, and I wish to take this 
opportunity of thanking them. 

t See §4.51. 
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a. Then 2ai and each of the periods 2Aa> are multiples of 2wi, 
For if not, by a repetition of the previous argument we could 
find a period 2 cx 2 ^i> where 0 < ag < fhis is impossible 

by the definition of 2a>i. This completes the proof of the 
theorem. 

It should be observed that we have shown incidentally that 
if an analytic function, other than a constant, has distinct periods 
2cu and 2Xio, where A is real, then A is necessarily rational. For 2a> 
and 2Aai are multiples of a fundamental period 2coi. 

Finally, it is evident that If all the periods of an analytic 
function are of the form 2Aai, where A is real, the function is 
simply-periodic . 

13.13. Jacobi’s second question 

Let/( 2 ;) be an analytic function, other than a constant, which 
possesses two fundamental periods 2w^ and 2 co 2 whose ratio is 
not real. Such a function cannot be simply-periodic. We now 
answer Jacobi’s second question by showing that it must be 
doubly-periodic, in the sense that every period is a sum of 
multiples of a certain pair of fundamental periods, not neces- 
sarily 2a»i and 2 co 2 - 

Since real, we can express any period 2<d uniquely 

in the form 2Aa;i+2/ia;2, where A and p are real, by solving the 
simultaneous equations*!* 

Rloi = AIllcai+it^Rla>2, 

Imo) = AIma>i+^Im ci>2* 

If it turns out that the only values of A and p which occur are 
positive or negative integers or zero, there is nothing more to 
be proved, since every period is a sum of multiples of 2wi 
and 2 cu 2 . 

If, however, there are periods which are not of the form 
2Za>i+27wa>2, where I and m are integers or zero, each such period 
is expressible in the form 

2lwi + 2ma>2 + 2aa>i -f- 2j3ei>2 y 

t These equations do determine A and ft, since their determinant is 
Rlwilmcog — Imcu^Rlcui = jcui wg|8inarg(a>2/wi), 

and this, by hypothesis, is not zero. 
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here I and m denote integers or zero, and 

0 <a<l, 0 <i8<l, 

a and not being simultaneously zero. Evidently the number 

2aa>i-|- 2j8a>2 

is itself a period. We now see that neither a nor can be zero; 
for if jS were zero, ol would not be zero, by hypothesis, and f{z) 
would have periods 26^1 and 2aaji. This is impossible, by § 13.12, 
since is given to be a fundamental period. 

We have thus proved that, corresponding to each period 2a> 
which is not of the form where I and m are integers, 

there exists a point 2a60i+2j3a)2 which represents a period and 
lies within the parallelogram with vertices 0, 2a>i, 2 a>i+ 2 ai 2 , 2 ai 2 . 
There can be only a finite number of such points; for, if there 
were an infinite number of them, it is easily seen| that /(z) 
would have periods of arbitrarily small modulus, which is im- 
possible. Moreover, no two periods of the set have the same 
value of j3; for if 2(xcx)i+2poj2 and 2a'coi+2j8co2 were two such 
periods, 2|a— a'|coi would also be a period, and this is im- 
possible. 

We see, then, that there exists a unique point of the set 
2acai-f 2j3a)2 which the value of j8 is least. Let us call it 2a>2. 
Every period of f(z) can be expressed as a sum of multiples of 
2(01 2 c<i 2 - For if not, a repetition of the preceding argument 

shows that we can find a period of the form 2a(Oi + 2^'aj2, where 
0 < a' < 1, 0 < j3' < 1. But since 

2a'ciii-f-2jS'cu2 = 2(a'4-aj8')a>i-f-2j8j8'cu2, 

this contradicts the definition of 2w2. We have thus proved 
that if f(z) is an analytic function, other than a constant, which 
possesses periods whose ratio is not real, it is necessarily doubly- 
periodic. 

If 2(0 and 2a>' are two periods of a doubly-periodic function 
with the property that every other period is a sum of multiples 
of 2(0 and 2co', we say that 2(o and 2a>' form a pair of primitive 
periods. The periods 2(o^ and 2(0*2 evidently form such a pair. 
When a pair of primitive periods is known, an unlimited number 


t Cf. § 13.12. 
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of other pairs can be found. For if we write 

= acoi+6ca2, ^^2 ccoi+dco2, 

where a, 6, c, and d are integers connected by the relationf 
ad— be = 1, then 20^ and 2 Q 2 are also periods. Moreover 

As any period is expressible as a sum of multiples of 2a>i and 2a>2, 
it is therefore also expressible as a sum of multiples of 2Qi and 
2^25 thus 2Qi and 2 Q 2 form a pair of primitive periods. 

Example. Show that any three periods 2coi, 2a>2, 2 cj3 of a multiply- 
periodic analytic function are connected by a relation 

2ZcUj “1“ 2wi<02“i“ 2M6tj3 = Oj 

where Z, m, and n are integers. 

13.2. The definition of an elliptic function 

An elliptic function is defined to be a doubly-periodic analytic 
function whose only possible singular points in the finite part 
of the plane are poles. Before we aetually construct special 
elliptic functions, it is convenient to consider some of the 
properties of elliptic functions in general. 

Let/( 2 ) be an elliptic function with a pair of primitive periods 
2u)i and 2^2. The imaginary part of cojeo^ is not zero; we sup- 
pose, as we may without loss of generality, that it is positive.^ 
With this convention, the points 0, 2aii, 2coi+2cu2, 2cc2, taken 
in order, are the vertices of a parallelogram described in the 
positive sense. We call it a primitive period-parallelogram of 
f(z); there are evidently an unlimited number of primitive 
period-parallelograms. Since, as we have proved, the only 
periods of f(z) are of the form 2 mwi+ 27 i,ci> 2 , where m and n arc 
integers, the vertices are the only points within or on a primitive 
period-parallelogram whose affixes are periods. 

Now mark in the Argand plane the points of affix 

= 2mcoi+2na>2, 

t Evidently the integers a and b must be prime to each other. When a and 
6 are fixed, c and d can be found by the process of repeated division used in 
determining the (J.C.M. of two numbers. 

t For if Im{coJcoi) is negative, wo consider instead the pair of primitive 
periods 2a>i and ~ 2 ai 2 . 
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where rn and n take the values 0, ±1, ±2,... . Then the four 
points ^p.q +1 the vertices of a parallelo- 

gram, which is obtained from the primitive period-parallelogram 
by a translation without rotation; it is called a period- 
parallelogram, or, more briefly, a mesh. The Argand plane is 
completely covered by this system of non-overlapping meshes. 

The points and z+Qj.,s obviously lie in different 

meshes; if we translate one mesh until it coincides with the 
second, these two points become coincident. Accordingly we say 
that the point z+Q^ ^ is congruent to the point Then 

since is a period of /(z), it follows that f(z) takes the 

same value at every one of a set of congruent i)oints. The 
behaviour of an elliptic function is therefore completely deter- 
mined by a knowledge of its values in a primitive period- 
parallelogram. 

From this it follows that an elliptic function must possess poles. 
For if f(z) is an elliptic function which is regular in a primitive 
period-parallelogram, it satisfies there an inequality |/(2)| < K, 
where AT is a finite constant. But since f(z) repeats in every 
mesh the values it takes in a primitive period-parallelogram, 
f{z) is an integral function which satisfies everywhere the in- 
equality \f(z)\ < K; hence, by Liouville’s theorem, it is a con- 
stant. 

An elliptic function has only a finite number of poles in any 
mesh. For if it had an infinite number, the set of poles would 
possess at least one limiting-point, and this is impossible since 
a limiting-point of poles is an essential singularity. Similarly 
we see that an elliptic function has only a finite number of zeros 
in any mesh. 

When we wish to calculate the number of poles (or zeros) of 
an elliptic function in a given mesh, it is inconvenient to have 
poles (or zeros) on the boundary of the mesh. But as there are 
only a finite number of poles and zeros in each mesh, we can 
always translate the mesh without rotation until no pole or zero 
lies on its boundary. The parallelogram obtained in this way is 
called a cdl. The set of poles (or zeros) in a given cell is called 
an irreducible set. 

Example 1- Show that, if f(z) is an elliptic function, so also is 

/'(«). 
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Example 2. Show that all primitive period-parallelograms associated 
with a given elliptic function are of the same area. 

13.21. The irreducible poles and zeros of an elliptic 
function 

We prove, first of all, that the sum of the residues of an elliptic 
function at its poles in any cell is zero. For if (7 is a cell, the sum 
of the residues of the elliptic function /( 2 ) at its poles within C is 

c 

and this is zero, since the integrals along opposite sides of C 
cancel on account of the periodicity of f{z). 

The number of poles of an elliptic function in any cell, each 
pole being counted according to its multiplicity, is called the 
order1[ of the function. The order of an elliptic function is at 
least two, since an elliptic function of order one would have one 
irreducible pole of residue zero, which is impossible. 

We next show that an elliptic function of order m has m zeros 
in each cell, multiple zeros being counted according to their 
multiplicity. For if the elliptic function f(z) of order m has n 
zeros in a cell, n—m is equal to the sum of the residues of 
f'(z)lf{z) at its poles in the cell.J But f{z) is obviously an elliptic 
function with the same periods as /(z), and therefore so also is 
f'(z)/f(z); hence n— m = 0, which proves the theorem.§ 

Finally we prove that the sum of the affixes of the zeros of an 
elliptic function in any cell\\ exceeds the sum of the affixes of its 
poles in that cell by a period. For if f(z) is an elliptic function 
with primitive periods and 2 a> 2 , the sum of the affixes of 
its zeros in the cell C exceeds the sum of the affixes of its poles 
there byft 

a 

t It should be observed that the word order has different meanings in the 
theory of elliptic functions and the theory of integral functions, 
t See § 6.2. 

§ More generally, a being any constant, the elliptic function /(s) of order m 
takes the value a m times in each cell. 

II Multiple zeros (or poles) are repeated in these sums according to their 
multiplicity. 

tt See § 6.2, Ex. 1. 


_L 

2iTi J f(z) 
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If the vertices of C are t, t+2oji, ^+2a>i+2co2, ^+2a>2, this 

difference is 


<+2cu, 


L f f zf (z) (2+2<Ua)f(g+2a.,) l , 

« J 1/(2) /(z+2a»j) / 

/4-2a>, 

J 


L [ 2/'(2) (z+2a>i)f (z+2a>i) | 

27ri 


^+2<u. 


1/(2) /( 2 + 2 wi ) / 

( + 2«>, 


_ ‘fa., rm^_^ rm^ 

2" * J /» J / * 

==2t-.{2a,i[log/(2)f^“*-2a,,[log/(z)r^"‘) 


since /(«) and/'( 2 ) have the periods 2a>i and 2 a> 2 . 

Now /(z) takes the same value at each vertex of C. Hence 
the sum of the affixes of the zeros of f(z) in the cell C exceeds 
the sum of the affixes of its poles there by 

~{2m7ria)i — == 2incoi — 2wa>2, 

TTl 

where m and n are integers. As 2ma)i—2na)2 is a period, the 
required result is now established. 


13,3, Weierstrass’s Sigma function 

Let f(z) be a simply-periodic analytic function of period tt, 
which has simple zeros Zi, Zg,..., and simple poles pi, Pgj* -* Pn 
in the strip 0 < Rlz ^ tt. It is easily seen that 

m 

n 8 in(z- 2 ,) 

/(2) = g(z)ei>‘^ -1 , 

n sin(z-j},) 

1 

where g(z) is an integral function of period tt and i = 0 or 1 
according as m—n is even or odd. 

If we wish to exliibit in a similar manner the way in which 
an elliptic function with primitive periods 2wi and 2 co 2 depends 
on its zeros and poles, we must first construct an integral func- 
tion with simple zeros at the points which is to play a 
part similar to that of sinz in the theory of simply-periodic 
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functions. The simplest function with the required property is 
Weierstrass’s canonical product. 

In order to construct this canonical product, we must deter- 
mine the exponent of convergence of its zeros. If 0 = arg(a> 2 /ci>i), 
we have 

= m^\wi\^-\-n^\w2\^+2mncoQ6\ctJiCt)2\- 
But since 0 < ^ < tt, cos0 == where 0 < /z < 1. Hence 
Imeoi+TicogP = m2|coi|2+w2|a>2l^±2mw/Lt|a>iCt>2l 

= ( 1 la>i |2 \^)+fjL(m M±n |a>2 1 

> (l~/x)(m2|o>il2+7i2|a,2|2) 

where a is the smaller of and |a> 2 |. Similarly we see that 
|mcoi+na>2l“ < {l+fjL)b^rn^+n^), 
where b is the greater of \a}^\ and |a> 2 |. 

From these two inequalities it follows that the double series 

where summation is extended over all positive and negative 
integral and zero values of m and n, save m = n = 0, converges 
or diverges with the series 

2' (m2+n2)““/2. 

But it is easily shown by the integral testf that the latter series 
is convergent when a > 2 and divergent when a ^ 2. Hence 
the exponent of convergence of the zeros Qm,n 2. 

It now follows from the general theory of canonical products J 
that the doubly-infinite product 





where multiplication is extended over all positive and negative 
integral and zero values of m and n, save m = n = 0, converges 
uniformly and absolutely in any bounded closed domain of the 
z-plane which contains none of the points and represents 
an integral function or(2]a}i, a» 2 ), of order 2, with simple zeros at 
the points This function is Weierstrass's Sigma function. 

f Soo, for example, Bromwich, Infinite Series (1926), 86. 
t § 7.2. 


8531451 


A a 
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When there is no need to emphasize the parameters wi and <02 
on which the Sigma function depends, we shall denote it more 
briefly by a{z). 

It should be observed that a(z) is not an elliptic function; for 
if it were, it would be identically zero in virtue of the theorem 
of § 13.2, and this is certainly not the case. 

In the canonical product for a(z) we can arrange the factors 
in pairs, such as 


the second factor being derived from the first by replacing m 
and n by — m and — w. But since these two factors interchange 
when we replace z by — z, it follows that g(z) is an odd func- 
tion of 2 . 


13.31. Weierstrass’s elliptic function piz) 

Before we show how elliptic functions can be constructed as 
quotients of products of Sigma functions, it is convenient to 
discuss the properties of Weierstrass’s elliptic function p(2), 
which is very closely connected with a(z). 

The function loga( 2 ) can be written as a double series 

iog.w = ipg,+ 2' 

which converges absolutely and uniformly in any bounded 
closed domain D which contains none of the points 
W eierstrass' s Zeta function^ is defined by the equation 

S(2) = 


term-by-term differentiation gives at once 


{W-J + 




the double series being uniformly and absolutely convergent in 
the domain D, since its general term is 0(|Q„„|-®). ^(z) is 


t This fiuiction is not to be confused with Riemann*s Zeta function 

M = f n-*, 

1 

which is of importance in the analytic theory of numbers. 
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therefore an analytic function with a simple pole of residue 1 at 
each of the points 

If we replace m and n by — m and — -n, the series for ^(z) 
becomes i ^ ^ i ^ \ 


Hence 

a- 


so that {(z) is an odd function, is not an elliptic function, 
since the residue at each of its poles is 1, whereas the sum of the 
residues of an elliptic function at a set of irreducible poles is 
zero. 

Weierstrass's'f elliptic function p(z) is now defined by the 

equation 


2' 

( 1 

' + M. 

^m,n ^m,nl 

U+iim,n 

!- 

1 

1 M- 

I- 




It follows that p(z) is represented by a double series 

which converges uniformly and absolutely in every bounded 
closed domain containing none of the points Hence p{z) 

is an even analytic function whose only singularities are double 
poles of residue zero at each of the points 

To show that p(z) is an elliptic function, we consider the 
behaviour of its derivative when z is increased by 2a>i or 2a>jj. 
This derivative p'{z) is given by the equation 

where summation is now extended over all positive and negative 
integral and zero values of m and n without exception. From 
this, we see that 

= - 2 = - 2 
but since the set of points is the same as the set 

this equation becomes 

p'(z+2wi) = 


t Weierstrass, Oes, Werke, 2 (1895), 245-55. 
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Thus ^'(z) has the period 2aji; similarly we can show that it has 
the period 2aj2. The function p'(z) is, therefore, an elliptic 
function, for it is doubly -periodic with a triple pole of residue 
zero at each of the points Q,n,n- 

Moreover, 2a>i and 2a>2 form a pair of primitive periods of 
p'(z). For if not, there would exist a network of period- 
parallelograms, each having a smaller area than the parallelogram 
with vertices 0, 2a>i, 2 oji+ 2 cj 2 , 2 co 2 ; some of these would evi- 
dently contain no singularity of p'(z), and this is impossible. 
By integrating the equation 

2a>i) = p'(z), 

we obtain p(z+2wi) = p(z)+C. 

The value of the constant C can be found by putting z = — a>i. 
Since p(z) is an even function and is finite, this gives 

C = p(--a>i) = 0, 

SO that 2a)i is a period. Similarly 2co2 ^ period. Hence 

p(z) is a doubly-periodic function whose only singularities are 
poles, and so is an elliptic function. Evidently 2a>i and 2a>2 
form a pair of primitive periods of p(z). 

When it is desirable to put in evidence the primitive periods 
2wi and 2 co 2 with which p(z) is constructed, we denote it by 
p{z\a}^,a}2)- 


13.32. The pseudo -periodicity of ^(z) and g(z) 

If we integrate the equation 2a>i) = ^(z), we obtain the 
relation , Uz+2u,,) = m+2rj„ 

where 2rii is a constant of integration; putting z = — oi^, we 
2r,, = 

since 5(z) is odd. Hence Similarly 


5 ( 2 + 20 ) 2 ) = C(z)+2rj2, 

where r/g = ^(^ 2 )* The numbers and 7)2 are not both zero; 
for if they were, 5(z) would be an elliptic function, which 
we know is not the case. The function l^{z) has, therefore, a 
pseudo-periodicity, in that the function is reproduced, apart 
from an additive constant, when z is increased by a period 
of p( 2 ). 



THE ELLIPTIC FUNCTIONS OF WEIERSTRASS 357 

The constants and connected by the relation 

7^1 cog— 172^1 = 

For the only singularity of ^{z) within or on the cell C of 
vertices oji — cug, cuj+cog, — oji-{-oj2, — oji — oig is a simple pole at 
the origin of residue 1 ; hence 

27 ri = J 5 ( 2 ) dz 

c 

COi+COj CJi — CUt 

= J {C(2)— C(2-2aji)}d2 + I {C(z)—t{z+ 2 o 2 )}dz 

tt»i — cut — cui — cua 

CUi + CUt COl — cut 

= 27 Ji j dz — 2772 J dz 

Oil ~ oJi ~ ~ <W2 

= 4771 tUg— 4772 CUi, 

which gives the required result. 

It is frequently convenient to make use of the period 20^3, 
where cai+t*>2+^^3 = 0. The pseudo-periodicity of ^(2) with 
respect to 2^^ is then expressed by the equation 

^(2-|- 2a>3) = ^(2)-|-2773, 

where ^1+^72+773 = 0. 

From the Equation ^(24-2coi) = ^(2) + 277i, we deduce by in- 
tegration that ^(2+20.1) = Ae^v,^aiz), 

where .4 is a constant. Putting z — — a>i, we have 

A = = _e2T?iwi, 

a(— to^) 

so that a(z+ 2 aji) = 

Similarly we can show that 

a{2-f 2 co2) = 

a(2+2a>3) = -e2’?3("+‘"»>cr(2). 

These three equations exhibit the pseudo-periodicity of <7(2) 
when 2 is increased by a period of p(z). 

Example. Show that 

77gaj8“-'>78^a == ~ 
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13.4. The algebraic relation connecting two elliptic func- 
tions 

We shall now prove the important theorem that if two elliptic 
functions have a pair of common periods whose ratio is not real, 
they are connected by an algebraic relation. 

Let f{z) and g{z) be two elliptic functions having in common 
a pair of periods 20 ^ and 2 Q 2 > whose ratio is not real. From 
these periods we can construct, as in § 13 . 13 , a primitive pair 
of periods 2 aji and 2a>2 with the property that every common 
period of f{z) and g(z) is of the form 2wia>i+2wa>2, where rn and 
n are integers. We are not necessarily supposing that 2 o)i and 
2a>2 form a pair of primitive periods for both functions; the 
theorem will still be true, for example, if and 2a>2 are a 
primitive pair of periods of f{z), and 2 a>i and a>2 axe a primitive 
pair of periods of g(z). 

Denote by a^, a2v> points in the parallelogram with 

vertices 0 , 2 iOi, 2coi4-2a>2, 2a>2 which are poles either of f{z) 
or of g{z) or of both functions. Let pj, be the order of the pole 
at a/, if tty is a pole of both functions, let be the greater 
order. 

We now consider a polynomial F{^, rj), of degree nin^ and rj, 
which has no constant term; such a polynomial involves 
iw(n+ 3 ) arbitrary constants. The function 

^>(z) = F{f(z),g{z)} 

is, therefore, an elliptic function of primitive periods 2 a>i and 
2ai2, having poles at some or all of the points 

Since the order of the pole cannot exceed np^y we can make 
the principal part of 0 (z) at each pole identically zero by 
choosing the Jw(w+ 3 ) coefficients to satisfy a certain set of 
n(pi+p2+-»+Pm) homogeneous linear equations. If 

^ + 3 > 2(/Xi+/^2 + --*+Mm)» 

there will be fewer equations than coefficients to be determined 
and so a suitable set of coefficients can always be found.f But 
if the coefficients are chosen in this manner, 0(2;) is an elliptic 

t In some cases it is possible to find suitable coefficients by taking 
An example of this U provided by the differential equation of § 13.41. 
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function without singularities and is therefore a constant. In 
other words, there exists a polynomial rj) such that 

F{f(z)Mz)} 

is a constant, which is the required result. 

13.41. The differential equation satisfied by ^(z) 

It follows from the general theorem of § 13.4 that there exists 
an algebraic relation connecting the two elliptic functions p( 2 ), 
p'(z), since they have the same primitive periods 2wi and 2 co 2 ‘ 
This relation, which we shall now determine, is a differential 
equation satisfied by the function p(z). 

The function p( 2 )— is regular in a neighbourhood of the 
origin and so can be represented there by a power series 

P(2)-2-2 = |;a„2« 

0 

It follows from Taylor’s theorem that all the odd coefficients 
® 2 n+i vanish and that 

Oo = 0, a, = 3 2' a, -= 5 2' 

and so on. Thus 

p(z) == z-^+a^z^+a^z^+Oiz^), 

where 0(z'^) denotes a function which is regular in a neighbour- 
hood of the origin and has a zero of order n at the origin. 
iFrom this equation it follows that 

p'(2) == —2z-^+2a2Z+^a^z^-^0{z^), 

We now construct a polynomial in p(z) and its derivative 
which is regular at the origin. To do this, we observe that 

= z-^+Sa^z-^+3a^+0{z^l 

P'2(2) = 42-6~8a2Z-2-~16a4+0(22), 

whence 

|3'2(2)-4p3(z) = _20a22-2-28O4+C>(z2) 

= -20a.^p{z)-28a,+O(z^). 

We have thus proved that the function 

<I>(2) = p'2{2)-4p*(2)+20a.2p(2)+28a4 
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is regular in a neighbourhood of the origin and has a double 
zero at the origin. 

Now <^(z) is an elliptic function with periods 2o}i and 2<02> 
Hence it is regular in a neighbourhood of each of the points 
But as the only possible singularities of 0(2) are the 
points is an elliptic function with no singularities, 

and so is a constant. The value of this constant is zero, since 
0 ( 2 ) has a double zero at the origin. Hence ^( 2 ) is a solution of 
the differential equation 


= 4 p 3 ( 2 )— 20a2^(2)— 2804, 

where Cj = 3 2' a^=^ 5 

For many purposes it is more convenient to write 
g 2 = 20a, = 60 2' Q-% = 28a4 = 140 2' 

the constants gr, being called the invariants! of p{z). We 

have thus proved that w = p{z) satisfies the differential equa- 
tion 




92^- 


Example 1. Show that w = p{z) satisfies the differential equation 
dhv/dz^ = JgTj* 

The function ^(z)— z'® possesses a Taylor expansion of the form 
|3(z)-2-’® = CiZ®4- c,z«-|-...+c„z®'»+... 
valid near the origin. Show that the coefficients are connected by the 
relation (n-2){2n+3)c„ = 3(CiC^,+c,c^,+...+c^,Ci) 

for n = 3, 4, 5,... . Hence prove that is a polynomial in and 
whose coefficients are positive rational numbers. 


Example 2. Prove that 
g{z) = 

where the coefficients are polynomials in gr, and g^ whose coefficients 
are rational numbers. In particular, show that 

hi = — = — 5^3/840. 


Example 3. Show that 

a(Az |Aeiii, Aai2) = Aa(z joii, cog), 

J(Az|Acoi,AaJa) = A“^C(z|wi,a>a), 
^(AzIAaiijAcca) = A"®p(z|aJi,aJa)« 

Prove also that the invariants of p(Az|Aaii,Aa)a) are A~Va» 


t The reason for the name will be evident after reading § 13.7. 
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13.42. The constants 62 , and 63 

We shall now show that, if and are the invariants asso- 
ciated with (p{z)y the three roots ei, 63, and of the equation 
^w^’—g^w—g^ = 0 are all distinct. 

To prove this we make use of the fact that 62* ^3 ^'^e 

the values taken by p(z) at the points where its derivative 
vanishes. Now since p'(z) is an odd elliptic function, we have 

= p'(a)i—2aji) = p'( — oji) = 

and so p'(z) vanishes at cuii similarly it vanishes at wg. But 
p'(z) is an elliptic function of order 3 with a triple pole at 
each of the points consequently the sum of the affixes of 
its irreducible zeros is a period. Since ci>i-f-a>2+a>3 = 0, the 
points cui, a>2, and 0J3 form a set of irreducible zeros of p'(z). 
It follows that 

61 = 62 = p(^2)y ^3 ” pi ^ s ) 

are the three roots of the cubic equation in question. 

Now p(z)—ei, being an elliptic function of order 2 with a 
double zero at z = oju cannot vanish at any other point in the 
primitive period-parallelogram; in particular, ^ and 
# ^3- Similarly we can show that gg 7*^ so that the three 
constants e^, gg, and g3 are all distinct. 

13.43. The solution of a differential equation 

Let us consider the problem of finding the function w defined 
by the differential equation 

where g^ are given constants. This problem can be pre- 

sented in a somewhat ffifferent form; z is given as a function 
of w by the equation 

z+oL == J gf3)-i/2 dw, 

where a is a constant of integration. If we could carry out the 
integration and solve the resulting equation, w would be deter- 
mined. 

If the discriminant g\—21g\ of the cubic ^vfi—g^w—g^ 
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vanishes, the cubic has a multiple zero, Wq say, and the integral 

, V _ f 


which can be evaluated by the elementary methods of the in- 
tegral calculus. It follows that, in this case, z can be expressed 
in terms of w by means of the elementary functions of analysis. 

If the discriminant of the cubic is not zero, the cubic possesses 
distinct linear factors. We shall show that, if we can find two 
numbers and tog, whose ratio is not real, such thatf 

Qi = 60 2' = 140 2' 

the integral can be evaluated^ by means of the transformation 
w = p( 5 |cai,ai 2 ). 

Assuming, then, that and cog have been found, we have 


2+« = J 

= ± J dC == ±S, 

and so w; == p($|cui,ca 2 ) = 


In particular, J (4i^— 

w 

is equal to 2 :-f where z is the point at which p takes the 
value w. The period £2„, ^ depends on the manner in which 
the path of integration loops round the branch-points Cj, Cg, and 
63 of the integrand. 


13.5. The addition -theorem for p(z) 

The elliptic functions p{u) and p(U'\-v), regarded as functions 
of the complex variable u, have the same pair of primitive 
periods and so, by § 13.4, are connected by an algebraic relation. 
To determine this relation we consider the function 
/(*) = p'{?)+Ap{z)+B, 

where A and B are constants. This is an elliptic function of 
order 3, with a triple pole at each of the points 

t The existence of such numbers W 2 , when g\—21g\ is not zero, is proved 
in § 15.31. 

t It cannot, however, be evaluated in terms of the elementary functions 
of analysis. See, for example. Hardy, Integration of Functione of a Single 
Variable (Cambridge tract, 1905). 
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therefore, three irreducible zeros, the sum of whose affixes is 
a period. 

Now if u and v are such that none of the numbers u, v, 
is a period of p(z)y we can choose the constants A and -B' so 

g)'(u)+As:>(u)+B = 0, 

p'(v)+.4p(t;)+B = 0. 

When this is done, the function f(z) has simple zeros at the 
points congruent to u and v; the third irreducible zero is there- 
fore congruent to — w— t;. Hence we have 

= 0. 

Eliminating A and B from these equations, we obtain 


g)(u) p'(u) 

p(v) p'(v) 

p(u+v) —p'(u+v) 


1 

1 

1 


= 0. 


Now the derivatives occurring in this equation can be expressed 
algebraically in terms of p(u)y p(v), p(u-l-v) by means of the 
differential equation for p(z), and so we have really expressed 
p(u+v) algebraically in terms of p(u) and p(v). 

An analytic function F(z) is said to possess an addition- 
theorem if there exists a formula which expresses F(u+v) alge- 
braically in terms of F(u) and -F(t’). Although we only set out 
to express p{u+v) algebraically in terms of P(m), we have 
actually proved the important result that p(z) possesses an 
addition-theorem. It should be noticed that Weierstrassf 
proved in his lectures that a function F(z) which possesses an 
addition-theorem is either an algebraic function of z, or an alge- 
braic function of exp(7r2i7a>), where to is a suitably chosen con- 
stant, or an algebraic function of p( 2 |coi,a> 2 ), oj^ and cog being 
suitably chosen. 

An alternative form of the addition-theorem for p(z) can be 
obtained by considering the elliptic function 
F(z) = p'2(z)^iAp(z)+B}^ 

= 4p^(z)^A^pHz)-(2AB+g,)p(z)-(gs+B^h 

t An account of Weierstrass’s lectures is given by Schwarz, Formeln und 
Lehradtze zum Oehrauche der elliptiachen Funktionen (Berlin, 1893). The 
theorem to which we have just referred is stated there without proof. Proofs 
have been published by Phragm4n, Acta math. 7 (1885), 33-42, Koebe, Berlin 
Dissertation (1005), and Falk, Nova Acta Soc. Upsal. (4), 1 (1907). 
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where the constants A and B have the same values as before. 
This is an elliptic function of order 6, with six irreducible zeros 
at the points i-u, Since p{z) is an even function, 

it follows that the cubic equation 

(gr3+JS2) 0 

has the three roots p{u)y p(v), and p(u+v). From this we 
deduce that ~ ^.^2 


But if we solve the equations defining A and B, we obtain 
A = 

P(w)-p(v) ‘ 

Hence we have 

a relation which expresses p(«+i>) explicitly in terms of p{u) 
and p{v). 


Example 1. Prove that the functions 


(i) /(*) = 


p(z) p'(z) 1 

p(a) p'ioc) 1 

^(z+a) — p'(2 + a) 1 


(ii) !/{*) = 

are elliptic functions with no singularities. Deduce the two forms of the 
addition-theorem. 


Example 2. Show that 

(This result is called the duplication formula for p(^)0 
Example 3. Prove that, if 

^(u) = Pi, p(v) = Pa, p(w) = ps, 
where w-f-v-f-w = 0, then 

(Pi+Pt+P»)(4PiPj?>»-9a) = (PiP*+P»P,+PsPi+ig,)*. 


13.51. The formula for (p(z-^u)y) in terms of p[z) 

By the second form of the addition-theorem for ^(z), we have 


p(2)-€i 
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{p(z)—e^}{p(z)—ea} 

p(2)-ei 


p(z)-ei 


^ cf+ezCa— ^(zHcg+Ca) 
p(z)-ei 

But since 61+62+63 = 0, this relation can be written in the form 


p(2+aji) — 61 

Similarly we can show that 

p(z+oj2) = 62* 


(6i — 62)(6i — 63) 

p(2)-6i 
(62 ^l)(^2 ^3) 

P(2)“-«2 


^(2 + 0)3) — 63 


I (^3 ^l)(^3 ^2) 

P(2) — 63 


13.6. The expression of an elliptic function in terms of 

Sigma functions 

In the next few pages w’e shall consider the problem of 
expressing a general elliptic function in terms of the periodic or 
pseudo-periodic functions of Weierstrass. The simplest method 
is to express such a function as a quotient of products of Sigma 
functions, the resulting expression being analogous to the 
formula ^ „ 

n JJ sin(2;--p,) 

r-l • r^l 

for a simply-periodic function with assigned zeros and poles. 

Let us consider an elliptic function f(z) of order n and 
primitive periods 2a>i, 20)0, of which z^,Z2,...,z^ is a set of irre- 
ducible zeros, a multiple zero being repeated in the set according 
to its order. If pj, •» Pn-v Pn is ^ of irreducible poles, 
a multiple pole being repeated according to its order, we know 

21 + 22+ ••+2^ = Pl+1^2+ — +Pn-l+l^n+f^> 

where Q is a period. If we replace Pn^ we obtain a set 

of irreducible poles pi, Pz, --, Ptv of whose affixes is equal 

to the sum of the affixes of the given set of zeros. 

We now construct the function 


F(z) = 


r=l 


q(z— Zr) 
q(z-Pr)’ 
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whioh has the same poles and zeros as f(z). Hence f(z)IF{z) is 
an integral function. But, by the pseudo-periodicity of a(z), 
we have 


F{z+2a)i) 

m 


exp{2iji(z-z,-f toi)} 


F{z) 1_1 exp{2iji(2— wi)} 

SO that F(z) is of period similarly 2a>2 is also a period. 
Hence F(z) is an elliptic function. This implies that f(z)/F(z) 
is an elliptic function with no singularities and so is a constant, 
A say. We have thus proved that 

/(,) _ .1 fr 

1_1 a(z-p,) 

a formula which exhibits the manner in which the elliptic func- 
tion /(z) depends on its zeros and poles. 

Example. f(z) is an elliptic function of order n, with irreducible 
zeros Zi, z,,..., and irreducible poles Pi, P 2 »—» Pn* Show that, if 
...-fz„ = ...-fp,»4*2Za>i-f-2mo>a, 

n 

then /(*) = 7~T 

11 a{z-Pr) 
r— 1 

where .4 is a constant. 


13.61. A formula for ^(z)— p(a) 

As an example on the theorem of § 13.6, we shall express the 
elliptic function _ p(z)-p(«), 

where a is not a period, as a quotient of products of Sigma 
functions. 

We suppose, in the first instance, that 2a is not a period. 
Then F{z) is of order 2, and has a pair of irreducible simple 
zeros a and —a. Since F(z) has a double pole at the origin and 
all congruent points, it follows at once that 

where .d is a constant. 

To determine the value of .4, we consider how the expressions 
on each side of this equation behave near the origin. For 
sufficiently small values of [zj, 

= z-^—p{oc)+0{z^). 
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Moreover, by Taylor’s theorem, 

a(z+a) = a(a)+ 2 a'(a)+ 0 (z*) 

and a(z — a) = — a(ot)-j-ztT'(a)-}-0(z^). 

Using the result of § 13.41, Ex. 2, it follows that 

a(z—a)(T(z+<x) _ 1 

o 2(2 ) z-* ^ ^ 

Equating coefficients of z~^ in the equation 

we find that A = —IJcr^(oc), We have thus shown that 


p(z) — p(a) 


a(z — oc)a(z-\-(x) 
ofi{z)a^(oL) 


provided that 2ql is not a period. 

The expressions on each side of this equation are, how- 
ever, analytic functions of a, regular save when a is a point 
of the set f2,n.n- Hence, by the principle of analytical con- 
tinuation, the formula holds provided that a is not a period 
of gj{z). 


Example 1 . Prove that 

(i) rw - 


(ii) p'(«) = 2 


<7(2 —wi)a{z— oijMz — 013) 


(T*(z) * ** 0’3(2)cr(cui)(7(a;2)o'(ai3) 

Deduce that 

g{2z) ~ — 2{ a (2)< T (2— aji )< T ( z — cu 2) a ( z — a >3)}/{ a ( a > i ) a ( cua )(7( aj 3)}. 
Example 2. Show that 
< t(2z) 

<t(z) 


2<7'3(z) - 3<7(z)<7'(z)a"(2) + (7Hz)(T^(z). 


13.611. The functions {^( 2 )— 

We now define as meaning that square root 

which has a simple pole of residue +1 at the origin. Since the 
principal part of p'{z) is —2lz^ near the origin, this definition 
implies that 

p'(2) = -2{j3(2)-ei}i'-{^(z)-e2}i'*{p(z)-e3}i/^ 

In order to express {p( 2 )— explicitly in terms of Sigma 
functions, we write a = — a>,. in the formula of the last section 
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and obtain 




g(z— a>,)q(g+tUr) _ 2-n.z <^(g+a>r) 


by the pseudo-periodicity of c{z). Hence we have 

A consideration of the behaviour of the function near the origin 
shows that the upper sign must be taken, and so 


{p(z)-eryi^ = (r = 1 , 2, 3). 

(T{z)a(o}r) 

We see from this formula that has simple poles at 

the points and simple zeros at the points 

In particular, we shall always understand by (e,.— the 
value taken by at the point to,.; thus 






Example 1 . Prove that {p{z)^eiYl^ is an elliptic function of periods 
2a>i and 4ctj2 and of order two, which has 0, 2a>2 as a set of irreducible 
poles and coi, a>i+2a)2 as a set of irreducible zeros. Determine also the 
corresponding results for {^(2)— ejp/* and {p(z) — 63}'/^. 


Example 2 . Show that 

K-e*)'/* = {62-63)1/2 = ^(63-e2)l/^ 

(*3— = *(«i— es)*'"- 

Example 3 . Prove, by using Sigma functions, that 

^a(itoi) = ei+{(e,-ej)(ei — ea)}‘/2 
^(itoi+ws) = «i— {(Cj— e8)(ei— 63)}*/*. 


Example 4 . Prove the formula of § 13.51 by expressing 
{p(z) - Ci^l^piz + cui ) — ed'/* 
in terms of Sigma fimctions. 

Example 5 . Show that 

p'jz+ati) [ |J(|a>i)— P(<Ui) l* 

p'{z) \ p(z)—p(a>i) I ' 


13.612. The functions 0 ^( 2 ) 

By the introduction of the functions 

o,{z) = (r = 1, 2, 3). 

a(u}r) 
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the formulae of the preceding section take the simple forms 




a(co^) ’ 


which will prove to be of great importance in the theory of 
Jacobi’s elliptic functions. 

The function aj.{z) is an integral function with simple zeros 
at the points Moreover, it possesses pseudo-periodic 

properties analogous to those of a(z); these are expressed by 
the two equations 

aj.(z-^2cjr) = — 
a^{z+2a)J = 

where r ^ s. The proof of these formulae is left to the reader. 


Example 1 . Prove that a^iz) is an even function and that its Taylor 
expansion is 

Example 2. Show that 

(i) a;(2)-a*(*) = (e.-e>»{z), 

(ii) (e,-e,)<7!(z) + (e3-e,)a?(*)+{e,-e*)<^(?) = 0. 


13.62. The expression of an elliptic function in terms of 

Zeta functions 

It can be shown that, if /(z) is a simply-periodic function of 
period it whose only singularities in the strip 0 < Rlz < n- are 
simple poles Pi, Pz,..., of residue Cj, Cj,..., c„ respectively, thenf 

/(z) == g{z)+ 2 c,.cot(z— p,.), 

r=l 

where g{z) is a simply-periodic integral function. We now pro- 
pose to determine the analogous formula in the theory of elliptic 
functions, where Weierstrass’s pseudo-periodic function f( 2 ) 
plays a part similar to that of cots in the simpler theory 

Now although {( 2 ) is not an elliptic function, we can easily 

t See Ex. 42 on p. 157. 

% i{z) is the logarithmic derivative of a(z), just as cotz is the logarithmic 
derivative of sin z. 

8531451 B b 
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choose the constants so that 

4>(z) = lart{Z-Pr) 

r=»l 

is doubly-periodic. For 

<f>(z+2(aj)—<f>(z) = 2 ar{?{ 2 + 2 a>i— 5 (z-2),)} 

r-1 

= 27?iia, = 0, 

r=»l 

n 

if 2 zero; similarly 

<l>(z+2(ji)2)—<ti{z) = 0. 

Thus <l>(z) is an elliptic function with simple poles at the points 
of the set Pr+^^m.n* 

Using this result, we can express any elliptic function in 
terms of Zeta functions and their derivatives if we are given 
a set of irreducible poles and the principal part of the function 
near each pole. 

To prove this, consider an elliptic function f{z) of primitive 
periods 2oji and 2 a> 2 , having a set of irreducible poles pj, P 2 >“*> 
p^. If the principal part of f{z) in the neighbourhood of pj^ is 

s=»l 

n 

we must have 2 

since the sum of the residues of f{z) at a set of irreducible poles 
is zero. It follows, as we have just seen, that 

jfc-i 

is an elliptic function. 

We now construct the function 

n mu 

F(z) =/(z)- y 2 

where denotes the sth derivative of ^(z). If we remember 
that = — p(z), we see at once that F(z) is an elliptic func- 
tion. It is, moreover, an integral function, since the principal 
part of F(z) at each irreducible pole has been made identically 
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zero. Hence, by Liouville’s theorem, F{z) is a constant, A say. 
Thus the function f(z) can be expanded in the form 


n mt 



fc— 1 


^k,8 

(«-!)! 




This result is of particular importance when we wish to 
integrate an elliptic function. It gives immediately 


J 


f{z)dz = 2 «fc.i log a(z-p,)+ 


n mit 

where B is the constant of integration. 

Example 1 . Prove that 

2C(z+o.)-2^(z)-2£(.). 

Deduce thatf, \i u-\-v-\-w — 0, 

{C(u)+£(«)+?(w)}»+n«)+?»+c» = 0. 

Example 2. Prove that 

p{z-a)p{z-P) = p(a)S}{^) + p{<x-P){p{z-a) + p{z-P)-p(oc)-p(^)} + 

+ p'(a-^mz-cc)-C{z-^) + C{cc)-mh 

Example 3. Show that 

C(z~a)-C(z-i3)-C(a-i8) + {(2a-2i3) 
is an elliptic function of periods 2cui and 2a>2- Prove that it is equal to 
o'( 2 — 2a + j3)a(2 — 2j8 -f a ) 

G{2p~2a)a{z — a)(T{z—^)' 


13.63. The expression of an elliptic function in terms of 

Let us consider, in the first instance, an even elliptic function 
of primitive periods 2a>i and 2 o> 2 , which is regular and non-zero 
at each point of the set The order of such a function is 

necessarily an even integer, 2k say. 

Now if is a zero of f(z) in a certain cell, the point in the 
cell congruent to —z^ is also a zero of the same order as z^. We 
can, therefore, choose k zeros z^, z^y..., Zj. in this cell, each 

t This result is a quasi -addition theorem for ^(2). It is not a true addition 
theorem, since ^'(2) is not an algebraic function of ^(z). 
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multiple zero being repeated according to its order, in such a 
way that they, together with the points in the cell congruent 
to—Ziy — 22 > irreducible set. Similarly we can 

choose k poles Pi, Pjci that they, together with the points 
of the cell congruent to —Pi, — i>2) -> "^Pky form an irreducible 
set of poles. 

When the zeros and poles have been chosen in this manner, 
the function ic 

p(.) ^ rr ^(z)-^(gr) 


where p{z) has primitive periods 2 a>i and 2a>2, is an elliptic 
function having the same poles and zeros as/(2). Hence f(z) IF {z) 
is an elliptic function with no singularities and so is a constant 
A, Thus fc 

= ^ rr 


/( 2 ) 


P(z)-p(Pr)‘ 


We next remove the restriction that f(z) is regular and non- 
zero at each of the points f(^) has a pole (or zero) at 

the origin and congruent points, such a pole (or zero) must be 
of even order. Hence, if the positive or negative integer s be 
suitably chosen, f{z){^{z)Y is an even elliptic function which is 
regular and non-zero at each of the points expres- 

sible in the above form. We have thus proved that an even 
elliptic function of periods 2 a>i and 2a>2 can be expressed as a 
rational function of p(z\<ui,w2)- 

From this it is easy to deduce that an elliptic function of 
primitive periods 2 coi and 2a>2 can be expressed in the form 

F{p{z)}+P\z)G{S)(z)}y 

wh^re p{z) has the same primitive periods 2 wi and 2co2, -^(^) 

and G(A) denote rational functions ofX. For any elliptic function 
f{z) can be written in the form 

/{2) = i{/(2)+/(-2)} + i{/(2)-/(-2)}- 

The first term on the right-hand side of this equation is an even 
elliptic function, and so is a rational function F{p(z)} of p{z). 
The second term is, however, odd; but since ^'{z) is also odd, 
even, and is, therefore, a rational func- 
tion 0 [(p(z)} of p( 25 ). The result stated now follows immediately. 
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An important consequence of this result is that every elliptic 
function possesses an addition theorem. For an elliptic function 
f(z) is, as we have seen, expressible in the form 

/(z) = F{p(z),(p'(z)}, 

where F denotes a rational function. Hence, writing 

p(u) = Pi, p'(u) = pi p(v) = p^, p'{v) = Pi 

we have _ F(pi,p'i), (i) 

/(«) = ^{Pz>Pz), (ii) 

/(tt+v) == F{p{u-irv),p'(u+v)}. 

But by the addition theorem for p{z), we can express 
and ^d\u+v) as rational functions of p^, p^, p[, and p^, and so 

f{u+v) = G(pi,p^,pipi, (iii) 

where G denotes a rational function. If we now eliminate 
Vv P 2 y Vii P 2 from the equations (i), (ii), and (iii), by the 
aid of the identities 

Pi = ^pI-92Pi-9z> P2^ = ‘^p\-92Pi-93> 

we obtain an algebraic relation connecting f(u+v), f[u), and 
f(v)\ this proves the theorem. 

Example. Show that 

p(z-(x)-^(z-\-a) = p'(z)p'((x){p(z)- p(<x)}^^. 

13.7. The evaluation of elliptic integrals 

An integral of the form J F{t, u) dt, where F denotes a rational 
function! of t and u, and where 

U^ = Uq ^®-j- 6U2 ^"f '^4 

is a quartic or cubic function of t without repeated factor,! is 
called an elliptic integral. For example, the integral 

r (l-kH^)dt 

“J 

which is equal to the length of arc of an ellipse of eccentricity 

t It must be genuinely a rational function of t and w, and not a rational 
function of t and u®. In the latter case the integral can be expressed in terms 
of the elementary functions of analysis. 

J If w* has repeated factor, wo can evaluate the integral by means of ele- 
mentary functions. See Hardy’s tract cited on p. 362. 
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k and major axis 2a, is of this type; it is from this fact that the 
class of elliptic integrals derives its name. 

We shall now prove the important theorem that any elliptic 
integral can be evaluated in terms of Weierstrass's periodic and 
pseudo-periodic functions, combined with the elementary func- 
tions of analysis. The first step in the proof is to transform the 
integral into a canonical form 

J 0(Wy v) dw, 

where O denotes a rational function of w and v, and 

where is not zero. 

Let us consider how the expression 

behaves under the transformation a: = ZX+mT, y = VX+m'Yy 
where A = Im'—Vm is not zero. The quantities 

g^ = 4aj^a3-f-3a|, 

Uq a^ a2 

gfg = d^ 

Ug Ug a4 

are known to be invariants! with respect to this transformation. 
This means that, if 

and if Gg same expressions in the coefficients 

Ag as g^ and ^3 are in a^, then Gg = A'^grg and G3 = iSfig^, More- 
over, since / has no repeated factors, ^— 21 g\ is not zero. We 
now show that the transformation can be chosen so that Aq 
and A2 vanish. 

It is easily seen that Aq vanishes if Z = Z'Zq, where is a root 
of the equation 

~ aoZ^+4aiZ3+6a2Z=^-f 4a3Z-f a4 = 0. 

When Zo has been chosen in this way, A^ vanishes if the ratio 
of w to m' is given by 

t See, for example, Elliott, Algebra of Quantica (Oxford, 1913), 8, 21. 
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where <^o denotes the value of d<f>ldt when t = Iq, and similarly 
for <f>Q. Hence 

m = or 

The first value of m:m' provides a trivial transformation 
which makes A zero. Since <I>q is not zero by hypothesis, the 
second value is non-trivial and gives the transformation 
x=:t,(X+XY)^Y, 2/ = X+Ar, 

where 6A = The corresponding value of / is 

4AiX^Y+4:A:,XY^+A^ 

where -4^ = — J<^o* Since A = 1, the invariance of (/g and 
gives the other coefficients A^ = -^4 = 

If we now write x — ty, X — wYjA^, we find that 

2/W) = ^3)/^?, 

where !,_i(w+A^.). ( => 

Finally, if we substitute for y in terms of Y and replace the 
values of and A, we obtain 


where 




1 ^'2 
ie^o 


(w- 


i9o) 


■S's). 


24 ' 




W. 




With this change of variable, the general elliptic integral is 
brought to the canonical form 


J G{w, v) dw, 

where G denotes a rational function of w and i/, and 


= '^w^—g2'f^—9z> 

where gl—^^yl is not zero. Assuming that we can determine 
numbers oi^ and ojg whose ratio is not real, such thatf 

= 6 ^ 3 = 140 2 ' 

we make the transformation w p(c|a»i,aj2), which gives 

J G(w,v)dw = J G{p(z),p'(z)}p'(z)dz. 


t A proof of the validity of this assumption is given in Chapter XV. 
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As the integrand is now an elliptic function of periods and 
2a>2, it can be evaluated in terms of Weierstrass’s periodic and 
pseudo-periodic functions by the method of § 13 . 62 . This proves 
the theorem. 

Example. Prove that, in the above notation, the equation 

j = Jem-*'** 

implies that « = <o + i 9v 9») - 

REFERENCES 

H. A. Schwarz, Formeln und Lehrsdtze zum Qehrauche der elliptiachen 

Funktionen (Berlin, 1893). 

J. Tannery and J. Molk, Fonctiona elliptiquea (Paris, 1893-1902). 

MISCELLANEOUS EXAMPLES 

I. Prove, by the use of Liouville’s theorem or otherwise, that 
e>{z) = ^(2*)+{p(2a)-e,}>/»{|5(2z)-e,}>/*+ 

+{^)(22)-e,}V«{^(2a)-ei}*/»+{f)(2*)-ei}>/»{p(2*)-e,}*/*. 

Deduce that 

= -2(ei-e,)W»(ei-e,)V»{(ei-e,)>/H(ei-e,)‘/«}. 

2. Show that, if 3a be a period of p(2), 

{$>(z)—p{<x)]{p(z+a)—^{<x)){g>(z+2«)—i3{a)} = — ^'•(a). 

3. Prove that,t if *i+*i+*a +*4 = 0, 

{««-«») n n {f3(*r) -«»)*'*+ 

r-l r-1 

+(ei-e«) n {p(*r) -«»}*'* 

r-l 

= {Ci 6s)(e| ^s)(^s ®i)* 

4. Prove that, if a+jS-f-y = 0, 

P(j8)fi'(y)-P'(i3)fi(y) ^ p{y)P'(cc)-p'(y)p{oL) ^ 
iP(p)-P(y) ^(y)-p(a) 

= {mocMpMy)-9zVf^. 

5. Show that 

^'(z)^'(2-fcoi)p'(2-fcua)p'(2-hw3) = g\-21g\, 
where g^ and g^ are the invariants of p(z). 

t The simplest method is to write Zj = z, z, = a, z, = Z4 = y—z, . where 
a+i^+r ~ 0, and then to regard the expression on the left-hand side as an 
elliptic function of z, whilst a, j9, and y are constant parameters. 
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6. Prove that, if n is an integer, p{nu) can be expressed as a rational 
function of Show, in particular, that 


(i) P(2 m) 


. P* + i92 P + \W2 


(ii) p(3w) = p(w) + 
where^ = p'*(w)[p(w)--p(2u)]. 




7. If 

F{z) = o’(2-|-a)o’(2--a)a(6+c)a(6-“c)4-(y(2-f6)a(2—6)a(c-fo)o'(c—o)-f 

-f cr(2 + c )cr(2 — c )a(a 4- 6 )cr(a — 6 ) , 

prove, by considering the function F(z)la\z) or otherwise, that F(z) is 
identically zero. 


8. Prove that 

a(z-\-a + h)a(z—a)o(z—h)a(a — h) 
a\z)G\a)a^(h) 


9. Show that 


1 


P'(«o) • • 



1 

p(«l) 

P'(«l) • • 



1 

P(m«) 

P'(tij) . . 



1 

P(M«) 

P'(Mn) • • 





1 » 2» 

( __ 1 ^n(n-l)/2 Z'J— 

..n!a(Wo+Wi + — +“n) 11 «m) 




where the product is extended over all pairs of integers A and ft from 
0 to n, with the restriction that A < ft. 

Deduce that 


1 P (2) 

1 PW P'ia) 

1 p(6) p'{b) 


P(u) - p(v) p'(u)- p'(v) 
p'(u) p"(u) 

p'(v) p"(v) 

10. Prove that 


Plu) 

p'"(v) 


G(2u-i-2v)a*(u^v ) 

g\u)g^(v) 

(Oxford, 1926.) 


e>'(u) 

p-iM) • 



p'-'iM) . 

. . . 



. . . io<*"-’>(u) 


= {-l)w-i{l!2!...(n-l)!}* 


G{nu) 


(Kiepebt.) 
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11. Prove that 

(ri{2u) ai(2v) Ui(2w) 

aji2u) aji2v) <jJi2w) 

03 ( 2 ^) az(^v) a^(2w) 

_ 4 ,V(r 7 .<o,+ 7 ,.cu.+T,.a,.) (T(u-v)a(u+v)a{v+w)a{v-w)a{w+ti)G{w-‘U) 

- a*(a>,)a«(a,a)a*(a>3) 


12. Prove that, if the numbers a, j8, y denote 1, 2, 3 in some order, 

(i) a(u-\-a)a(u—a) = a*(w)(Ti(a)— <7j(u)(7®(a), 

(ii) aju^a)aju-a) = a*(w)ai(a)-(e„~c^)(e„-ey)a*(w)a*(a), 

(iii) crJw4-aK(ii-a) = oJ(i^)o|(a)-(e«~c^)a*(a)aJ(w). 

Deduce the result of Ex. 1 from equation (iii). 

(Tannery and Molk.) 

13. Prove that o’( 2 H-a)/< 7 (a) is equal to 

oxp(.{w- n + 1 

m.n 

where multiplication is extended over all positive and negative integral 
and zero values of m and n without exception. 

Deduce that 




-a»,+ 2(a„, 




14. Show that, if g = so that |g| < 1, the function 

Z{z) = exp(|£)Bin{^j fj (l-25-cos^ + g*") 


n»l 


is an integral function with the same zeros as (7(2). 

By showing that L(z)/a(2) is an elliptic function without singularities, 
deduce that 


TT 


fl ( 


1 — 2q^”^ cos nzl wi + 9^” 1 


15. Prove that 


‘^x(*) = exp(|£)cos(^)]7j 


1 1 + 25*" cos wz/toi + q*” 1 
(l+9*’')» 1 


ff,(z) = exp 


er,(*) = exp 


ivi^] 

^ni 

n=»l 

00 

iTTl 

f 1 — 2g*”“^ cosTTz/wi 

\2wJ 

Ni**! 

[ 1 

f 1 + 29 **“* cos wz/toi + 9 «"-* 1 

\2wJ 

' 1 J 

L 1 

1 (l+9*"-‘)* 1 
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16. Show that, if |9| < 1 and 

«o = n ( 1 -9“). = n ( 1 +9“). 9. = n ( 1 

n**! n**l n^l 

9, = n (i-9*-‘). 

n — l 

then gj 5,^8 = 1. 

Prove that, if g = 

(ei - e,)*/* = ^9« 9a. ifii - e,)*'’* = - ^ 49^*90 9i. («! - * 3 )''* = ^ 9o 9i- 

Deduce that 1^5?! = 

17. Prove that, if cus/oji = lA, where A is real and positive, then e^, e,, Cj 
are real, and > 63 > ej. 

18. Determine the limiting forms, as A-*> -f- 00 , of the four Sigma 
functions with parameters <oi = tt, oij = TrXi. 


19. Prove that 


sin®(7rz/2a)i) \ 

V’ 


a(z) = !^exp(|£)sing- 

n = l 

00 

«'>-S{- 5+2 


cosec 


— 00 
7r(z-“2na>8) 




cosec 


a>i 
a nTTOig 


)■ 


20. Prove that a(z|Jaji,ai 2 ) = exp(j6iz2)a(z)cri(z). 

Deduce that P( 2 :|ioji,aj 8 ) = | 3 («)“f-p( 24 -aji) — e^. 

21. Prove that it; = p( 2 liwi,a» 8 ) satisfies the differential equation 

where Gj == 60eJ — 4g2, — \^e^g2+22g^, (Oxford, 1922.) 

00 

22. Show that if 4tt; = I ^ - -- ; 7 ,^ 7 . , 

J (24-a)V2(z-}-6)3/* 

z 

then z+b = f>*(w), where the invariants of p{w) are jf, = 4(6— a) and 

93 = 0. 



CHAPTER XIV 


JACOBI’S ELLIPTIC FUNCTIONS 


14.1. The construction of elliptic functions with two 
simple poles in each cell 

In the previous chapter we saw that the order of an elliptic 
function cannot be less than two and we considered in detail 
Weierstrass’s function p{z), which is of order two and has one 
double pole in each cell. We now introduce three other elliptic 
functions of order two, which differ from p{z) in that each of 
them has two simple poles in every cell; these are essentially 
the elliptic functions of Jacobi. Whilst Jacobi’s functions are 
slightly more complicated than p(z), they possess, as we shall 
see, distinct advantages when we wish to obtain numerical 
results in problems involving elliptic functions. 

Let us consider the functions 


S(z) = 


C{z)^ 


^l(z) 

^2(zy 


D(z)^ 


g3(g) 

a,(zy 


in the notation of the previous chapter. If we make use of the 
pseudo-periodic properties of <7(2;) we find that, when z is in- 
creased by 2 wj., S(z), C{z), and D(z) are reproduced, save for 
a multiplier ± 1 , as indicated below. 



2(jji 

2(02 

2(02 

S{z) 

-1 

4-1 

-1 

C{z) 

-1 

-1 

4-1 

D{z) 

+ 1 

-1 

-1 


It follows that each of the functions is doubly -periodic, though 
each has a different primitive period-parallelogram. 

The only singularities of ^(2) are the points at which (73(2) 
vanishes, and these are simple poles at the points of the set 
cu2+f2m,n* Thus S{z)y and similarly C{z) and D{z)y are elliptic 
functions. 

The three functions are not, however, independent. For since 
and 4co2 are periods of each of them, it follows by the 
theorem of § 13.4 that C{z) and D{z) can be expressed as alge- 
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braic functions of 8 (z). The explicit formulae are easily obtained 
when we observe that 



We find, in fact, that 

C{z) = { 1 -S^{z)y^ D(z) = 

I ^2 I 


1/2 


the square roots being chosen so that C{z) and D(z) have the 
value +i at the origin, where S{z) vanishes. 

The latter relation is usually written in the form 


where 


D(z) == {l-jk 252 (z)p/ 2 , 


k is called the modulus of the functions /S(2:), C(z), and D(z). 
Since c^, eg, and 63 are distinct, k is finite and cannot have the 
values 0 or ±1. 

Similarly, it must also be possible to express the derivative 
of 5(2) algebraically in terms of the three functions. Now 


S\z) ^ 

and so, by § 13 . 611 , 


ie,-e,yi^p'{z) 
2{p{z)-e,ri-^ ’ 


S'{z) = 


( e,-e,yl^p(z)-e,yi^^{z)-e,yi^ 


which gives S'(z) = {ei—e2yi^C{z)D{z). 


From this we deduce that 


C'iz) = -{e,-e2yiW{z)S{z), 

D'(z) = -(ei-e2)»'^FS(2)C(z), 

by using the formulae expressing C{z) and D{z) in terms of 

<S(2). 


14.11. General description of the functions S{z), C(z), and 
D(z) 

The function S{z) is an elliptic function with periods 4 a>i and 
2 w 2, the points 0, 4 wi, 4 wi+ 2 w 2 , 2w2, taken in order, being the 
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vertices of a primitive period-parallelogram. It is, moreover, an 

odd function; for 

S{-z) == (e,-e,)l/*4■=T^ = 

(TgC 25 ) 0-2(2) 

since <7(2) is odd and <72(2) even. 

/S(2) vanishes only when a(z) = 0; thus the only zeros of ^(2) 
are simple ones at the points of the set As two of these 

zeros occur in every cell, 8 (z) is an elliptic function of order 
two. Similarly the only singularities of S{z) are the points at 
which (72(2) vanishes, and so are simple poles at the points con- 
gruent to 0)2 or to 2coi+o}2 (mod4coi, 20)2). 

The residue of S{z) at oig is equal to 


lim |(ei-e2)»/2a(2)4^1 = (8i-«2)^'4 
{ ^2V^) I 

But <^2(^) ~ c’?*^a(ci>2 — z)la(o}^y 

and so <^2(^2) “ — 

If we remember that 

a(a>3) 


(cog) 


,(^2) 


(€1—62)^/^ = — 

we see that the required residue is 


a(ci>i)cr(a>2)’ 


a(coi) <T(a>2+ct>3j ^ ^ 


Moreover, since the sum of the residues of an elliptic function at 
its poles in any cell is zero, the residue at 2a>i+a>2 is (63—62)“^^^. 

The function C{z), however, is obviously an even elliptic func- 
tion with periods 4a>2 and 20^3. The points 0, 40^2, 40^2+ 2a>3, 2a>3, 
taken in order, are the vertices of a primitive period-parallelo- 
gram for C(z)\ the latticef of period-parallelograms associated 
with C(z) is thus different from that of S(z). The only zeros 
of C{z) are found to be simple ones at the points of the set 


t The reader is advised to draw a diagram of the lattice of period -parallelo- 
grams associated with each of the functions S{z), C{z), and D{z). He will see 
that the throe lattices considered here are not the only possible ones; for 
example, we might have taken the points 0, 4wi, 4a>i — 2 a> 3 , — 2a)^ as the vertices 
of a primitive period -parallelogram of C(z). 

The three lattices of period -parallelograms considered here are probably the 
simplest, since each is derived from the preceding one by a cyclic permutation 
of oij, coj, and cuj. 
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oji+iim,ny there are two of these in each cell, C(z) is of 
order two. 

The singularities of C(z) fall into two sets; they are simple 
poles at points congruent to cug or Scog (mod4a>2, 2a>3). The 
residue at cog and congruent points is 

lim f (g-<«> 2 )gl(g) ) ^ ^ ^ _g x-i; 2 _ 

a2{z) f ^^(< 02 ) CT(a)2+a)3j ® ® 

From this it follows that the residue at each pole of the second 
set is — 

Finally, as the reader will easily show, D{z) is an even elliptic 
function with periods 4o>3 and 2a>i, the points 0, 4aj3, 4a>3+2coi, 
2coi, taken in order, being the vertices of a primitive period- 
parallelogram. It has a simple zero at each point of the set 
fwo zeros lie in every cell, D(z) is of order two. 
Moreover, its only singularities are simple poles at points con- 
gruent to a)g or to a)2+2co3 (mod 40)3, 2aji), the residue at each 
pole of the first set being — and at each pole of the 

second set i(ei— eg)-^/^ 


14.12. The complementary modulus 

The complementary modulus k' associated with 8(z)y C{z), 
and D{z) is defined by the equation 

y (®i 

and so is connected with the modulus k by the relation 

k^+k'^ = 1 . 

Moreover, k' is finite and is not equal to 0 or ±1. 


Example. Prove that 

iS(coi) = 1. = 0, D(aj^) = k\ 

S(a}^) = -1/1% C(£ 03 ) = -ik'lk, i)(co3) = 0. 


14.2. Jacobi’s elliptic functions 

The occurrence of the factor {e^ — Cg)^/^ in the formulae for the 
derivatives of aS(z), C{z), and D{z) suggests that it would be 
advantageous to change the independent variable from z to w, 
where u = (e^—e2)^^z. 
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Example 2. Prove that Jacobi’s elliptic functions have the Taylor 
expansions 

sau = **)«’+ + 

o ! o ! 

cnu = 1 — .... 
dnw = 

2 ! 4 ! 

valid near the origin. 


Example 3. Show that 

a{a}i)(T{w2) a(a>iMai,) 

Example 4. Show that.f if r = coj/cui and q = 

k = 43*/* n {(i+g“)/(i +«*"-")}*. 

n—1 

= n{(i-5’"-‘)/(i+g*»-‘)}S 

n-1 

X = iir n {(i-g”*)*(i+g»»-‘)‘}. 

n»l 

iX' = iTTT n {(i-5*")*(i+g*”“^)*}- 

n«l 

Deduce that, when t is purely imaginary, the four numbers fc, A:', iiC, K* 
are real and positive and that k, k' are less than unity. 

Example 5. Prove that,J as Imr^ +oo, 

A: _> 0, A;' -> 1, K in, X'-log(4/A:) -> 0. 


14.21. The general properties of the functions sni^, cnu, 
and dni^ 

It is convenient at this stage to translate into the new nota- 
tion the properties of S{z), C(z), and D(z) discussed in § 14.11. 
The only real difficulty is the determination of the residues. 
We have already seen that 


S{z)== 


1 

{es—ezY'Hz—u},) 


+<I>, 


t Use the result of Ex. 16 on p. 379. 

i We shall see in § 14.4 that, when k is given, the principal value of t is 
determined, and that, when A; -*• 0, the imaginary part of this principal value 
tends to infinity. Thus A -► 0 implies that X 4^ and X'— log(4/A) -► 0. 

H5:n45i 0 0 
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where O denotes a function which is regular ebt z = a> 2 . 

follows that 


snt^ = 






+0 


k(u—iK) 


4 - 0 , 


It 


where O is regular at u = iK\ Thus snt^ has a simple pole of 
residue Ijk at every point congruent to iK' (mo&4tK,2iK')\ 
similarly, it also has a simple pole of residue —Ijk at every 
point congruent to 2K+iK\ The residues of cnt^ and dnt^ are 
obtained in the same way. 

We see, therefore, that sn w is an odd elliptic function of order 
two with primitive periods 4iK and 2iK\ Its only singularities 
are at points congruent to iK' or to 2K-\-iK* (mod4iL, 
these are simple poles with residues Ijk and —Ijk respec- 
tively. Its only zeros are simple ones at points congruent to 
0 or 2K, 

A slight difficulty occurs when we come to translate into the 
new notation the properties of cn u and dn u. It will be remem- 
bered that the lattices of period-parallelograms of C{z) and D{z) 
were obtained from that of ^(z) by cyclic permutations of the 
parameters cui, cug, and oig. In the theory of Jacobi's functions 
there is no special symbol for co 3 (Ci— and a certain lack of 
symmetry results. We could, if we wished, take the parallelo- 
gram with vertices 0, UK\ —2K+2iK\ —2K—2iK* as funda- 
mental for onu. But since every period of cnu is of the form 
4:mK+2n(K+iK'), it is usually found more convenient to take 
the points 0, 4iC, ^K+2{K+iK')y 2K+2iK' as the vertices of 
the primitive period-parallelogram of cnt4. 

The function cnu is, then, an even elliptic function of order 
two with primitive periods 4:K and 2K-\-2iK\ Its only singu- 
larities are at points congruent to iK' or to 2K+iK' (mod4i?', 
2K+2iK')\ these are simple poles, with residues —ilk, ijk 
respectively. Its only zeros are simple ones at points congruent 
to K or ZK, 

Finally, dnt^ is an even elliptic function of order two with 
primitive periods 2K and Its only singular points are 

congruent to iK' or to ZiK' {mod2Ky4iiK*)\ these are simple 
poles of residue —i and respectively Its only zeros are 
simple ones at points congruent to K+iK' or K+ZiK\ 
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14.22. Glaisher’s notation for quotients of Jacobi’s func- 
tions 

It is convenient to have a notation for the reciprocals and 
quotients of Jacobi’s elliptic functions. We shall write 

l/snt4 = nsw, l/cnu==ncit, l/dnu = ndu, 

snulcnu = sci4, snuldnu = sdu, cnujdnu == cdw, 

cnulsnu = csu, dnu/snu = dsw, dnujcnu = dcit. 

This notation is due to Glaisher.f 

14.3. The addition theorem 

Since sni^, cnw, and dnu are elliptic functions, each of these 
functions possesses an addition theorem whose form we shall 
now determine. J 

Let us consider the function 

F{u) == cn2^cn(u--a)+^snusn(2^— a), 

where A and a are constants. It is an elliptic function whose 
primitive periods are 2K and 2iK\ If a is not congruent to 
K, iK' or K+iK' (mod2K,2iK')y each term in F(u) has two 
simple poles in each cell at points congruent to iK' and ot-\-iK\ 
We can, however, choose the constant A so that the principal 
part of F(u) at iK' and congruent points is identically zero; 
thus F{u) is an elliptic function with only one pole in each cell 
and so is a constant, by Liouville’s theorem. Putting = 0, we 
see that F{u) = cna. 

The appropriate value of the constant A is determined by 
observing that, when lu| is small, 

F(u) = cn(x+udn(xsnoc—uA&n(x+0{u^). 

Hence ^ = dn a and so 

cni4cn(i^-~a)4-snt/sn(M-~a)dna = cna. (i) 

This formula is true provided that a is not congruent to iK\ 
the restrictions that a is not congruent to K or K+iK' being 
relaxed by an appeal to the principle of analytical continuation. 

t Messenger of Math, 11 (1882), 86. 

t The method of proof given here is a slight modification of that of Hurwitz 
and Courant, FunktionerUheorie (3rd edition) (Berlin, 1929). 
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In a similar manner we can show that, when a is not congruent 

to iK\ 


dnt 4 dn(t^— a)+fc 2 snwsn(w— a)ona = dna. (ii) 

If we now put a = w+v in equations (i) and (ii), we obtain 
c^C2—SiS2^{u+v) = cn(i 4 +i;), 
and d^d2—k^^82Cin{u+v) = dn(u+v), 

where, for brevity, we have written 8^ = snt^, dg = 
so on. These equations give at once 

/ I \ Cl Cg'~’di do 8-1 8o j / I V d| do“*” 8o C| Co 

= i-mt4 ■ ■ 


Finally, writing a = —i; in equation (i), we obtain 
3id2sn(tfc+^^) = C2— Cicn(M+t;), 
from which it follows that 


sn(i4+v) = 


C2 d2”i“82 Cj dj 




Now this last equation can be written in the form 


^ l--k^sl8l 


on using the identities connecting the functions snw, cnw, and 
dnt^. This equation expresses sn(t4-j-t;) as an algebraic function 
of sn u and sn v, and so is the addition theorem for sn u. Similar 
remarks apply to the formulae for cn(w+v) and dn(w+t;). 

We have thus shown that the Jacobian elliptic functions 
possess the addition theorems 


8n(u+v) = 


snwcnt;dni;4-snvcni4dnt4 
1— i^sn^ttsn^r 


cn(t4+v) = 


cnt^cnv— dnwdnvsnwsnv 
1— fc^sn®usn*i; 


dn(w+i;) = 


dnt^dnv— ^2 sni^snvcnt^cnt; 

1— i^sn^t^sn^v 


Example 1 . Prove that 

sn{w+K) = cdw, cn(M+iC) = — Aj'sdw, dn(M+iiC) = k'ndu, 
= A;"^dcw, cn{u+K-\-iK') = —Wkr^ncu^ 
diL{u+K+iK') = tfc'scM. 
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Example 2. Deduce from Ex. 1 that 

sn(tt+iX') = cniu+iK') = —ikr^dsu, 

6n(u~\~iK') = —icBu. 

Hence show that, when |ti| is small, 

8n(u+iii:') = ;l + 4^*«+..., 

cniu+iK') = _ A + ^ 

i 2 Jfc* 

dn(w-l-iH') = 1 s 

Vi o 

Example 3. Prove that 

sn(tt4-a)sn(w-“a) = (sn*^— sn®a)/(l~A:®sn*wsn*a), 
cn(M-f a)cn(i4— a) = (cn*a— dn*asn*w)/(l — ^**sn*wsn*a), 
dn(M-fa)dn(tt— a) = (dn*a— A;*cn®asn*w)/(l — A;*8n*Msn*a). 


Example 4. Writing s, c, d, S, C, D for sn u, cnu, dn u, sn %u, cn 2u, 
dn 2u respectively, prove that 




2acd 


l-ifcV* 
Deduce that 

«» = 


C = 


1~C 

1+D’ 


l-2s*-fikV 

~ 1+D* 


_ l~2A;V-}-i^5* 


d* = (Glaisher.) 


l + C* 


Example 5. Show thatf 

sn^K = l/V(l+ik'), cn = ^/k'Jy/{l•\-k% dn JK = VA:'. 


Example 6. Prove that 


8n(w+W = (l+kT^I^ 


k'sn u-f-cnudnu 
cn*w+A;'sn*w 


14.4. Jacobi’s elliptic functions of given modulus 

Weierstrass’s elliptic function 


is obviously a homogeneous function of the three variables 2, coj, 
and cog of degree —2; in particular, the constants ej, Cg, and €3 
are homogeneous functions of wi and cog of the same degree. 
Hence the function z ^ ^ \ 112 

5(2)= (4^ 

1^(2)-C2/ 


t In this result, the branches of the square roots of k' and l+k' are defined 
by requiring them to be positive when 0 < fc < 1. 
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is homogeneous of degree zero in z, wi, and cog, and so is of the 
form jP(z/<ui,T), where t = 0)2/0)!. But this gives 

snu ~ S{u{ei—e2y^^^} = jP{w(Ci— 


As o)!(e!— 62)^/^ is a function of t alone, it follows that snu de- 
pends only on the independent variable u and the parameter t; 
similarly for cnu and dnt^. 

This means that, when r is assigned, we obtain the same 
Jacobian elliptic functions, no matter what pair of parameters 
o)! and 0)2 we employ in their construction, so long as the ratio 
0)2/0)! is equal to r. 

Similarly the quantities 


Jfc = 


(es-e,Yi^ 


hf (fl 



K == iK' = 


are functions of r alone; moreover, the explicit formulae, found 
in § 14 . 2 , Ex. 4 , show that they are analytic functions, regular 
when Imr > 0. 

Conversely, when has a given value c different from 0 or 
1, the Jacobian elliptic functions are uniquely determined. (This 
fact is often emphasized by denoting them by Bn{u,k), and 
so on.f ) To prove this, we need to show that the equation 
(€3— e2)/(e!-— 62) = c always has a root t whose imaginary part 
is positive, and also that every root of this equation leads to 
the same set of Jacobian elliptic functions. 

This problem is completely solved in Chapter XV. We show 
there that the equation always has a root tq lying in a certain 
‘fundamental region’ of the upper half of the r-plane, and that 
any other solution is of the form (aTo+ 26 )/( 2 cTo+d), where a, 6, 
c, and d are integers such that ad— 4 :bc = 1. From this it is 
deduced that the functions 8 n(u,k), cn(u,k), and dn(i^,A;) are 
uniquely determined when is given. 

The equation = c defines t as a many- valued 

function of c, with branch-points at c = 0, 1, 00. Each branch 
is regular in the c-plane supposed cut along the real axis from 
— cx) to 0 and from 1 to +00. As c -> 0 the principal branch tq 
tends to infinity along a line parallel to the imaginary axis. 


t The notation is rather unfortunate, as ib* is given, not k. 



JACOBI’S ELLIPTIC FUNCTIONS 391 

These branch-points of r, regarded as a function of c, are such 
that has branch-points only at c = 1 and c = oo, and is 
regular in the c-plane supposed cut only along the real axis from 
1 to + 00 . 

Finally, sincef 

^ n iK' = tK, 

n*-l 

where q = these results imply that iT is an analytic func- 
tion of c, regular in the cut c-plane, and that K' is also regular 
provided that an additional cut is madej along the real axis 
from —00 to 0. 

14.41. The evaluation of an elliptic integral 

When is not equal to 0 or 1, the expression 

.9 

0 

is an elliptic integral. We now show that, when the path of 
integration does not pass through a branch-point of the inte- 
grand, we can evaluate this integral by means of the substitution 
z = sn(ii;,A:). 

The equation z = sn(ti;, k) defines ti; as a many -valued func- 
tion of z. For if It; == f{z) is any solution of this equation, then 
w = f{z)+^mK-\-2niK' 
and w = 2K—f{z)+4mK+2niK' 

are also solutions for all positive and negative integral and zero 
values of m and w. Since 

dz 

the only singularities of w are branch-points at z = + 1 and 

z == + l/A?. 

There is, however, a unique solution of the equation which 
is regular in a neighbourhood of the origin and vanishes at the 
origin. The existence of this solution w = F{z), say, is a con- 
sequence of the inverse-function theorem of § 6.22, since sn(ii;, k) 
has a simple zero at the origin and is regular when lt/;| is small, 
t See § 14.2, Ex. 4. 

t Actuajily the cut from c = 1 to c = -f oo is unnecessary in the case of K*. 
See § 14.44. 
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As the path of integration does not pass through a branch- 
point of the many-valued function w(z)y we can continue F(z) 
analytically along it. Accordingly the transformation w = F(z) 
determines a definite path of integration in the t£?-plane, which 
starts at the origin and ends at a point v, where v is a certain 
solution of the equation sn(t;, k) = s. The particular solution 
V which has to be taken evidently depends on the manner in 
which the path of integration in the z-plane passes between the 
branch-points ±1 and ±1/*. 

If we now make the substitution z = sn(ti;, k) and suppose 
that the integrand has the value + 1 at the origin, we obtain 

9 V 

J dz = ^dw = v. 

0 0 

Example 1 • Prove that 

1 

CDti 

1 

(ii) u = j 

dnu 

00 

(iii) M = + 

cau 

8du 

(iv) M = J 

0 

Example 2. Show that, if is not equal to 0 or 1, 

e 

J dt = V, 

0 

where v is a solution of the equation 8n(v,k) = sin^. (This equation 
was used by Jacobi as the definition of his function 6 = amv.) 

14.42. The expression of K in terms of k 

We saw in § 14.4 that K is an analytic function of c (= 
regular in the c-plane supposed cut along the real axis from + 1 
to + 00 . We shall now show that the equation 
1 

I dx = K, 

0 
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where the path of integration is a straight line, holds every- 
where in this cut c-plane. 

By § 14.41, the value of this integral is u+imK+2niK\ 
where m and n are integers and is a zero of 1— sni^. But as 
1— sni4 is an elliptic function of order two with a double zero 
at = X , we have 
1 

J (1 — da; = {4m-\-\)K-^2niK\ 

0 

where m and n are integers to be determined. 

Let us consider first the case when 0 < c < 1, so that the 
value of the integral is real and positive. In this case the 
principal value of r is purely imaginary, and therefore K and 
K* are also real and positive. This implies that m ^ 0 and 
71 = 0. But if m were positive, there would exist a number Xq 
between 0 and 1, such that 

J (l-a:2)-V2(l-ca:2)-i/2da: = K-, 

0 

we should then have sn X = Xq < 1, which is impossible. Hence 
m = 0. 

We have thus shown that 
1 

J (l-x2)-i/2(l-ca:2)-»/2da: = K 
0 

when 0 < c < 1. The truth of this formula when c lies any- 
where in the cut plane immediately follows by the principle of 
analytical continuation. 

14.43. K expressed as a hypergeometric function 

If we write x = sin0 in the integral-formula for K, we find 
that 

X = J (l—C8inW)-'^f^dO, 

0 

when c lies in the cut plane. When |c| < 1, we can expand the 
integrand as a series of ascending powers of c which converges 
uniformly*)* with respect to 6 and so can be integrated term by 

t By Weierstrass’s M-test, since 0 < sin*^ < 1. 
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term. This gives immediately 
K ^ 

where c = 

By the principle of analjrtical continuation, this formula holds 
everywhere in the c-plane, supposed cut along the real axis from 
+ 1 to +00, since the expressions on each side of the equation 
are both regular all over the cut plane. 


14.44. The expression of K' in terms of k' 

We now prove that K' is the same function of k' as K is of 
ky by considering the effect of renaming the parameters and 
£*>2 which occur in the definition of Jacobi’s elliptic functions. 
If we write = coj, coi+a>2+a>3 = 0 , the set of 

points 2m'o}i+2n'a)2f where m' and n' take all positive and 
negative integral and zero values, is identical with the set of 
periods 2 maji+ 27 iaj 2 of Weierstrass’s function p(zloji,o)2)- 
follows that 

p(zlcoi,W 2 ) = 5 = p(zlwi,W 2 ), C(2|a>(,a>2) = ^(zlwi,a) 2 h 
and = a(z\<ji>-i,w^. 

On the other hand, the constants which occur in the equations 
expressing the pseudo-periodicity of i{z\(x)[^w2) and u{z\o)[^o}2) 
are no longer and 772* Fox, if 

5{2+2a>ila)i,a)2) = 27y(+^(z|a>i, cog), 

then 

and similarly = Vv Iz = ^12+ 'nz- 


Hence we obtain a different set of Jacobian elliptic functions 
if we use the parameters o)[ and cug instead of and cog. 

Next we find the modulus and quarter-periods of this new set 
of elliptic functions. Using an obvious notation, we have 
A:(coi, oig) 

by the definition of (e,.-- Now {^(2)— is an odd elliptic 
function with periods 2 a}j^ and 4 a> 2 ; hence 


k(w'i, COg) 




since (C3— = i(Ci— = —^(€1—^2)^^^. It 
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follows, therefore, that and similarly that 

0)3) = i(coi, ^2)- Thus the modulus and complementary 
modulus are interchanged by the interchange of parameters. 
Again, we have 

C02)— cJi/2 ^ ai2(c2— 

which gives at once 

similarly K'(cD[,a)^) — jfiL(a)i,a>2). 

Hence, when is not real and greater than unity, 

K'{wi,o) 2 ) = K{a}{, 0 }'^) 

1 

0 

1 

= J (l-a:2)-V2{l-ifc'2(a>i,a>2)a;2}-i/2efa;, 

0 

1 

that is, = f dx, 

0 

save when k'^ ^ 1 . This proves the required result. 

Further, by using the result of § 14.43, we see that X' is an 
analytic function of c (= k^), regular in the c-plane supposed 
cut along the real axis from —00 to 0; the additional cut from 
+ 1 to +00, imposed in § 14.4, is unnecessary. The explicit 
formula for K' as a function of c is 

X' ==i7rF(li;l;l-c), 

14.45. Jacobi’s imaginary transformation 

We have just seen that the primitive periods of 8 n(u,k') 
are 4X' and 2iX, and hence those of sn(m,i;') are 2X and 4fJSL'. 
Therefore the functions 8 n(u,k) and sn(m, fc') have a common 
pair of periods 4X and 4iX', and this implies that they are con- 
nected by an algebraic relation which we shall now determine. 
By definition, we have 

sn(— k'] = ^ ( 7 (z |co{ , W2)o(o)2 |a>{ , 0^2) 

\cui ’ j < 72 (z|co^,aj 2 ) <*>1 e”V< 7 ( 2 -|-co 2 |a)i,a> 2 ) 

“ X* a{z)G{wi) X' a(z) 

(Oi e'’'^^^a(z+(Oi) wx o‘i(2^) 
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But iK’jK = and so — —K'lw^ = iKjwi. Hence 

/£iM = i\ 

Putting Kz = we obtain 

8n(i«,^') = i^{u,k), 

which is the required algebraic relation. From this it follows 

cn(m, fc') = nc(«, ib), dn(m, A:') = dc(M, fc). 

These three equations constitute Jacobi’s imaginary trans- 
formationf of his elliptic functions. 

Example 1. Deduce Jacobi’s imaginary transformation from the 
equation ta{iu.k’) 

j ( 1 -*>)-»/*( 1 dz = iu. 

0 

by the substitution z = 

Example 2. Prove by the aid of Jacobi’s imaginary transformation 
that 

an jtiK' * i/Vifc, cn iiK' = V( 1 + h)Hk, dn iiK' = V( 1 + ^). 

the square roots being positive when 0 < A; < 1. 


Example 3. Prove that 


sn(w+i^iii^') = 


(l+A;)snw-f ^cntidnw 
l+fcsn*!* 


14.46. Landen’s transformation 

The theory of the transformations of elliptic functions is con- 
cerned with the expression of the Jacobian functions of para- 
meter t' in terms of those of parameter r, where 

t ' = (aT+b)/{cT+d), 

a, b, c, and d being integers such that ad— be is positive. A very 
simple instance^ of this is provided by Jacobi’s imaginary 
transformation, in which r = — 1/t. 

The general theory of these transformations is beyond the 
scope of the present book;§ we shall consider only Landen’s 

t Fundamenta Nova, 34~5. 
t For others, see Ex. 18 on p. 416. 

I See, however, Tcumery and Molk, Fonctiona elliptiquea, 2 (Paris, 1896), 
195-232. 
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transformation, defined by t' = 2 t. This is of historical interest, 
being the first case ever discussed, f 

In order to determine Landen’s transformation, J we consider 
first the connexion between Weierstrass’s Sigma functions 
(T(z\o)iyCJ2) and G(z\w[y 0)2)9 where a>j[ = and 0)2 — a>2, since 
these give 

= 2 t. 

0 )i 0)i 

It is easily shown that§ 

a{z\o)[yO)2) = e^^^^*-^^^a{z)a{z-\-o)j)la{o)i)y 

it being understood that the parameters of a(z) are Wi and cug, 
unless the contrary is explicitly indicated. From this it follows 

and hence that 


and ri2 = ~ 

Let us now suppose that the Jacobian elliptic functions con- 
structed from G(z\o){y 0)2) have quarter-periods L, iU and modu- 
lus Z. Then 



a(z\o){y o)2)o(o)2 ^ 2 ) 
o)^ e~'^*^a(z-\-o }2 \o)[y 0)2) 


o)i a(z-f ajgMz+coi+cogMcoi) 

— iji Z+ JCi w|— iji a>8— iei(z+a>2)*+ 7/1(24-0)2)} 


^ c 2 m. g(z)g(z4-«Ji)g(<»>a)g(<tfi 4-<»>a) 

o)i <T(a-fo)2)a(z-|-o)i-|-o)2)<T(o)i) 


t Landen, Phil, Trans. 65 (1776), 285. Landen, however,- deals only with 
elliptic integrals, the idea of ‘inverting’ an elliptic integral to obtain an elliptic 
function (duo to Abel and Jacobi) not having been introduced until 1826. 

t A simpler but less obvious method of finding Landen’s transformation is 
suggested in Ex. 2 at the end of this section. 

§ See Ex. 20 on p. 379. 
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2L a{z)ai(z) 

~ "l 0’2(2V8(*) 



Writing Kz = we have 

K an{2Lu/K, 1) = 2L 8n(«, ^)cd(u, k). (i) 

It remains to determine the relations connecting the quarter- 
periods and moduli of the two sets of Jacobian functions. 

The relations connecting the quarter-periods are found by- 
putting u = \K in this equation. This gives 

K sa(L, 1) = 2L an{\K, i)cd(iA', fc), 
and hence, by § 14.3, Ex. 6, 

L = 

Using this value of LjK, equation (i) becomes 

sn{( 14 -i:')tt,Z} = (1-f &')sn(tt,^)cd(«,A:). 


Moreover, since 

2Zf/Z(' = 2ta)x/a>2 = = KjK', 

we also have U = (l-f-A:').K'. 

Again, if we write equation (i) in the form 

L'sn(tt,ifc)cd(tt,i:) = K' an^UujK' ,1) 
and then put u — v-\-iK', we obtain 

UdQ{v,k) K' 

k^an(v,k) ~ I aTa.{L’vjK',l)' 

Multiplying the expressions on each side of this equation by v 
and then making v tend to zero, we have 

k^ ~~ L'V 


and so 


FiT'* _ k^ l-ii:' 
L'* “ (1-1-*')* “ 1-f *'■ 


We have thus proved that 

an{{l+k’)u,T} = (l-|-*')sn(tt,*)cd(tt,*) 

where I = (1— *')/(l-l-*'). This is the result known as Landen’s 
transformation. 
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Example 1 . Prove that, in the notation of the previous section, 
cn{(l+A;>.Z} = {1-(14-Aj')sn*(w, A;)}nd(w, jfc), 
dn{(l+A;')w,Z} = {1— (1— A;')sn*(w,A;)}nd{w, A;). 

Example 2. Show that Landen’s transformation is equivalent to 

J (l-Z»8in*^)-»/*d0 = (!+*:') | {l-k*ain*e)-^l<‘ dO, 

0 0 
where sin^i = ( 14 -A;') 8 indiCOS^i(l— A;*sin*^i)”^/*. 

Obtain this result also by a direct transformation of the integrals. 


14.5. Legendre’s three kinds of elliptic integral 

We shall now show that the problem of evaluating the general 
elliptic integral J F{t, u) dt, where F(t, u) denotes a rational 
function of t and u, and v? is a quartic or cubic polynomial in 
t without repeated factors, can be reduced to the evaluation of 
three very simple types of elliptic integral. 

Since F{t, u) is a rational function of t and Uy we can write 

F{tyU) = N{tyU)ID(tyU)y 

where N and D denote polynomials in t and u. Now 
D{tyU)D{ty —u) is a polynomial in t and since it does not 
alter when we change the sign ofuy and so becomes a’polynomial 
in t alone when we substitute for in terms of t. Thus 


UF{tyU) “ UN{tyU)D{ty—U)lG(t)y 

where G denotes a polynomial in t. 

If we multiply out uN{tyU)D{ty —u) and substitute for in 
terms of Z, we obtain ultimately 

uN{tyU)D{ty —u) = <I)(Z)+t^T(Z), 
where O and T denote polynomials in t. Hence 


F{t,u) = 

^ uG{ty 


G{ty 


As the second term in this expression for F(tyU) can be in- 
tegrated by means of elementary functions, the problem of 
evaluating the general elliptic integral has been reduced to the 
discussion of the simpler integral 

r <b(t) dt 
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Let US suppose, in the first instance, that 

where a, j3, y, and 8 are, by hypothesis, distinct. Making the 
transformationf 

we easily find that 

where P = {(«— 8)(j8— y)}/{(a— y)(j8— 8)}. If, however, is a 
cubic in t, say 

the appropriate transformation is = (t— 0 L)l{t--p); this gives 
at once 

jj V dt ^tidz 

V(a-y)- = 

where — {fi—y)l(,oi.—y)- Hence, no matter whether u* be a 
quartic or cubic, we have now shown that 

J = J R{z^m-z^){l-k^z^)}-^^ dz, 

where R{z^) is a rational function of 2 ^, and is a finite con- 
stant, not equal to 0 or 1. 

The next step is to express R(z^) as a sum of partial fractions 
in 2 *. The general elliptic integral is thus reduced to a sum of 
integrals of the following types, 

J z2"{(l-z2)(l-jt:V)}-i/2 dz, 

I {l+vz^)-*{(l-z^){\-kH^)}-Vz dz, 

where r and a are integers, a being positive, and v is a con- 
stant. 

Finally, by using well-known methods of the integral calculus, 
it is easy to obtain reduction formulae by means of which each 
of the above integrals can be expressed in terms of one of the 

t For an alternative method -which only involves the use of a homographic 
transformation, see Ex. 29 at the end of the present chapter. 
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three standard forms of Legendre: 

J {(l-2*)(l-i2a*)}-i/* dz, 

J (l + V2«)-l{(l-*®)(l-Jfc222)}-l/2 dz. 

These are called the elliptic integrals of the first, second, and 
third kinds respectively. The evaluation of the integral of the 
first kind has already been discussed in § 14.41. 


14.51. The elliptic integral of the second kind 

If we make the substitution z = sn(w, i) in Legendre’s in- 
tegral we find that it becomes 

f sn2(w, k) du. But since 

J dn2(i^, k) du = fc® J sn2(t4, k) dUy 

the latter integral could equally well be taken as the standard 
elliptic integral of the second kind, and this proves to be more 
convenient. It is usual to write 


lit 

E{Uy = J dn2(w, k) du. 


it being supposed that the path of integration does not pass 
through a pole of the integrand. When it is unnecessary to 
emphasize the modulus k, we shaU denote the function more 
briefly by E{u)t 

We shall now show that E{u) is an odd analytic function of 
u, regular save for simple poles of residue +1 at the points 
2mK +{2n+l )iK', 

To prove this, we observe that dn^w is an even elliptic func- 
tion of periods 2Ky 2ilC whose only singularity in any cell is 
a double pole of residue zero at the point congruent to iK\ It 
follows that the integral of dn^u round any closed contour which 
does not pass through a pole is zero, and hence that E{u) is 
a one-valued function. Moreover, since the derivative of E{u) 
is dn^u, E{u) is an odd function whose only possible singularities 
are the poles of dn^u. We know, however, that, if a is a pole 

of dn Uy dn^w = — (u~a)'"^+<^(u), 

Dd 


8531451 
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where (l>{u) is regular at a; hence 

E{u) = (lA— a)-^+0(2^), 

where is regular at a. Thus a is a simple pole of E{u), of 
residue 4-1- 

It should be noticed that E(u) is not an elliptic function, 
since the sum of its residues at any set of its poles can never 
be zero. We can, however, show that, when u is increased by 
2K or 2iK\ E(u) is reproduced, save for an additive constant. 
For we have 

U+2K 2K 

E{u+2K)'-‘ E{u) = J &D?u du — J dn^w du, 

U 0 

since 2K is a period of the integrand, and hence 
E(u+2K)-E{u) = E(2K). 

Putting u = —K, we find that E{2K) = 2E{K), 

Similarly we can show that 

E(u+2iK')-E{u) =^E(2iK'), 

but no simpler form of the constant can be obtained at the 
present stage, since iK* is a pole of E{u). 

14.511. The complete elliptic integral of the second kind 

The constant E(K) is called the complete elliptic integral of 
the second kind, and is usually denoted by E. If we write 
sntt =•- sin0 in the equation 

K 

E = j dn^u du, 

0 

nl2 

we find that ~ J (l—csin-^)^/^ 

0 

where c = From this it can be shownf that E is an analytic 
function of c, regular in the c-plane supposed cut along the real 
axis from +1 to +oo, and that 

E = l;c). 

We write E' for E{K',k'), Since E' is the same function of 
fc' as E is of A;, it is regular in the c-plane supposed cut along 

t Cf. § 14.43. 
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the real axis from — oo to 0, and can be written in the form 

Example 1 . Show that, as A; -> 0, 

E — > •Jtt, — >• 1, {K — 

Example 2. Prove that 


2^- 

E-K 

dK_ 

E^Kc' 


c * 

^ dc~ 

cc' * 


K'^E' 

2^'_ 

K'c-E' 

^ do ~ 

c' ' ’ 

do ~ 

cc' 


where c = A;®, c' = A;'*. 

Example 3. Show, by using the results of Ex. 2, that 
EK'^E'K^KK' 

is independent of c, and find its value by making c 0. 


14.512. Jacobi’s imaginary transformation of E(u) 

To find the effect of Jacobi’s imaginary transformation on 
the function E{u, k), we write 



= i 

From this it follows that 



E{iu,k) — iu+ian{u,k')dc{u,k')—iE{Uyk'). 

In particular, by putting u = 2K', we obtain the formula 
E{2iK\k) = 2iK'-iE{2K\k^) = 2i(^'~E'). 


Hence, by § 14.51, 

E{u+2iK\k) = E{Uyk)+2i{K'^E'y 


14.513. Legendre’s relation 

Since the only singularities of E{u) are simple poles of residue 
+ 1 at the points 2mK+{2n+l)iK\ 

J E{u) du = 2niy 
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when C is the parallelogram with vertices K, K+2iK\ 

—‘K+2iK\ and —K. Hence 

K 2iK' 

2m = j {E(u)-E(u+2iK')}du+ j {E(u+K)-E(u-K)}du. 

-K 0 

When we make use of the pseudo-periodic properties of E{u), 
this becomes 

27ri = 

or EK'+E'K-KK' = 

This relation, which is due to Legendre, is the analogue of 
the formula ojg — ^2 = 2 ^^ which occurs in the theory of the 

integral ^{z) of Weierstrass’s function p{z), 

14.514. The quasi -addition theorem for E{u) 

Let us consider the expression 

F(u) = E{u)+ E{v)-- E(u+v), 

regarded as a function of u. By the pseudo-periodicity of E{u)y 
it is an elliptic function with periods 2K and 2iK\ It has a pair 
of irreducible simple poles iK\ iK'—v, and two irreducible 
simple zeros 0, —v. But snt^sn(tA+^^) is an elliptic function of 
periods 2K and 2iK\ with the same irreducible poles and zeros 
as F{u)] thus musn(u+v)IF{u) is an elliptic function without 
singularity and so is a constant. 

When \u\ is small, we have 

8nu8n(u+v) _ U8nv+0(u^) __ snv ^ 

F{u) ” u{l^E'lv)}'+0{^) ~ I-'drSi' 

and therefore 

snt^sn(t4+i;) __ snv 1 

F(u) 1— dn^v ^ Jk^ an V* 

for all values of u. 

We have thus shown that 

E(u)-i-E(v)— E(u-j-v) = i^sntisnvsn(u-f-v), 

which is the quasi-addition theorem for E(u), There can be no 
true addition theorem, as E(u) is only pseudo-periodic. 
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14.515. Jacobi’s Zeta function Z{u) 

For some purposes it is desirable to have a function which is 
of the same general character as E{u), but is simply -periodic. 
Such a function is Jacobi’s function Z(t^), defined by the equa- 

Z(«) = E{u)-uEIK. 

It is easily verified that 

Z{u+2K) = Z(it), Z{u+2iK') = Z{u)-7TilK, 

on taking into account Legendre’s relation. Thus Z(u) is 
simply -periodic with period 2K. 

Example. Show that 

Z{u)-\-Z(v)—Z(u-\-v) = A;*snwsnv6n(w-l-t;). 

14.52. Jacobi’s Theta function 0(u) 

We now introduce Jacobi’s function ©(-w), which plays a part 
in the present theory similar to that of (t{z) in the work of 
Weierstrass.f This function is defined by the equation 

u 

0(t^) = 0(0) exp J Z{u) du, 

0 

where 0(0) is a constant which we shall choose later. We show 
that 0(t^) is an even integral function of period 2K, whose only 
zeros are simple ones at the points 2mK-{-{2n’\-\)%K\ 

For if a is a pole of Z(u) we know that Z(u) = {u—ot)-^+(f}(u), 
where <l){u) is regular at a, and so two determinations of 

u 

J Z(u) dUy along different paths of integration, differ by a 
0 

multiple of 27ri. Hence log0(tt) is a many -valued function, but 
0(it) itself is one-valued. Moreover, as Z(w) is an odd function, 
Q{u) is even. 

The only possible singularities of 0(w) are the poles of Z(u), 
Iog 0 (i 4 ) = log(tt— a)+ J ^(u) du = log('M— a)-fO, 

where 0 (^ 1 ) is regular at a, and so 

0(tt) = {u—(x)e*^^\ 


t In fact, we shall show that ©(Kz/wj) and a^(z) differ only in an exponential 
factor. 
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Hence @(t«) has a simple zero at each pole of Z{u), Since, how- 
ever, any pole or zero of 0(t4) is a polef of Z(w), it follows that 
@( 14 ) is an integral function whose only zeros are simple ones 
at the poles of Z{u), 

Finally, since Z(u+2K) = Z(t^), we have 
0 (t4+2iiC) = AQ{u), 

where -4 is a constant. If we put u = —K and remember that 
0(t^) is an even function, we find that .4 = 1; thus Q{u) is 
simply-periodicf with period 2K, This completes the proof of 
the fundamental properties of (d(u). 

14.521. The Fourier series for 0(u) 

Since 0(i4) is an integral function of period 2K^ it can be 
represented by a Fourier series§ 

©(i^) = 2 

—00 

which converges uniformly and absolutely in any bounded 
closed domain of the u-plane. We shall deduce the values of 
the coefficients from the important identity 

0(u-i-2iK') = 

where q = 

To prove this identity we integrate the equation 
Z(u+2iK') = Z{u)-7TilK, 

This gives Q(u-{-2iK') = 

where .4 is a constant of integration. To find 4, we put 
u = v—iK' \ we then have 

_ ®{iK'+v) 

^ @(-iK'+v) Q(iK'-vy 

But, when \v\ is small, = Q\iK')v+0(v^), and 

&(iK') does not vanish, since 0(^^) has only a simple zero at 
iK\ Hence, when v 0, we obtain 4^ = —I, and so 

Q{U’\’2iK*) = — 


t Since Z(u) « 0'(ii)/0(ti). 

X If it were doubly -periodic, it would be a constant, which is certainly not 
the case. 

§ See Ex. 10 on p. 89. 
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Substituting in this identity the two series 

0(w) = 2 e{u+2iK') = 2 

— 00 —00 

and equating coefficients of we find that 

From this it follows that = (— l)^aog^^*, for all positive and 
negative values of n. Hence 

e{u) = ao 2 

— 00 

The constant is at our disposal, since, in the definition of 
Jacobi’s Theta function, 0(0) was left undetermined. We now 
fix 0(0) by taking = 1. This gives 

0 (^) = 2 = 1+2 2 {-~l)^q^*cos{n7TulK). 

-00 1 

This series provides a valuable method of computing Q(u)\ 
for since l^l^K'jK) > 0, we have \q\ < 1, so that the series con- 
verges rapidly. 


14.53. The elliptic integral of the third kind 

Making the substitution z — k) in Legendre’s elliptic 
integral of the third kind, we obtain 

J {(1— 2:“)(1— A222)}i/ 52 J l+j/sn‘^t4 J l+vsn% 

If V — —1 or — A;2, the evaluation can be completed in terms 
of the elliptic integral of the second kind. For other values 
of V, we choose a so that v = — k“ sn-a, and we have to evaluate 


u+k^ sn2( 






du. 


-k^ sn^asn^u 

We . shall take as the fundamental elliptic integral of the third 
kind Jacobi’s function 

u 


n(tt,a) = J — — 


sn o cn a dn a sn*« 


ifc^sn'^osn^w 


du, 


and this can be expressed in terms of Jacobi’s Theta function. 
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For, using the addition theorems for snu and Z(u), we have 

U 

n(«,o) = i j ^®snMsno{sn(«+o)+8n(tt— o)} 

0 

U 

= J J o)— Z(tt4-a)+2Z(o)} 

0 

Hence n(«,o) = ilog ®|“[^| + uZ(o). 


14.6. The expressions for E{u) and Z{u) in terms of 
Weierstrass’s Zeta function 


The function dn^ii is an elliptic function of periods 2K and 
2iK\ with one double pole per cell at the point congruent to iK\ 
the principal part at iK' being If we substitute 

u = KzjcDi, and suppose that = iK'jK, we find that 

dn^(Kzloji) is an elliptic function of periods 2coi, 2 a >2 with 
one double pole per cell at the point congruent to cug. As the 
principal part of this function at cog is —( 2 ;— it follows, by 
§ 13.62, that 1^2 TT 

caf <Oi 


where A is a constant. 

When we integrate the expressions on each side of this equa 
tion, we find that 


— = i{z + W2)+Az-7]^, 

Wi \<oJ 

the constant of integration being determined by the fact that 
E{0) = 0. To find the constant A, we put * = This gives 

EKJwi = Uo^i + <a2)+Au)i—7]2 — — IJ 2 — ■>?3 = + 

and so ^ _ EK 

wf <Oi 

We have thus obtained the formula 



^(Z+fa)2) + 


m 

wf 


z-niz 


■Vi> 


which expresses the elliptic integral of the second kind in terms 
of Weierstrass’s Zeta function. 



409 


JACOBI’S ELLIPTIC FUNCTIONS 
From this equation, it follows at once that 


coi \a>i/ 


U^+oj2) — ^z—rj2. 

Oil 


14.61. The connexion between @(u) and a{z) 

To show the connexion between ©(-m) and a(z), we write the 
last equation of § 14.6 in the form 


^log©/— ] = Alogffj(2)-5l*, 
az \<^i/ 


and integrate between the limits 0 and z. This gives 

Q(Kzluii) = 0(O)exp(— jTji 27 &»i)a 2 ( 2 )- 


If we now use the result of Ex. 16 on p. 378, we deduce from 
this equation that 


Q(u) = O' JJ {1— 2g2»-icos(im/.K^)+5^"~7> 

1 

where q = and O depends only on q. As this formula 

is of great importance, we give in the next section a proof of 
it which is independent of the theory of Sigma functions and 
which gives incidentally a very simple expression for 0, 


14.62. The infinite product formula for ©(t^) 

If |gr| < 1, the infinite product 

converges uniformly and absolutely in any bounded closed 
domain not containing the origin. Hence F(t) is regular in every 
annulus 0 < a < < jS and can be represented there by a uni- 

formly and absolutely convergent Laurent series 

— 00 

Moreover, since qtF{qH) = — F(<), we can show, as in § 14.521, 
that = (— l)”g^aQ. It remains to determine a^. 

Now the function 

1 
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is an integral function, expansible as a Taylor series 

where 6o = Since F{t) = we can express in 

terms of the coefficients by multiplying together the series 
for/(0 and/(/~^) and then equating powers of this gives 

= ^n+6i&^+l+fe2^n+2+-** • 

But if we substitute the Taylor series in the identity 
(1— = /(O equate coefficients, we find that the 
coefficients are connected by the recurrence formula 

from which it follows that 


where 


K = 


Hence (— l)" 3 ’‘'ao = o„ = (— !)"(— + V — — 


and so 


1 ^ ( 72 (nr+r‘) 

Uq S=z f- ^ , 


As Uq is independent of n, it is necessarily equal to the limit as 
n tends to infinity of the expression on the right-hand side of 
this equation. 

Since Is'l < 1, tends to a finite non-zero limit as n ->► oo, 
and so 1/c^ is a bounded function of n. Hence we have 


«2(nr+r*) 


^ ^r^n+r 




r=»l 


00 

where A is independent of n. Since 2 is convergent, this 
inequality shows that 


r-l 


lim y 


„2(nr+r*) 


rtrl ^r^n+r 


= 0 , 


and so a^ = lim l/c„ = l/ XI 

n-^flo ' 1 

We have thus shown that 


1 -00 
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Putting t = exp(7ri'w/iL), we obtain 

©W = n{(l-ff2n)(l_2^2n-leos(7m/iiC)+g4n-2)J^ 

the required formula for Q{u). 

14.63. Jacobi’s Eta function H( 2 i) 

Closely associated with Jacobi’s function 0(-u) is his Eta 
function, defined by 

H(tt) = —iq^l^exp(^7Tiu/K)&{u+iK'). 

The relation between ©(i^) and H(u) is a reciprocal one; for 
0(w) = —iq^^^ex]p{l7Tiu/K)}i{u-\-iK')y 
as the reader will easily verify by using the formula for 
Q{u+2iK'), 

H(t^) is an odd integral function which possesses simple zeros 
at the points of the set 2mK-\-2niK\ The effect of increasing 
u by 2K or 2iK' is given by the equations 

Il{u+2K) = — ll{u-\-2iK') ~ — 

Thus H(t^) is a simply -periodic function of period iK. 

Example. Show that 

(i) H(w) = 2 £ ( - 1 )nqi2n+ifit sin{(n + i)7m/K}, 

n =«0 

(ii) H(w) = 25V4sin(j7rw/iiL) IT {(l--g2n)(i_2g2”cos(7m/iC) + gf*”)}. 


14.64. The expression of Jacobi’s elliptic functions in 

terms of 0(w) and H('u) 

It follows at once from the formulae of §§ 14.521, 14.63 that 
the function H(w)/0(t4) is reproduced with multipliers — 1 or + 1 
when u is increased by 2K or 2iK' respectively, and so is an 
elliptic function of periods and 2iK', In any cell it has two 
simple zeros (the zeros of H(tt)) at points congruent to 0 and 
2K, and two simple poles (the zeros of 0(2t)) at points congruent 
to iK' and 2K+iK\ Hence snuQ(u)lli(u) is an elliptic func- 
tion with no singularities, and so is a constant whose value 
©(-fiL)/H(iL) is found by putting u = K, We have thus shown 


that 


snu = 


e(K)li{u) 

K(k)Q(uy 
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Similarly it can be proved that 

H(ir)0{«) ’ 


0(O)0(ti+^) 
0(i£:)0(«) ■ 


Example. Prove that 

Vifc = li{K)ie{K), VA;' = 0(O)/0{K), 
and deduce that 

snw = V(lWH(u)/0(w), cnw = V(^7^)H(w-f^)/0(w), 
dnti = VA;'0(ii-f jKr)/0(w). 

Show also that ^(2Kl7r) = 0(iC). 


14.7. The numerical evaluation of elliptic functions 

The simplest method of computing the numerical values of 
Jacobi’s elliptic functions, when q is given, is provided by the 
formulae of § 14.64, which express them as quotients of 0 and 
H functions. For, in the formulae 


(2W+ 1)77-14 


2 2 (-l)V"+‘>’sin 
Visntt = 


1+2 2 (— l)”3”'cos 


n-=l 


riTru 

IT 


etc., we have [jl < 1 so that the initial terms of these rapidly 
convergent series give very accurate approximations to the 
values of snit, cnu, and dm/. 

Usually, however, it is the modulus k, and not g, which is 
given. When this is the case we have to determine the values 
of K and q before we can calculate the values of the elliptic 
functions. Now it is possible to calculate K and K' in terms 
of k by using the hypergeometric series 

K = K' = i7rF(i,i; 1; l-*^) 

when and |1— are less than unity, and thence to find 
q from the formula q = But as F and 1— are never 

small simultaneously, at least one of these series converges far 
too slowly to be of much use. 

An alternative procedure, due to Weierstrass, gives q im- 
mediately in terms of k. We know that 

Vifc' = = 1^2q+2q^^2q^+... 

Q(K) l+2q+2q^+2q^+... 
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andso 2g+2g»+2g^^+... 

1 + V/fc' H-2g<+2jW+... ■ 

If we write 26 = (1 — and apply the ordinary 
methods for the reversal of series, we find thatf 
q = € + 2€6+15€»+l50€l3+..., 

the first term omitted, being of the order of c^'^. This series is 
convergent when |c| < a condition which is certainly satisfied 
in the case of greatest practical importance, namely that in 
which k lies between 0 and 1. 

The power of this method for calculating q is seen from the 
fact that, when 0 < c < 1/23. The second term in the 

series for q is thus less than 10-® and can, in general, be omitted. J 
When q has been found, K is then calculated from the formula 

yl(2Kl7r) = 0(IC) = l + 2g^+2g^4*2g^*+..., 
and finally X' from the equation 

ttX' = Xlogq-l 

Having found g, K, and K', the computation of Jacobi’s elliptic 
functions can be readily carried out.§ 


14.8. The four Theta functions 

In his later work, Jacobi denoted the functions H('i4), H(u-j-X), 
&(u+K), and 0(w) of the Fundamenta Nova by ^ 1 ( 2 , g), 5 * 2 ( 2 , g), 
53 ( 2 , g), and d'^iZyq) respectively, || where 2Kz = ttu. For our 
purposes Jacobi’s older notation was preferable. 

Another method of introducing the elliptic functions of Jacobi 
is to determine, from first principles, the properties of the four 
Theta functions defined by means of infinite series, and thence 
to deduce the whole theory of Jacobi’s elliptic functions, defined 
as quotients of Theta functions. For an account of this very 

t See Weierstrass, Werke, 2 (1896), 276, or Schwarz’s account of Weier- 
strass’s lectures, Formeln und Lehrsdtze zutn Gebrauche der elliptischen Funk- 
tionen (Berlin, 1893), 54. 

t If J < A:* < 1 , it is probably best to interchange k and k' and determine 
and thence find q. 

§ For an example of this, see Whittaker’s discussion of a problem in rigid 
dynamics, soluble in terms of elliptic functions, in his Analytical Dynamics 
(Cambridge, 1917), 144-9. 

II This notation, which is a slight modification of Jacobi’s, is the one now 
in general use. Jacobi himself wrote ^( 2 , q) for ^ 4 ( 2 , q). 



414 


JACOBI’S ELLIPTIC FUNCTIONS 
beautiful theory, we must, with regret, refer the reader else- 
where.! 
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MISCELLANEOUS EXAMPLES 

1 . Show that sn u, cn ti, and dn u tend to sin u, cos u, and 1 respectively 
as A; — > 0, and to tanhu, sechu, and sechu respectively as A; -> 1. 

2. Prove that 

/ cn^u A;'*sn®M\* / dn®w A;®A;'®sn®M\® 

Vsnudnu cnwdnti/ ' \snucnti ^ cnudnw/ 
are elliptic functions of periods X, iK\ 

3. Show that, if 2 = sn*(ty,A:), where 0 < A; < 1, the curves in the 
2 -plane on which the real and imaginary parts oiw = u-\~iv are constant 
form two orthogonal families of Cartesian ovals, whose equations are 

| 2 — 1|-- |2|dn(2w,A;) = cn(2u,A;), 
|2-l|cn(2t;,A;')-i-|2|dn(2v,A;') = 1. 

4. Prove that, if 0 < A: < 1, the transformation z = VA;snti? maps 
conformally the interior of the rectangle with vertices w = ±K±\iK' 
on the interior of the circle | 2 | = 1, provided with cuts along the real 
axis from VA; to 1 and from — VA: to —1. 

6. Show that the part of the ti;-plane within the ellipse w*/o*4‘vV^*= 1 * 
where w == w-f w, is mapped conformally on the interior of the circle 
Izl = 1 by the relation 

/, . w ^ 

z = VA:sn — arcsin-y— 5 — 

L TT ^(a®— 6*)J 

where Jacobi’s parameter q is given by g = {a’-byj{a+b)^. (Schwarz.J:) 

6. Prove that 

{l+sn(w+t;)}{l*f sn(tt— v)} = (cnt7-hsnwdnv)*/A 
{1-f cn(w+i;)}{l-f cn(w— t?)} = (cnw-f-cnv)VI>f 
{l-|-dn(w-fv)Kl-fdn(u— v)} = (dnu-f dnv)®/A 
where D = 1--A;*sn®usn®i;. 

t See, for example, Whittaker and Watson, Modem Analysis (Cambridge), 
Chapter XXI, or Tannery and Molk, Fonctiona elliptiquea, 2 (Paris, 1896). The 
notation in the latter book is slightly different from that given above. 

J See Forsyth, Theory of Functiona (1918), 614-15. 
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7. Show that 

sn{w + v)cn(u — v) + sn(w — i;)cn(tt -f v) 

= 2snttcnudnt;/(l— •Aj*sn*wsn*t;), 
cn(M + i;)cn(M — v) + sn(w -f v)sn(M — v) 

= (cn*v— sn*v dn*w)/( 1 —A;® sn*u sn®v). 

8. Show that, if tanh U == k sn®w, tanh V = k sn®v, then 

tanh(U— F) = A;sn(wH-v)8n(w— v). 

Deduce that 

sn( V + w)sn(t; — t^;) -f sn(i(; -f w)sn(tt; — w) -f sn(tt + v)sn(tt — v) 4- 

+A:®sn(i;+t^;)sn(it;4-w)sn(w-f i?)sn(i;--w;)sn(i4;— w)sn(w— v) = 0. 

(Glaisheb.) 

9. u4B is a fixed diameter of a circle. P, Q are variable points on the 
circle such that Z.PAB — am(tt-{-a), /.QAB = am(tt--a), where a is a 
constant. Prove that the chord PQ envelopes a circle. (Jacobi. f) 

10. P, Q are points on the ellipse x^la^-\-y^lb^ = 1 of eccentric angle 
am(w±a). Show that, if a is constant and u variable, the locus of the 
pole of PQ is the ellipse 

^cn®a-f ~sn®(iiC— a) = 1. 

11. Prove that sn JiC = cd JiC, cnJiC = ik'sdJX. Deduce that 

snJK+cnfiC = 1. 

12. Show that snw4-cxcnw-|-j3dnw-j-y, where a, j3, y are constants, 

is an elliptic function of periods 4iiC, AiK' and of order 4 and that the 
sum of the affixes of its zeros in any cell is congruent to 0 (mod 4K, 4iK'). 
Deduce that, if = 0, 

^ 

^2 ^2 ^2 ^ 

^3 ^3 1 

8^ 1 

where 8^ = snu,., = cnw^., dj. — dnWr- 
Hence or otherwise show that 

_j_ Cjdt-Ctdj ^ Ca Y i,B Y. ) 

13. Determine the periods and order of the elliptic function 

sn M sn(w -f -K^) + a sn(tt -f iC) + jS sn M 4-yf 

t This result is of importance in Jacobi’s discussion of Poncolet’s poristic 
polygons {Journal fur Math, 3 (1828), 376). See also Forsyth, Messenger of 
Math, 12 (1882), 100. 
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where ot, j 8 , y are constants. Hence show that, if Uj+Wj-f W 3 +W 4 «= 2K, 


tflCi 

tfjdi 

Cl 

<*1 

= 0. 

SjC, 


C 3 

d. 


«8C3 

^3^8 

Cs 

d. 


^4^4 

^4^4 

C 4 

d. 

(Oxford, 1923.) 


14. Prove, by using Liouville’s theorem or otherwise, that, if 

Ui+u^+u^+u^ = 0, 

^ 2^3 ^4 “f" CgCj C 4 j dj = 0 . 

(Gudbbmann.) 

16. Deduce from Ex. 14 that, if = 0, 

(i) ^2 ^ 4 ”” A/^Cj C 2 ^3 ^ 4 ”“ £^3 6 ^ 4 , 

(il) dj £^2 C 2 C 4 ”f“ Aj ^2 ^^3^4* 

(iii) = d^d^s^B^ — C 3 C 4 . 

(H. J. S. Smith.) 

16. Show that, if snw, cnt 4 , and dnw are denoted by «, c, and d 
respectively, 

1 — sn3t4_^ 1 -f-^/ l— 2 ^-f 2 A;V~~AgV y 
l-fsnSu"” l--«\ 14 - 2 «— 2 A;*«®--A;*«v ' 

I~cn 3 t 4 _ 1 ~c / fc^«+2A;^«c4- 2A;»c»+ 
l+cn 3 f 4 ”~ 1+c\A;'*~2Aj'*c— 2A;*c®4-A;*cV " 

1 ~dn 3 t 4 1 ~d /A;'a+ 2 A;'»d~ 2d3- dn* 

14-dn3u'“ l-f-dW2~2fc'»d-f2d®-dV ‘ 

17. If the nine roots of cn 3 t 4 = o, regarded as an equation in cnw, 
are C 4 ,C 2 ,...,C 9 , prove that 

3A;* n c,+A;'« 1 c, = 0. 

1 1 

18. By considering the four transformations (i) r' = t/(1+t), 
(ii) t' = — 1 /( 1 +t), (iii) r' = — ( 1 +t)/t, (iv) t' = l+r, prove that 


8n(fcM,i) 

= ksn(u,k). 


= ik'sc{u,k)y 

sn^iAjw,^^ 

= iA;sd(u, A;), 


= A;'sd(w,A;). 


Deduce the corresponding transformations of cnu and dnu. 
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19. Prove the results of Ex. 18 by direct transformation of the integral 

formula sn{u,jfc) 

0 

20 . Prove < 3 auss’s transformation, viz. that if A = 2VA:/(14-I;), 

8 n{(l+A;)w,A} = ( 1 +I;)sn(u, A;)/{l-f A; 8 n*(u,fc)}, 
cn{( 14 -A;)u,A} == cn(u, I;)dn{u, A:)/{l + A; 8 n*(M, A;)}, 
dn{(l + A;)w,A} = { 1 — A;sn*(w, fc)}/{ 14 -A; 8 n*(w,A;)}. 

Show also that, if 4A, 2iA' are the periods of sn(u,A), 

A = A' = i(\+k)K\ 

21. a and h are two real positive numbers. Two sequences of real 
numbers, a^, Oj, a,,... and 6 ^, 6 ,, 63 ,..., are defined by the equations 

Oi = i(a4-b)» 

Of+i = i(a,+6,). 6r+i = VK^f)- 

Show that, as n -> 00 , and tend to the same finite limit, Af(o, h) 
say. (This limit is called the arithmetico -geometric mean of a and 6 .) 

22. Prove that, in the notation of Ex. 21, 

ir/2 w/2 

r ^ ^ f 

J (a®cos*^ 4 - 6 *sin *^)‘/2 J (af cos*^+ 6 f sin*^)'/*' 

0 0 

Deduce that, if 0 < A; < 1 , 

K = \7TlM(hk% K' = i7rlM(l,k). 

23. Show that the arc s of the lemniscate r* = o* cos 29, measured from 
the point of polar coordinates (o, 0 ), is given by r = a cn{s\/2/a, 1 /V 2 ). 

Prove that, for the elliptic functions of modulus* 1 /V 2 , q — 0*04321, 
K — K' = 1*854, correct to four significant figures. Deduce that the 
length of a complete loop of the lemniscate is 2 '62a, approximately. 

24. A rigid body is performing finite oscillations about a fixed hori- 
zontal axis, imder the action of gravity. Show that, if its angle of swing 
is 2 a, its period of oscillation is 4K^(llg), where k = sin Ja and I is the 
length of the equivalent simple pendulum. 

If gravity is suddenly reversed when the pendulum is at the end of 
a swing, show that the new period is 4K'^(l/g), 

25. Show tliat 

r , 1 , dnw— A;cnw 

I snu OU = 7 r 7 lOg :5 ^ » 

J 2A; ®dnw-fA;cnw 

J cnudu = iarotan(A;sdw), 

f dnw du = amu. 

E e 


8531451 
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Deduce the integrals of the other elliptic functions of Jacobi by in- 

oreasing u in turn by K, iK\ 

26. Prove that the integrals of n8*w, nc*u, nd*w, sc*w, cs*w, sd*w, ds*u, 
cd‘u, dc*u can all be expressed in terms of E{u), Jacobi’s elliptic func- 
tions, and u. 

27. Show that 
d 

sn w cn w dn"”^w) 

= (n+ l)dn»*+2|^--n(l+A;'2)dn”u + (?i — l)dn”-2M. 

Hence obtain reduction formulae for 


u K 

j dn’^w du, J* dn*‘w du. 

0 0 

Find also similar formulae for sn^t«, cn*^u. 

28. Prove that 

2K 2K 

J undhidu = J 

0 0 

2K 

j undHtdu=‘^^{2{l+k'^)E-K}. 

0 

29. Show that any quartic or cubic polynomial in x without repeated 
factor can be expressed in the form 

= {A(x--oLY+B(x--Pf}{C(x---oLY-^D(x^ 
where A, B, C, D, a, and P are real if the coefficients of the quartic 
are real. 

Hence prove, by using the homographic transformation 
t = {x—oc)l(x-P), 

that an elliptic integral j R(x,w)dx can be evaluated in terms of 
Legendre’s three kinds of elliptic integral, together with the elementary 
functions of analysis, f 

30. Express x in terms of u when 


M = J (1 +t»- 2«*)-Vs dt. (Math. Trip., 1914.) 
0 

31. Prove that 

n{w,v)— n(o,w) = uZ(v)— vZ(u). 


32. Show that 


n(tt,a)+n(v,a)— n(ii+i;,a) = ^log 


1 — A;® sn a sn w sn V sn(w + V — a) 

1 + A;® sn a sn w sn V sn(M 4- 1 ; H-a) ' 


t The advantage of this method of reduction is that it always gives a real 
modulus when the coefficients in are real, unlike the reduction of § 14.5. 
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33. Prove that 


34. Show that 

n(M, o) 4* n(w, 6) — n(w, a + 6) 

__ - . 1— A;*snasn6snwsn{a+&— w) 

* ® l+^*snasn6snwsn(a-|-&4-t^) 


■4 ttA;* sn a sn 6 sn{a + 6). 


35. By integrating round a cell of sn u, prove that 

2K 

j muexpiinTriu/K) du = ( — I)"}- 

-2jr ' * 

Deduce that sn u is expansible as a Fourier series 

27r ^+1/2 

snw = _ 2^^— ^^8in(n+ JW^. 

0 

valid in the strip |Im(w/iC)| < ’R\{K'IK), 

36. Prove that the expansions 

27r o**+*/2 

cn « = ^ 2^ + J 

0 

hold in the strip |Im(u/X)l < Iil{K'/K). 

37. Deduce from Exx, 35, 36 the Fourier scries for cd u, sd u, and nd ti, 

38. Show that 

TT TTil , 27r\p g*”+i . 

^ ^ ^ 2K X Z!, i) W^» 

0 

the Fourier series on the right-hand side being convergent in the strip 
Ilm(w/X)| < 2R1(X7X). 

39. Prove that the expansion 

, , E 27t^^ nq"^ 

n»=l 

holds in the strip |Im(w/X)| < R1(X7X). 

Deduce that the formula 

00 

Z(«) = 

is valid in the same strip. 
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40. Prove that, if = 0, 

ZK)+Z(«.)+Z(«.)+Z(«,) = - 

_ k^Cx Cj, Cj C4 df 8f _ k^di d^ d^ d^ 


41. Prove that 


Aj^Cj Cj Cj Cj ic ^ C^ 1c ® “f* dj 

n0K)+nHK) 

fsal f»l 


tt2®8®4 'V' 

C^2 €^2 (^4 df 


is invariant under the transformation 2wJ = 
Deduce that 


and 


0(Wi)0(W,)H(t43)H(W4) + H(Wi)H(W2)0(W3)0(U4) 


0K-fiiC)0K+i2:)0(i43)0K)-H(Wi+i^)H(u3+A:)H(M3)H(u4) 
are also invariant. 


42. Show that, in the notation of Ex. 41, 

0(t4i + /f)0(W3 + iS:)0(W8)0K) + H(Ui + K)H(U3 + X)H(U3)H(U4) 

= 0(wH^)0W + ^)0W)0W)+H«-|-/i:)HK+A')H(w^)H(w;). 

43. Prove that 

(l+AjsnujsnwjKl+^sn sn u^) 
is invariant imder the transformation of Ex. 41. Deduce that 

1— A;sn(i— a;)sn(y-- 2 ) 1— lksn(<— y)sn( 2 --a:) 1 — A:sn(<— z)sn(a?— y) 
l4-A:sn(i--a:)sn(y— 2 ) i+A;sn(<— y)sn( 2 — a?) l -f A;sn(^— 2 )sn(a:-“y) 
is equal to \mity. 



CHAPTER XV 


THE ELLIPTIC MODULAR FUNCTIONS AND 
PICARD’S THEOREM 


15.1. The construction of elliptic functions of given 
modulus 


It was seen in the previous chapter that the problem of evaluat- 
ing an elliptic integral is solved if we can construct Jacobian 
elliptic functions when c, the square of the modulus, is given. 
By the first formula of Ex. 4 on p. 385, we have to show 
that, when c has any given value different from 0 or 1 , we can 
find a number t whose imaginary part is positive, which satisfies 


the equation 



where q = and, moreover, that each solution of this equa- 
tion leads to the same set of Jacobian elliptic functions. 

An equivalent form of this problem is the determination of 
two parameters and such that Im(co 2 /a>i) is positive, 
which satisfy the equation 


p{o)i+(i)2\(Oiy gjg)— ^2) 
^ 2 ) — p(a>2|a>i, cog) 


Actually a precise value for wi cannot be determined from this 
equation, since the expression on the left-hand side is a function 
of T = wJcDi alone; but this is immaterial, since disappears 
when we construct the Jacobian elliptic functions by means of 
Weierstrass’s Sigma functions. 

If, however, we reduce the elliptic integral to Weierstrass’s 
form, as in § 13.7, we are given three constants eg, and 63 
whose sum is zero, and have to determine wi and cog such that 


€1 = p(coi), 62 = p ( o ) 2 )y = ^>(^^1 + ^2) 

and Im(co 2 /aii) > 0 . But when we take into account the homo- 
geneity of ^(z), we find that this problem is precisely the same 
as the one we have just stated. 


15.2. The primitive periods of an elliptic function 

In § 13.2, the periods and 2 a >2 of an elliptic function were 
said to be a pair of primitive periods if Im(a) 2 /«*>i) is positive and 
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if every other period of the function is of the form 2mo>i4- 2 nai 2 , 
where m and n are positive or negative integers or zero. When 
this is the case, the parallelogram with vertices 0, 2a>i, 2 coi+ 2 a> 2 , 
2 a >2 is a primitive period-parallelogram; if the affix of a point 
within or on this parallelogram is a period, the point is neces- 
sarily one of the vertices. 

There are obviously an infinite number of pairs of primitive 
periods. If 2<ji)i and 2a>2 form one pair, the numbers 

2(0^ 2diOy^'~\~2c(i)^y 2o}^ • — 26ct)j^“j“2flt£i)2 

form another if and only if Im(ct> 2 /a)i) > 0 and 

where jj, g, r, and a are integers. It is easily seen that 

has the same sign as ad— be, and so ad— be > 0. If we solve 

the first set of equations for and a> 2 , we obtain 

(ad — bc)<x}i = aa}i — C 6 U 2 > (cid — bc)oj 2 ~ — ba)[-{-da} 2 t 

j a b ^ d f j t \ 

and so - = — = — = - = (ad— be), 

p —r —q a 

From this it follows that (ad—be)(pa—qr) = 1 and hence that 
ad— be = 1. We have thus shown that if 2w^ and 2co2 form a 
pair of primitive perioda of an elliptic function, ao alao do 

2a)i = 2d£Oi-t-2ca>2, 2co2 = 26a>i-f-2a(«2 

if and only if a, b, e, and d are integera auch that ad— be = 1. 

Out of the infinite number of pairs of primitive periods of the 
given elliptic function, we now choose a particular pair of special 
importance, in the following manner. 

There are two, four, or six periods of least modulus, (i) If 
there are two, let 2a> be the one of least argument. In the set of 
periods 2a>' such that 2a> and 2a>' form a pair of primitive 
periods, there are at most two nearer the origin than the rest. 
If there is only one such period 2a>', call it 2a>T; if there are two, 
let 2a>T be the one which gives the smaller value of arg(a>7<*>)- 
(ii) If there are more than two periods of least modulus, any 
pair whose sum is not zero form a pair of primitive periods; we 
take as 2a> and 2 cot the particular pair which is such that 
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0 < argT < ^77 and argco is least. The unique pair of primitive 
periods chosen in this way is called the fundamental pair of 
primitive periods of the given elliptic function, and the corre- 
sponding period-parallelogram the fundamental primitive period- 
parallelogram. 

Obviously |t| > 1, and, if |tI = 1, then 0 < argr < 
Moreover, as 2a> and 2ai+2a>T also form a pair of primitive 
periods of the function, we have |1 +t1 ^ |t|; but since 
0 < arg( 1 -f-r) < arg t when Im t > 0, the sign of equality is not 
permissible, and so |1+t| > |t|. Similarly we can show that 
|r— 1| ^ |t|, where, however, the sign of equality can now 
occur. 

Therefore if 2ai and 2aiT form the fundamental pair of pri- 
mitive periods of an elliptic function, t lies in the region defined 
by the inequalities |t| ^ 1, |t+1| > |t|, ^ |t|. This 

region is bounded by an arc of the circle |t| = 1 and the 
straight lines Rlr == the only boundary points which 
belong to the region are those for which the real part of r 
is not negative. 

15.21. The modular group of transformations 

If 2ai, 2aiT and 2a>', 2a>'T' are two pairs of primitive periods 
of an elliptic function, there exist, as we have just seen, integers 
a, b, c, and d, connected by the relation ad— he = 1, such that 

coV' = acoT+fccu, (jj = ca>T-f-da>. 

When, therefore, we change from one pair of primitive periods 
to another, the quotient t undergoes the homographic trans- 
formation aT+6 

^ CT-f*d 

A transformation of this type, where a, 6, c, and d are integers 
connected by the relation ad—bc=^ 1, is called a modular trans- 
formation. 

The set of all modular transformations forms a group, since 
it possesses the two characteristic properties of a group, namely: 

(i) If t' = (aT+6)/(cT+d) is a modular transformation, so also 
is the inverse transformation t == — (dr'— 6)/(ct'— -a). 
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(ii) If Ti = (OiT+6i)/(CiT+di), Tj = {azTi+b^yiCzTi+di) are 
two modular transformations, so also is the transforma- 

T = (^1 ^2+^1 (^1 ^2+^1 ^ 2 ) 

which is obtained by the successive application of the 
given transformations. 

The group of modular transformations is called the modular 
group. 

Two points in the r-plane are said to be congruent with 
respect to the modular group whenever their affixes are con- 
nected by a modular transformation. If Imr > 0, there is 
evidently no point congruent to t in the lower half- plane; 
moreover, if a point is congruent to a point on the real axis, 
it is either the point at infinity or else lies on the real axis. We 
shall only consider the effect of modular transformations on sets 
of points in the upper half-plane, as the corresponding results 
for the lower half-plane can be obtained by a reflection in the 
real axis. 

It follows immediately from the work of the preceding section 
that if Im r is positive, there exists a point r which is congruent 
to r' with respect to the modular group and which lies in the 
region defined by (i) |t| > 1 and — J < RIt < 0 or (ii) |t| > 1 
and 0 < Rlr ^ This region is called tho fundamental region 
of the modular group. 

We have not, however, shown that t is the only point of the 
fundamental region congruent to t'. Now if were another 
point of the fundamental region congruent to t', would be 
congruent to r; this is impossible, as we shall now sTiow. 

Let us suppose, then, that and t are connected by a modular 
transformation = (aT-f-6)/(cT+d) and that t lies in the funda- 
mental region; we consider separately the cases c = 0, = 1, 

and c* > 1. 

If c = 0, the transformation becomes = r+n, where n is 
an integer, and so does not lie in the fundamental region. f 
The point at infinity is invariant under this transformation. 

Ifc2=: 1, the transformation is of the form Tj—m = — 1/(t— w), 

t It must bo remembored hero that boundary points on the line R1 t = — J 
do not belong to the fundamental region. 
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where m and n are positive or negative integers or zero. Now 
the inequality |t— 7i| > 1 holds for all points of the fundamental 
region if ?i 7^^: 0 or 1, and for all save certain boundary points if 
71 == 0 or 1. In these cases |ti— m| < 1, so that r is certainly 
outside the fundamental region. When n = 0, we have to con- 
sider the boundary points r = where Jtt < 0 < Jtt, and so 

Tj— m = It follows that belongs to the fundamental 

region only when m = 0 and d = Jtt, or when m = 1 and 
0 in both cases, is identical with t. Again, when 71 == 1, 

|t-— 1| > 1 save when t— 1 = this gives tj— m = 

so that Ti lies in the fundamental region only when m = 0, in 
which case and t are identical. 

Finally, when > 1, the transformation can be written in 
the form 


But 


so that 


a ^ ^ ^ 1 V3, 

c ^ V3c2 ^ 2V3 2 ' 


hence is certainly not in the fundamental region. 

We have thus shown that, if Im r' is 'positive, there exists a 
unique point r which lies in the fundamental region of the modular 
group and is congruent to r with respect to that group. 

A modular transformation r = Z7(t), being homographic, 
maps the fundamental region conformally on a region of the 
upper half-plane bounded by three circular arcs (or straight 
lines) intersecting at angles Jtt, ^tt, 0. It is convenient to denote 
this region by U, which is also the symbol of the transformation 
producing it; we denote the fundamental region by I. 

Every point of the upper half-plane lies in at least one of the 
regions congruent to /, so that they completely fill the upper half- 
plane; we shall show that they do so without any overlapping. 

For suppose that is a point common to the regions U and 
F, produced from I by the modular transformations r = U (t), 
t' = F(t); let Ti be the point of I congruent to t[. Then, if 
T = U-^{t) is the transformation inverse to r = U(t), we have 

r, = U-Hr[) = 
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SO that Tj is a point of / which is invariant under the modular 
transformation t' = Z7“^F(t). 

We have, however, just seen that at most one point of I is 
invariant under a modular transformation and that such a point 
has aflSx or oo. Hence the regions U and V can have 

at most one point in common, and so do not overlap. 



In the above figure are shown the fundamental region and a 
number of the regions congruent to it. In each case the dotted 
curve is congruent to the imaginary axis; it divides each region 
into two parts and corresponding parts are marked with crosses. 
At first sight, it appears that two adjacent regions would have 
a whole side in common, contrary to what we have just proved. 
This is not the case, since part of the boundary of each region 
does not belong to it. 

15.22. The elliptic modular functions 

An analytic function /(r), regular save for poles when 
Imr > 0, is called an dliptic modular function'f if there exists 
an algebraic relation between the functions /(r) and /(r') when- 
ever T and T are connected by a transformation of the modular 

t The standard work on elliptic modular functions is Klein and Fricke, 
Theorie der elliptiachen Moduljunktionen (Leipzig, 1890). 
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group. If /(t) =/(t') for all modular transformations, /(t) is 
said to be an automorphic function’^ of the modular group. 

We can easily construct an elliptic modular function out of 
the invariants 9 z of Weierstrass’s function p{2|a>, cor), which 
are unaltered when we replace 2a> and 2wt by any other pair 
of primitive periods 2 io' and 2 a> V. But since 

g 2 (<o,<xJT) = a>-V2(l,'r), gz{ci)yO)r) = (o-^gzi^yr), 
it follows gllgl is a function of t which is invariant when t under- 
goes a modular transformation. As ^/gl can be shown to be 
regular in the fundamental region, save for one simple pole, it 
is an automorphic function of the modular group. 

On the other hand, the function 


A(t) = 



where q = is an elliptic modular function, but not an auto- 
morphic function of the modular group. To prove this, we 
observe that, as we saw in § 15 . 1 , 


A{t) = (e3-Cij)/(ci-ej8), 


where e^, eg, and eg are the values taken by P{z\<d,(jdt) when 
z = cj, oiT, and oi+ojT. Now when we change to a new pair of 
primitive periods, 2oi' and 2a>'T' say, the numbers eg, 63 are 
a permutation of e^, eg, 63. Hence, when t is connected with 
T by a modular transformation, A{t') is equal to one of the six 
functions 


A(t), 1— A(t), J , 

A(t) 


1 A(t) 

1-A(t)’ A(t)-1’ 


1 — 


1 

wy 


obtained by permuting ej, eg, and eg. Since A(t) is regular when 
Ig^l < 1 , that is, when Imr > 0 , we have thus shown that A(t) 
is an elliptic modular function. 


15.23. The A-group 

A group of transformations A is said to be a sub-group of 
another group JS, if every transformation of A belongs to B 
although there are transformations of B which do not belong 

t Fop the theory of automorphic functions in general, see, for .example, 
L. R. Ford, Automorphic Functions (New York, 1929), or Forsyth, Theory 0 / 
Functions (Cambridge, 1918). 
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to A. We now show that the elKptic modular function A(t) is 
an automorphio function of a certain sub-group of the modular 
group. 

We have seen that Xiwjtoi) = A(a> 2 /a>i) if 2a>2 form a pair 
of primitive periods of such that p(a>i) = e^, 

= Cg) = ^ 3 - This is the case if 

= da>i+2c6t)2, t*>2 = 26a>i+aci>2, 

where a, 6, c, and d are integers such that ad—^bc = 1, a and 
d being odd.f Writing ojg = cog = we find that 
A(t') = A(t) when r = (aT+26)/(2cT+d), where a, 6, c, and d are 
integers such that ad—4bc = 1. 

We shall call a modular transformation of this special type 
a A-transformation. The set of all A-transformations evidently 
constitutes a group, which is a sub-group of the modular group; 
we call it the A-group. The elliptic modular function A{t) is, 
therefore, an automorphic function of the A-group. 

15.24. The fundamental region of the A-group 

Two points in the r-plane are said to be congruent with 
respect to the A-group if their affixes are connected by a A- 
transformation. As two congruent points are necessarily both 
on the real axis or both on the same side of that axis, it suffices 
to consider only the effect of A-transformations on sets of points 
in the region Im t ^ 0. 

We show first of all that the A-group possesses a fundamental 
region by considering the periods 20^ and 2 Q 2 of 
such that fo(£2i) = ratio cog/wi being an 

assigned number r whose imaginary part is positive. 

The fundamental primitive period-parallelogram of p(z) con- 
tains either one or two points of the set fii. If there is only one, 
we call it ti>. If there are two, they are the midpoints of opposite 
sides of the parallelogram; we take as cd the one nearer the 
origin. In this way, a> is uniquely defined and satisfies the con- 
dition \o)\ < where is any period of p(z). 

We next consider the points cu' of the set Qgj that 2a> 
and 2co' form a pair of primitive periods of g){z). These points 
cj' lie on a straight line parallel to the line through ±€o, and at 

t It will be seen that the condition ad—4bc = 1 itself implies that a imd d 
are odd. 
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most two of them are nearer to the origin than the rest. If there 
is only one, we call it o)t. If there are two, we take as cor the 
one which gives the smaller (positive) value of arg(ai7^)- Thus 
wT is uniquely defined and satisfies the condition 

|<ot| < 

where ^ is any period of p(z). 

In this way we have found a number t which is congruent 
to the given number y with respect to the A-group, and which 
satisfies the inequalities 

1 < |2m+l + 27iT|, |t| < j2p+(2q+l)rl, 

for all positive or negative integer or zero values of m, n, p, and 
q. Each of these inequalities is satisfied if 

1 < |2t+1|, 1t| < |t+2|, 

1 < |2t-1|, 1t| < |t-2|. 

The point t lies, therefore, in a region bounded by the straight 
lines Rlr = ±1 and the semicircles 12x^1 1 = 1; moreover, it 
is easily verifiedf that the only boundary points which belong 
to the region are those for which Rlr ^ 0. We call the region 
defined in this way the fundamental region of the A-group. 

We have thus shown that, when Imr' > 0, there exists a 
point in this fundamental region which is congruent to r with 
respect to the A-group. It is not, however, obvious that r is the 
only point of the fundamental region congruent to t'. If therfe 
were another such point r^, r and tj would be two points in the 
fundamental region congruent with respect to the A-group, and 
this can be shown to be impossible. J Hence, ^/ImT' > 0, there 
exists a unique point r in the fundamental region of the X-group 
which is congruent to r with respect to that group. 

Each A-transformation maps the fundamental region con- 
formally on a region in the upper half-plane, bounded by four 
semicircles (or straight lines) all orthogonal to the real axis. It 
can be shown, just as in the case of the modular group, that 
these ‘quadrilaterals’ congruent to the fundamental region fill 
the upper half-plane completely without any overlapping. Two 

t By finding t when t' = ±l+*3/ when 2 t' = + 

X The proof is omitted, since it is a simple modification of that given in 
§ 15.21 in connexion with the modular group. 
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quadrilaterals can have at most one point in common, and such 
a common point is congruent to one of the points 0, 1, or oo of 
the fundamental region.f 

The figure given opposite shows the fundamental region and 
a number of the regions congruent to it with respect to the 
A-group. 


15.3. The behaviour of A(t) in the fundamental region 

The function A(t) is regular in any bounded closed domain in 
the upper half of the r-plane- and never takes there the values 
0 and 1. We now show that these exceptional values 0, 1, and oo 
are the limits to which A(t) tends as r moves in the fundamental 
region of the A-group up to one of the corners 0, ±1, or oo. 


Now 

where q — e'"". Hence, if t = u-\-iv, where v ^ 1, we have 
Igrj = c-”® < e-"' 

.„d «, lAWI < 160- n 

where A is independent of u and v. Therefore A( 2 ^+ii?) ^ 0 as 
v -> 00 , uniformly with respect to u. In particular, A(t) -> 0 
as T -> 00 in the fundamental region. 

Now as T moves to the origin in the fundamental region, the 
point — 1/t tends to infinity in the same region. But, by 
Jacobi’s imaginary transformation, we have 

A(t) = 1— A(— l/r), (i) 


and so A(t) 1 as t -> 0 in the fundamental region. 

Again, sincej 

the function A(t) tends to infinity as t -> ± 1 in the fundamental 
region. 

When T lies on the imaginary axis, q is real and hence A(t) is 
also real. But X{iv) is a continuous function of the real variable 


t The proofs of these statements are omitted, as they can be easily supplied 
by the reader. 

t See Ex. 18 on p. 416. 
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v; therefore A(r) assumes all real values between 0 and 1 on the 
imaginary axis. Using formulae (ii), we deduce that A(t) is also 
real and takes all values between —oo and 0 on each of the lines 
Rlr = ±1. Finally, by formula (i), we see that A(t) is real and 
takes all values between 1 and +oo on each of the semicircles 
|2t±1| = 1. 

15.31. The zerosf of A(t)— c 

If r is a closed contour in the upper half of the r-plane on 
which A(t) never takes an assigned value c, different from 0 or 1, 



Fio. 8 


the function A(t)— c has N zeros within F, where 

2niN = f dr. 

J A(t)-c 
r 

We suppose, in the first place, that c is not real, so that A(t)— c 
has no zeros on the boundary of the fundamental region, and 
we take F to be the boundary of that part of the fundamental 
region for which 

Imr < 1/2€, [T—iel > e, lT±l““i€l ^ 
where c > 0. This contour is shown in the figure above. Since 

t The analysis of this section is essentially the same as that given by 
WUttaker and Watson, Modem Analyeia (Cambridge, 1920), 481-3. 
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A(t) -> 0, 1, 00 as T -> 00 , 0, ±1 respectively in the fundamental 
region, we can make € so small that no zero of the function 
occurs in the part of the fundamental region outside P. The 
value of the contour integral then remains constant as e de- 
creases; we find its value by considering the limit as € 0. 

Now when t moves along the arc F'JE', its affix is 
where d increases. The congruent point of the fundamental 
region has affix and so describes the arc FE, It follows 

that the integrals along F'E' and EF cancel. Similarly the sum 
of the integrals along GH and H'G' is zero. 

The value of the contour integral is thus equal to the sum of 
the integrals along HH\ G'F', E'E, and FG, We consider these 
parts separately. 

Now when Imr ^ 1, A(t) is regular since \q\ < We can 
therefore express it as a power series 

A(t) = 16g(l+ffligr+025-*+...) 

which converges uniformly with respect to r when Imr ^ 1. 
Hence we have 

A'(t) = 167rig(l + 2aig+3flt2?^ + ‘“)» 
and so the function 


A'(t) 167r{g(l+2aig4-3a25'^+- ••) 

A(t) — c “ —c+l^q(\+a^q-\-a^q^^.,,) 

tends to zero as Imr oo, uniformly with respect to RIt, pro- 
vided that c is not zero. From this it follows that the integral 
along HH* tends to zero with €, since Imr = l/(2€) on HH\ 
When T moves along the arc E'E, the point 1 /t de- 

scribes the straight line HH*, and hence 


r 1 rfA(T) , r I dA(T) , 

J A(t)~-c dr J A(t)-c dri 

E'E HH' 

But, by Jacobi’s imaginary transformation, A(t) = 
and so ^ J _ f A'K) 

J A(t)-c J A(ri)-(l-c)^’'^- 


1— A(ti), 


E'E 


HH' 


By the same argument as before, this tends to zero with e, since 
1— c is, by hypothesis, not zero. 

8531451 F f 



elliptic modular functions and PICARD’S THEOREM 435 
Accordingly these zeros occur in pairs which are symmetrically 
placed with respect to the imaginary axis. 

We now cut out each zero on JE'F' and G'H' by an indenta- 
tion whose radius is so small that it cuts out no other zerof of 
A(t)— c. The zeros on FF and OB are then brought within T 
by circular arcs congruent to these indentations, as shown in 
the figure. We then apply the same argument to the modified 
contour, observing that the integrals along the indentations and 
the congruent circular arcs cancel, and conclude that A(t)~c 
has one zero within the modified contour. Since, however, 
points on F'F' or G'B' do not belong to the fundamental 
region, this means that the function has precisely one zero in 
that region. 

Hence it follows that, if c is any number not equal to 0 or 1, 
the elliptic modular function A(t) takes the value c once in the 
fundamental region of the X-group, 

In particular, we see that A(t) increases steadily frpm — cx) to 
0 as T moves along the straight line from 1 to 1+ooi, then 
from 0 to 1 as T describes the imaginary axis from ooi to 0, and 
finally from 1 to -f oo as t moves along the semicircle joining 
the points of affix 0 and 1. 

15.32. The solution of the problem of § 15.1 

We now show that the Jacobian elliptic functions are uniquely 
determined when the square of the modulus is assigned. 

For we know that the equation A(t) = k- has an infinite num- 
ber of roots; each root r is connected with the root tq in the 
fundamental region of the A-group by an equation 

'To = (aT+26)/(2cT+d), 

where a, 6, c, and d are integers such that ad—^bc = 1. 

If we construct two sets of Jacobian elliptic functions from 
the Weierstrassian functions p{z\2cT-[-d,aT+2b) and P(z|1,t), 
the square of the modulus k has the same value for each set. 
But since the two Weierstrassian functions are identical, the 
two sets of Jacobian elliptic functions are also identical. Thus, 
when k^ is given, sn(w,A;), cn(w, A;), and dn{u,k) are uniquely 
determined. 

t This is possible, since the zeros of a regular analytic function are isolated. 



436 ELLIPTIC MODULAR FUNCTIONS AND PICARD’S THEOREM 
15.4. Conformal mapping by A(t) 

In the fundamental region of the A-group, the function A(t) 
is real only on the sides of the curvilinear trianglef OA C. Hence 
the imaginary part of A(t) is always of the same sign within this 
‘triangle’. To determine this sign, we observe that 

A(t) = 16g{l+/(g)}, 

where f{q) can be made as small as we please by taking Im t 
sufficiently large, and so ImA(T) has the same sign as Img. But 
if T = u+iv, 

Imy = ~ sin rm 

and this is positive within OA C. Thus the imaginary part of A(t) 
is positive within the curvilinear 'triangle' OACy and vanishes on 
its boundary. Similarly we see that the imaginary part of A(t) 
is negative within the curvilinear ‘triangle* OA'C and vanishes 
on its boundary; in fact, by Schwarz’s principle of symmetry, J 
A(t) takes conjugate complex values at points which are sym- 
metrical with respect to the imaginary axis. 

Since A(t) is regular and simple within the fundamental region 
and takes there every value save real values between — cx) and 
0 and between 1 and +oo, the transformation z = A(t) maps 
the interior of this region conformally on the whole z-plane, 
supposed cut along the real axis from — oo to 0 and from 1 to 
-f 00. The upper sides of the two cuts correspond to AC and OA 
respectively, the lower sides to A' C and 0 A\ There exists, 
therefore, a unique inverse function t = v{z) which is regular in 
the cut 2-plane, and maps it conformally on the fundamental 
region of the A-group. 

15.41. The inverse function 1 /( 2 ) 

The equation 2 = A(t) defines t as a many -valued function of 
2. We call the function v{z), which we have just defined, the 
fundamental branch of t; any branch of t is connected with 
v(z) by a A-transformation. We now consider how these other 
branches of r can be obtained by continuing analytically the 
function v{z) across the cuts in the 2-plane. We do this by using 
certain results in Chapter XIV which depended on showing that 


t See the figure of § 15.24. 


t See § 8.4. 
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the Jacobian elliptic functions are uniquely determined when 
the square of the modulus is given; the work of the present 
chapter has completely justified this assumption. 

Now v(z) = iK'IKy where K and iK' are the quarter-periods 
of the Jacobian elliptic functions of modulus But K has 
branch-points at 2 = 1 and 2 = 00 , and iT' at 2 = 0 and 2 = 00 ; 
this follows from their expressions as hypergeometric functions. 
Hence v(z) has branch-points at 0, 1, 00 . 

To determine the nature of these branch-points, we use the 
equation 

v(z) = 

which follows immediately from the result of § 14.511, Ex. 2. 
When | 2 | < 1, this equation can be written in the formf 

v\z) = -X- + aQ+a^z-\-a^z--\-..,, 

TTIZ 

the infinite series having \z\ = 1 as circle of convergence. Hence 
v(z) ^ -llog 2 +<^( 2 ), 


d liK'\ _ 7T 

dz\K)'~' UKH(l-zy 


where <^( 2 ) is regular when | 2 | < 1. 

The function v(z) has, therefore, a logarithmic branch-point 
at the origin. When we continue v(z) analytically once round 
2 = 0 in the positive sense, we obtain a new branch r = v{z)+2 
of the inverse function^ ; this branch maps the cut 2 -plane con- 
formally on the interior of the ‘quadrilateral’ CAO^Ai of the 
figure of § 15.24. 

On the other hand, we have 

d I I \ V(Z) __ TT 

^ W/ ““ ~ 4iA:'22(T^)’ 

We deduce from this, in a similar manner, that 


1 

V(2) 


-log{l—z)+ilf(z), 


where ^( 2 ) is regular when \l—z\ < 1. 


t Since 1/{(1— 2 )iiC*} is regular when \z\ < 1 and has the value 4 In* at the 
origin. 

t It should be observed that this implies that regarded as a function 
of has no branch-point at the origin, but has a simple zero there. 
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The singularity of v{z) at z = I is therefore most simply 
explained by saying that l/v{z) has a logarithmic branch-point 
a,tz= 1. When we continue v(z) analytically round z = 1 once 
in the positive sense, we obtain a new branch t of the inverse 
function, given by the equation 


so that 



2v{z)+l' 


This branch maps the cut plane conformally on the interior of 
the ‘quadrilateral’ OAC 2 A 2 of the figure, which is obtained from 
the fundamental region by the A-transformation t' == T/(2T-f-l). 

The point at infinity is the only other branch-point of v{z). 
But as a circuit about the point at infinity is the same as a 
circuit about z = 0 and z = 1, there is no need to consider this 
any further. 

All the branches of the function t defined by the equation 
A(t) = z can therefore be obtained by repeated circuits about 
z = 0 and z = 1 in appropriate orders. Each such branch maps 
the cut z-plane conformally on the interior of a ‘quadrilateral’ 
congruent to the fundamental region of the A-group. It follows 
that every transformation of the A-group can be generated by 
repeated applications of the two transformations t' = t+2 and 
r' = t/(2t+1). For this reason, these transformations are called 
the generating transformations of the A-group. 


15.5. Picard’s theorem 

It is well known that a polynomial takes any assigned finite 
value n times, where n is the degree of the polynomial. As a 
polynomial is an integral function with a pole at infinity, we 
naturally ask whether every integral function actually attains 
any given value. 

The theorem of Weierstrass, proved in § 4.55, does not really 
answer this question. It merely shows that we can find a 
sequence of points at which the integral function approaches as 
near as we please to the given value. 

The answer to this question was first given by Picard, f who 

t Comptes rendtia, 88 (1879), 1024-7. 
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proved that an integral function actually attains every finite value, 
save one exceptional value at most. This result is known as 
Picard’s theorem. 

We know that the equation e* = a has an infinite number of 
roots for any given finite value of a, save a = 0; but if a = 0, 
the equation has no roots at all. Thus zero is an exceptional 
value of c^. On the other hand, there exist integral functions 
with no exceptional values; the function sin 2 is a simple example 
of this. 

In order to prove Picard’s theorem, we have to show that an 
integral function F{z), which never takes two given values, a or 
b say, must be a constant. The simplest proof of this is Picard’s 
original proof, by means of the function v{z) introduced in 
§ 15.41. 

The function f(z) == ^ 

b—a 

is an integral function which never takes the values 0 or 1. We 
now consider the function r = v{f(z)), where t lies initially in 
the fundamental region of the A-group when 2 = 0. 

When z describes a closed curve C, the point t = f(z) describes 
a closed curve P, since f(z) is one-valued. This curve P cannot 
enclose either of the points 0 or 1 ; for if it enclosed the point 
^ = 0 (or 1), we could make P pass through < = 0 (or 1) by 
deforming C, and this is impossible by hypothesis. Thus v(t) 
returns to its original value when t describes P, and so v{f{z)} 
is a one-valued function of z. 

The point r == v{f(z)} lies, therefore, in the fundamental 
region for all values of z, and r is always finite, since /(z) is never 
zero. Hence v{/(z)} is an integral function whose imaginary part 
is positive. 

It follows that the function 
^(z) = 

is also an integral function. But since 

|^(z)| == < 1, 

we see, by applying Liouville’s theorem, that ^(z) is a constant. 
Hence /(z) is also a constant. This completes the proof of 
Picard’s theorem. 
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15.51. Elementary proofs of Picard’s theorem 

Although Picard’s proof of his theorem is quite simple, it 
involves the rather difficult theory of the elliptic modular func- 
tion A(t). It is, however, possible to prove the theorem by 
elementary methods without the use of the modular function. 

The first elementary proof was due to Borel.f More recently, 
other elementary proofs have been given by Bloch J and R. 
Nevanlinna.§ These proofs are of great interest, as they have 
been the starting-points of new methods in the theory of func- 
tions.ll 

For an accoimt of the application of the modular function to 
the discussion of the behaviour of a function near an isolated 
essential singularity, we refer the reader to Julia’s tractf f in the 
Borel collection. 

15.52. Landau’s theorem 

Let f(z) be an analytic function which is regular and never 
takes the values 0 or 1 when | 2 | < i?. If this were true for all 
values of J?, no matter how large, f{z) would be an integral 
function with two exceptional values, and this is impossible by 
Picard’s theorem. The set of permissible values of R possesses, 
therefore, a finite upper bound L; if E' > L, the function /( 2 ) 
is either not regular everywhere in | 2 ;| < J?' or else takes there 
one of the values 0, 1. 

In 1904 Landau|| discovered a remarkable extension of 
Picard’s theorem when he found that this upper bound L 
depends only on the first two non- vanishing coefficients in the 
expansion of f{z) as a Taylor series in powers of z, 

Landau proved his theorem by elementary methods. The 
best proof, however, is that due to Caratheodory,§§ which gives 

t CompUa rendua, 122 (1896), 1045-8; Acta Math. 20 (1897), 357-96. 

t Comptea rendua, 178 (1924), 1593. An account of Bloch’s method is given 
by Landau, Daratellung und BegriXndung einiger neuerer Ergehniaae der Funk- 
tionentheorie (Berlin, 1929). 

§ Acta Soc, Scient. Fennicae, 50 (1924), vi. See also his Borel tract, Le 
Thiorime de Picard-Borel (Paris, 1929). 

II See, for example, Bloch’s tract in the series, Memorial dea aciencea maJthi- 
matiqtLeat fascicule xx (Paris, 1926). 

tt Lecona aur leafonctiona uniformea (Paris, 1924). 

%X Berliner Sitzungaberichte 1118-33. 

§§ Comptea rendua, 141 (1905), 1213-15. 



ELLIPTIC MODULAR FUNCTIONS AND PICARD’S THEOREM 441 
the ‘best possible’ value for L\ it involves the use of the function 
v{z). We give here Carath^odory’s proof in the case when/'(0) 
is not zero; the proof in the general case follows the same lines. 

The function J{z) = ao+ai 2 +a 2 Z^+-*» 

where is not zero, is regular and never takes the values 0 or 1 
in the region |2| < R, As in the proof of Picard’s theorem, we 
consider the function v{f(z)), where v[a^ is understood to mean 
the fundamental value; this function is one-valued and regular 
in |z| < i?, where its imaginary part is positive. 

Now the transformation w — (r— a)/(T— a), where Ima > 0, 
maps the region Imr > 0 conformally on |ii;| < 1 and turns 
T = a into = 0. Hence the function 


w{z) = 




where i/(ao) = a, vanishes at z = 0 and is regular in \z\ < R, 
where it takes only values for which \w\ < 1. 

As w(z) satisfies all the conditions of Schwarz’s lemma (§ 8.32), 


the inequality 






jt’ 


holds when |z| < R, If we divide through by \z \ and then make 
l^l -> 0, we find that 


- ^lim 

It z-*0 


»'{/(g)}-K/(0)} i_.i 

2 


1 

la— <51 




z=0 


1 

2 Im v(aQ) 


l‘''{ao)/'(0)l 


2lmv(aQ) ’ 

„ 2lmv(Oo) 

RlKWI’ 

We have thus proved Landau’s theorem, that if 


and so 


f(z) = 00+012+022* + ... (Oi 7 ^: 0 ) 

is regular and never takes the values 0 or I in the region I 2 I < ii, 
then B ^ L, where 

, ^ 2lm v(Oo) 

jailKK)!' 
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If we replace L by any smaller function of and a^, the 
theorem is false. For we can actually construct a function 
satisfying the conditions of the theorem with i? = L, by taking 

where a = v{aQ) and A denotes the elliptic modular function of 
§ 15.22. The result contained in Caratheodory’s formulation 
of Landau’s theorem is thus a ‘best possible’ one. 
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MISCELLANEOUS EXAMPLES 


1. Show that 


JM = 


is an automorphic function of the modular group, which takes every 
finite value exactly once in the fundamental region of that group. 

2. Prove that J{r) = 

where A denotes the elliptic modular function A(t). 

3. Show that any transformation of the modular group can be 
generated by successive applications of the transformations t' = r-j-l 
and t' = — l/r. 

4. Prove that A(t) ->-1 as t*-> 0, uniformly with respect to argr in 
any angle c < argr < tt— e, where c is positive. 

6. Show that the only points on the real axis which are congruent, 
with respect to the A-group, to points of the fundamental region, are 
those of rational affix. 


6. Prove that the function which is equal to v{z) when Imz > 0, and 
is equal to v{z)-^2 when Imz < 0 , is regular in the z-plane supposed 
out along the real axis from 0 to +<^ 0 , and that it maps this cut plane 
conformally on the * quadrilateral’ COAOi of § 16.24. 
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7. Obtain a function regular in the z-plane, supposed cut along the 
real axis from — oo to +1, which maps this cut plane conformally on 
the ‘quadrilateral’ COC^A, 

8. The function F(z) is regular save for poles in any finite region of 
the z -plane. Show that there exist at most two values of c such that 
the equation F(z) = c has no roots. 

9. The function 

/(«) = ao+a„z«-fa^iZ»»+i + ..., 

where & not zero, is regular and never takes the values 0 or 1 when 
|z| < i?. Prove that i? < L, where 

__ r 2Imy(ao) yin 
LklK(ao)l] • 

10. The function 

/(z) = + - 

is regular and never takes the values 0 or 1 when |z| < /?. ^ is a con- 
stant between 0 and 1. Show that there exists a function S{aQ,6)t 
depending on Oq and 0 alone, such that, when \z | < OR, 
llS(a^\d) < |/(z)| < S(a,,e). 
llS{(l-aor\e} < ll-/(z)l < iS(l-ao,^). (ScHOTTKY.) 

11. Show that, under the conditions of Ex. 10, there exists a function 
L{k, 0), depending on k and 0 alone, such that, if [uqI < k, the inequality 

< L(k,0) holds when |z| < 0R. (Landau.) 



INDEX 

The numbers refer to pages 


Abel’s Theorem on the continuity 
of power series, 100-1 (Ex. 1) 
Absolute convergence of infinite 
series, 23-5 ; of infinite products, 104 
Addition formula for Legendre’s 
polynomial, 304-7; for Jacobi’s 
functions E{u) and Z(ti), 404-5; 
for Weierstrass’s function ([( 2 ), 371 
(Ex. 1) 

Addition theorem for the exponential 
and trigonometrical functions, 43-4 ; 
for elliptic functions, 373; for Jaoobi’s 
elliptic functions, 387-9 ; for Weier- 
strass’s elliptic functions, 362-5 
Affix of a point in the Argand 
diagram, 8 

Analytical continuation, 84-5 ; use 
of power series in, 86-8 
Analytic functions defined, 36 ; 
represented by power series, 37-40, 
72-3; represented by definite in- 
tegrals, 107-9 ; represented by 
infinite integrals, 110-15 
Argand diagram, 8-10 
Argument, of a complex number, 
5-6; principle of the, 119 
Asymptotic expansions, defined, 
216-19; of the Bessel and Hankel 
functions, 330-6; of the confiuent 
hypergeometric function, 262-5 ; 
of the Gamma function, 219-24 ; of 
the hypergeometric function, 267-8 
(Ex. 12); of Legendre’s poly- 
nomial, 282-5 

Automorphic functions, 427 

Barnes’s integrals for the hyper- 
geometric function, 252-8 ; for the 
confluent hypergeometric function, 
261 (Ex. 4), 262 (Ex. 6) 

Bessel’s differential equation, 
313-14; complete solution of, 315, 
326-7 ; solution by complex inte- 
grals, 321-3 

Bessel functions of first kind, 314- 
21 ; of second kind, 327-9 ; of third 
kind, 323-7, 331-0; See also 
Asymptotic expansions, Expan- 
sions, Neumann’s polynomials 


Beta function, 212-14 
Bolzano -Weierstrass theorem on 
bounded sets of points, 17-18 
Bounded sets of points, 15 

Calculus of residues, 117-57 
Canonical products, 170-5; for 
l/r(z), 215-16; for Weierstrass’s 
Sigma function, 352-4 
Cauchy’s inequalities, 69; integral 
formula for a function and its 
derivatives, 66-9 ; principle of 
convergence, 19-20; test for abso- 
lute convergence of series, 24 
Cauchy’s theorem, 59-65 ;• converse 
of, 70-2 

Cauchy-Riemann conditions, 40-2 
Complex integrals, 54-9 
Complex numbers, defined, 5; 
modulus of, 5-6; argument of, 6; 
real and imaginary parts of, 6; 
geometrical representation of, 8-10 
Confluent hypergeometric func- 
tion, 260-5 

Conformal representation, 180- 
204 ; by means of the elliptic modu- 
lar function A(r), 436 
Conjugate complex numbers, 7 
Continuous functions, 32-4 
Contour, 54. See also Calculus of 
residues, Cauchy’s theorem 
Convergence of sequences and 
series, 19-30 

Curve, defined, 14; Jordan curve 
theorem, 15-16; rectifiable curves, 
52-4 

Cylinder functions. See Bessel 
functions 

D’Alembert’s ratio test, 24-5 
Darboux’s method of finding 
asymptotic expansions, 282-5 
Debye’s method of steepest de- 
scents, 330-1 

Definite integrals, evaluation of, 
125-43; involving products of 
Ijegendre polynomials, 280-2 
Derivatives of cm analytic function, 
60-9 
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Dllferentlal equations. See Linear 
differential equations, Bessers 
equation, Hypergeometric equa- 
tion, Legendro*s equation 

Differentiation of a function of a 
complex variable, 35-6; of a defi- 
nite integral, 108-9; of an infinite 
integral, 110; of an infinite series, 
37-40, 96-7 

Domain, 15 

Double sequences and series, 
27-30 

Duplication formula for the Gamma 
function, 212, 224-5; for Jacobi’s 
elliptic functions, 389 (Ex. 4); for 
Weierstrass’s elliptic function, 364 
(Ex. 2) 

Elliptic functions, defined, 349; 
algebraic relation between two 
elliptic functions, 358-9 ; expressed 
in terms of ^( 2 ), 371-3; expressed 
in terms of Sigma functions, 365-7 ; 
expressed in terms of Zeta func- 
tions, 369-7 1 ; number of zeros and 
poles, 350-1 ; numerical evaluation 
of, 412-13; order of, 351; period- 
parallelograms of, 349-50 ; relation 
between zeros and poles of, 351-2; 
residues of, 351. See also Jacobi’s 
elliptic functions, Woierstrass’s 
elliptic functions 

Elliptic integrals, 361-2, 373-6, 
391-2; Legendre’s standard forms 
of, 399-401 ; of first kind, 391-2, 
401 ; of second kind, 401-4 ; of 
third kind, 407-8 

Elliptic modular functions, 426-7, 
431-8 

Expansion of an analytic function 
as a power series, 72-3; as a series 
of Bessel coefficients, 340 ; a series 
of Legendre polynomials, 276 (Ex. 
7), 296-7; as a series of rational 
functions, 144-8; Lagrange’s ex- 
pansion, 126; Laurent’s expansion, 
76-8 

Expansion of (2 — as a series of 
Bessel coefficients, 337-9; as a series 
of Legendre polynomials, 293-5 

Exponential function, 42-6 

Exponent of convergence, 169-70 

Exponents of a linear differential 
equation, 238 
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Eulerian integrals, 205-6, 212-14 
Euler’s constant, 214-15 

Fourier’s theorem for analytic 
functions, 89-90 (Ex. 10) 
Fundamental primitive period- 
parallelogram, 423 

Fundamental region of the modular 
group, 424-6 ; of the A-group, 
428-32 

Gamma function, 205-32 
Generalized hypergeometric func- 
tions, 259-65; iFi{oc; p; 2 ), 260-5 
Generating function for the Bessel 
coefficients, 320-1 ; for the Legendre 
polynomials, 277-8 

Hankel’s contour integral for 
l/r( 2 ), 22fi-7 
Hankel’s functions, 

323-7, 331-6 

Hankel transforms, 342 (Ex. 11) 
Hardy’s tests for uniform conver- 
gence, 98-100 

Heine’s integrals for the Legendre 
functions of the second kind, 290-2, 
303-4 

Hermite’s polynomials, 271 (Exx. 
31-4) 

Homographic transformations, 

187-92 

Hurwltz’s theorem, 121 (Ex. 2) 
Hypergeometric differential equa- 
tions, 243-6 

Hypergeometric functions, 246- 
59; Barnes’s integrals for, 252-8; 
contiguous, 258-9 ; integral formula 
for, 248-9; value of, at 2=1, 
249-50. See also Generalized hyper- 
geometric functions 

Imaginary transformation of ellip- 
tic functions, 295-6 ; of the elliptic 
integral of the second kind, 403. 
Improper integrals, Cauchy’s de- 
finition of, 1 33-4 

Indentation of contours, 134, 135 
(Ex. 2) 

Inequalities satisfied by derivatives 
of an analytic function, 69 

Infinite Integrals, 110-15 
Infinite products, 102-6. See also 
canonical products 
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Infinite series, convergence of, 
23~6 ; double series, 28-30 
Infinity, point at, 8-10, 83 
Integral functions defined, 70 ; 
expressed as infinite product, 148- 
60; general theory of, 168-79; 
Liouville*s theorem on, 70 ; Picard’s 
theorem on, 438-40 
Integration, Riemann’s definition 
of, 64-6 

Inverse functions, 121-6 
Irreducible set of zeros or poles, 350 
Isogonal mapping, 180-2 

Jacobi’s elliptic functions, 380- 
420 ; addition theorems for, 387-9 ; 
construction of, with given modu- 
lus, 421, 435; defined in terms of 
Sigma functions, 380-4; expressed 
in terms of 0(w) and H(w), 411-12; 
general properties of, 385-6 ; imagi- 
nary transformation of, 395-6, 403 ; 
Landen’s transformation of, 396-9 ; 
moduli k and k' of, 381, 383, 389- 
91; numerical evaluation of, 412- 
13; quarter-periods K and iK' of, 
384, 392-6 

Jacobi’s lemma, 300-1 
Jacobi’s pseudo -periodic func- 
tions E(u), 401-6; Ziu), 405; 
0(w), 405-7, 409-11 ; H(t4), 411 
Jacobi’s Theta functions, 413-14 
Jensen’s formula, 90-1 (Ex. 15), 
168-9 

Jordan’s curve theorem, 15-16; in- 
equality, 136; lemma, 137 (Ex. 3) 

Rummer’s formulae concerning 
iF^{ol;p;z), 261 (Exx. 2, 3) 

Lagrange’s expansion, 123-5 
Laguerre’s polynomials, 269-70 
(Exx. 20-30) 

Landau’s extension of Picard’s 
theorem, 440-2 

Landen’s transformation of Jacobi’s 
elliptic functions, 396-9 
Laplace’s integrals for P^iz) and 
PJ(z), 276-7, 301-3 
Laurent’s theorem, 76-8 
Legendre’s differential equation, 
272-3 ; complete solution of, 285-7 ; 
the associated equation, 297-9 


Legendre’s polynomials, 273-85; 
addition formulae for, 304-7; asso- 
ciated functions, 285-93, 297-304 
Legendre’s relation between com- 
plete elliptic integrals, 403-4 ' 

Limit of a sequence of numbers, 19 
Limiting function of a sequence of 
functions, 92-6 ; Hurwitz’s theorem 
on the zeros of, 121 (Ex. 2) 
Limiting point, 13; maximum and 
minimum limiting points of a 
sequence of real numbers, 20-2; 
limiting points of the zeros or poles 
of an analytic function, 81 
Linear differential equations, 233- 
45. See also Bessel’s equation. 
Hypergeometric equations, Legen-' 
dre’s equation 
Liouville’s theorem, 70 
Logarithms, 46-9 

Maximum and minimum limits 
of a sequence of real numbers, 20-2 
Maximum modulus, the principle 
of, 162-3 

Modular group of transformations, 
423-6 ; fundamental region of, 424 ; 
automorphic functions of, 427 ; the 
A sub-group of, 427-31. See also 
Elliptic modular functions 
Modulus of a complex number, 5-8 ; 
of Jacobi’s elliptic functions, 381, 
383, 389-91 

Morera’s theorem, 70-2 
M- tests for uniform convergence, 
97-8, 104-5, 111 

Nests of intervals or rectangles, 
16-17 

Neumann’s integral for Qn{z), 
292-3 

Neumann’s polynomials, 337-40 

O, o, meaning of, 35 
Order of an elliptic function, 351 ; of 
an integral function, 165-6, 175-8 

P-equation of Riemann, 243-6 
Periodic functions, expansion of, 
89-90 (Ex. 10), 157 (Ex. 42); 
Jacobi’s theorems on, 346-9. See 
also Elliptic functions. Exponential 
function, Jacobi’s elliptic functions. 
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Trigonometric functions, Weier- 
8tras8*8 elliptic functions 
Period - parallelogram , 349-50 ; 

primitive, 349, 421-3; funda- 

mental, 423 

Picard’s theorem, 438-40; Lan- 
dau’s extension of, 440-2 
Poles, 79; at infinity, 83 
Polynomials, 37; factorization of, 
120-1. See also Polynomials of 
Hormite, Laguorro, Legendre and 
Neumann 

Power series, 37-40, 100-1; solu- 
tion of differential equations by, 
233-43 

Principal value of argz, 6; of a 
definite integral, 133 ; of an infinite 
integral, 128 ; of log 2 , 47 
Prlngsheim’s theorem on double 
series, 29 

Quarter- periods K, iK' of Jacobi’s 
elliptic functions, 384, 392-5 

Radius of convergence of a power 
series, 37-40 

Rational functions, 37, 83; expan- 
sions as series of, 144-8 
Rectifiable curves, 52-4 
Recurrence formulae for Legendre’s 
polynomial, 279-80 ; for Legendre’s 
function Qni^)f 290 (Ex.); for 
Bessel’s functions, 316-17, 325 

(Ex. 2) 

Regular analytic functions, 36; 
point of a differential equation, 
237-41 

Removable singularity, 79 
Residue at a polo, 79; of an elliptic 
function, 351 

Residues, Calculus of, 117-57 
Reversion of series, 123-5 
Riemann’s definition of an integral, 
54-5; P-oquation, 243-6; theorem 
on conformal representation, 185-7, 
190-2 

Rodrigues’s formula forP„( 2 ), 275 
Rouch^’s theorem, 119-21 

SchmUi’s integral for P„( 2 ), 275; 

for P^{z), 301 ; for 318-19 
Schlicht functions. See Simple 
functions 

Schwarz’s lemma, 189-90 


447 

Schwarz’s principle of symmetry, 

192-3 

Schwarz-Ghristoffel transforma- 
tion, 193-201 

Sequences of numbers, 19-22; of 
functions, 92-6, 121 (Ex. 2) 

Series. See Absolute convergence. 
Asymptotic expansions. Conver- 
gence, Expansions, Power series. 
Uniform convergence 
Sets of points in the Argand plane, 
13-20; bounded sets, 15-18; closed 
and open sets, 13-14 
Sigma functions. See Weierstrass’s 
pseudo -periodic functions 
Simple functions, 184-5 
Singularities of an analytic func- 
tion, 36, 78-83; of a linear differ- 
ential equation, 233, 237-45 
Spherical harmonics, 272-3 
Steepest descents, method of, 330-1 
Stereographic projection, 9 
Stolz’s principle of convergence 
for double series, 27 

Tannery’s theorem, 207-9 
Taylor’s theorem, 72-3 
Theta functions, 413-14 
Three circles theorem of Hada- 
mard, 164 

Transformations of elliptic func- 
tions, 395-9, 403, 416-17 (Exx. 
18-20) 

Trigonometric functions, 43-6 

Uniform continuity, 33-4 
Uniform convergence, of a sequence 
of functions, 90-6; of infinite in- 
tegrals, 110-15; of infinite pro- 
ducts, 104-6; of infinite series, 
96-102 ; of functions depending on 
a parameter, 106-7 

Watson’s lemma, 218-19 
Weierstrass ’s double-series theorem, 
97; -tests, 97-8, 104-5, 111; 
theorem on isolated essential singu- 
larities, 81-3 

Weierstrass’s elliptic function de- 
fined, 355-6 ; addition theorem for, 
362-5; associated constants, 
^ 1 , Cg, Cs, 361 ; differential equation 
satisfied by, 359-60; expression of 
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elliptic functions by, 371-3; in- 
variants of, 360, 374 ; (e^ — e,)*, 368 ; 
{^( 2 ) — 367-8. See also Elliptic 
functions 

Weierstrass *8 pseudo* periodic 
functions a( 2 ), 353-4, 356-7; 

ay( 2 ), 368-9; ^( 2 ), 354-7; their 
connexion with Jacobi’s pseudo- 
periodic functions, 408-9 


Zeros of an analytic function, 74-5, 
118-21; of an integral function, 
159-62, 169-70; of a polynomial, 
120-1 ; of Bessel’s function, 317-18 
(Exx. 3, 7); of Legendre’s poly- 
nomial, 275 (Ex. 1) 

Zeta function of Jacobi, 405; of 
Riemann, 101-2 (Ex. 3); of 
Weierstrass, 354-7 
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